OPTI 512 Homework 5 Due: October 14, 2020

1. Let’s redo problem 2 from homework 2, but now write the transmission of the mask below

in terms of two rect() and two delta functions.

2. Write and expression for the 2D Fourier transform of the transmission mask in the
preceding problem and provide a 2D plot of the magnitude of the result with the ranges
& - [—0.75,.75] and n — [—0.75,.75]. Also show cross-sectional plots along the ¢ and
7 axes.

3. Let’s redo problem 1 from homework 4, but now prove that rect; (x) * rect,(x) = tri(x)
using the properties of Fourier transforms and the table of common transforms in the
notes.

4. A linear shift invariant system has an impulse response h(x) = 7sinc(7x). Find the
output g (x) for the input f(x) = cos(4mx). Use the Fourier domain approach to find the
answer.

5. Find the 0" order Hankel transform of f(r) = cyl(2r) % % cyl(2r).
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f(x,y) *x h(x,y) = ff f(a,P)h(x — a,y — B)dadp Convolution
flx,y)**h(x,y) = H f(a,p)h(a — x,B — y)dadp Correlation
Yn(y) = f(r,y) **h* (x,)
> Complex
— ff f(a,ﬁ)h*(a —x, B —y)dadf Correlation
Fanlf ) = F6m = [ fOy)enpl-izn(ex +my)ldxdy | 2D Fourier

FRFED) = f(x,y) = f f F (&, myexpli2n(Ex + ny)ldédy

Inverse Fourier
Transform 2D

@ 0t Order
Holf (1)) = F(p) = 21 | f(r)o(2mprrdr 0" ord
° Transform
1
cos(a) = 5 [exp(ia) + exp(—ia)]
1 . .y .
sin(a) = > lexp(ia) — exp(—ia)] Trig Identities
0 |x|>1/2
rect(x) = [1/2 x| =1/2
1 |x|<1/2
) _ 0 x| =1
trilx) = {1 —lxl lxl <1
] sin(mx)
sinc(x) =
X

Gaus(x) = exp[—mx?]

1 X — X, =
mcomb( 5 )— Z 6(x — x, — nb)

0 |r| >1/2
cyl(r) = {1/2 lr] =1/2
1 0<|rl<1/2
2J; (mr)

nr

somb(r) =

Common
Special
Functions
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§(x—x,)=0 forx +x,
f fl@)d(a —x,)da = f(x,) forx; <x, < x,

1) (x _bxo) = |b|6(x — x,)

oof(X)(S(x - xo) = f(xo)a(x - xo)
| expl-iznts - g)xlax = 55 - £,)

Properties of
Delta Functions

o)

1
fx) = z anexpli2rmé, x| withé, = e and X = period

m=—oo
X/,
1
where a,, = e f f(x) exp[—i2mmé,x]dx
—X/2

Complex
Fourier Series

Faplrect(x,y)} = sinc(&,n)
Fopltri(x,y)} = sinc?(¢,1)
FoplGaus(x,y)} = Gaus(§,n)
Fap{comb(x,y)} = comb(,1n)

Fopld(x £ x5,y £¥,)} = exp[ti2nx,&lexp[ri2my,n]
Foplexp[Li2né,x]exp[Li2nn,y]} = 6(§ F &0, 1)

Faplcos2méox)} =5 [6(5 = &) +6(§ +§,)16(n)
Faplsin(Zngox)} = —-[6(5 —$0) — 8(5 +5.)16(n)

Holeyl(r)} = 5 somb(p)

RPN .

Common 2D
Fourier
Transforms
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Foplf (£x, +y)} = F(£&, £1)
Foplf ¥ (£x, )} = F*(F¢, Fn)
FaplF (2x, £} = f(FE, Fn)
Fop{F* (£x, )} = £ ¥ (£, +1)

Foplfi) 20} = Fiplfi()}Fipifa(0)} = FL(F,(n)
Foplfix)} = F1(§)6(m)

Faplfa()} = 6O F(m)

Fon {f (5.5)} = 1bdIF (bg, dn)

Foplf x £ x5,y £ y5)} = expltiZrx,Elexp[Li2my,n]F (&, 1)

xtx +
Fop fexpltizng,lexplizmn,ylf (=22, 2522

= |bd|exp[ii27txo (f + Eo)]exp[iizn-yo (77 + 770)]
X F(b(§ ¥ &),d(n F1,))

fj f(x,y)dxdy = F(0,0) and fT F(¢,m)dédn = £(0,0)

#o{f ()} = 1b12F bp)

General
Properties of 2D
Fourier &
Hankel
Transforms

Foplf (x,y) #x h(x,¥)} = F(§,MH(&, 1)
Foplf O, ¥)h(x,y)} = F(&,m) =« H(E,m)
:sz{f(x; y)**h(x' y)} = F(f; TI)H(—'S' _77)
Foplf O, ¥)h(=x,—y)} = F(&,n) * *H(E,n)
Fap{¥in (.30} = Fap{f (o, ) % * 0™ (x, 1)} = FEmH¥ (&,m)

Foplf O, ¥ (00} = FEM**H (&) = ypy (& 1)

Holf (1) # h(r)} = Ho{f () * *h(r)} = F(p)H(p)
Holf (r)h(r)} = F(p) »x H(p) = F(p)* *H(p)
Holyn ()} = Ho{f @) **h* ()} = F(o)H™ (p)

2D Transforms
of Products,
Correlations
and
Convolutions

Direction Cosines
a = cosby; B = cosb,;y = cosb,

Plane Wave with amplitude A and direction cosines (a, 8,7)

21
U(x,y,z) = Aexp iT(ax + By +vyz)
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Spherical Wave with amplitude A centered on origin

A
Ulx,y,z) = r—exp(iikrm); 101 = VX% +y? + z?%; +diverging/—converging
01

Parabolic Approximation to Spherical Wave with amplitude A centered on (0,0,0)
A . i : : .
Ulx,y,z) = ;exp(ilkz)exp [i o (x2 + yz)] ; +diverging/—converging

Gaussian Beam of amplitude A

w X2 4 2 X2 14 y2
U(x,y,2) = A—> exp(— 4 >exp[ <kz+k 24 —CD(Z)>

w(z) w2(z) 2R(2)

kw¢ z2\"? z5 z y)
ZOZTO; w(z)=w0<1+z—2> ;R(z)=z<1+z—g>;dD(z)ztan_l(Z—);H:
o

o w,

Angular Spectrum Propagation

1
A&, n;2z) = A(E,n; 0)exp i2nz\/;

Fresnel Approximation to Angular Spectrum Propagation

A(¢,n;z) = A, m; 0)exp(ikz)exp[—imAz(E* + n?)]
Fraunhofer Diffraction

exp(ikz)

Uiy 2) ==5;

exp |~ Z (a2 +y2)] FanlU(x0,¥5,0)}; EZ% s

Fresnel Diffraction Free space Propagation

exp(ikz) i 5 i
M—Zexp [A_z (x*+y )] Fap {U(xo,yo,O)exp [/1_2 (x5 + 5 )]}

_y
f_ 2’1 Az

Ulx,y,z) =
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Fresnel Diffraction Object Against a Lens

k
UGy ) =22 e [Mcx +2)| Fanll Ceo, 70, OO (oY)
f X
Af’n Af

Fresnel Diffraction Object In Front of Lens

exp(ik(f + d)) ( ) ]
Ukx,y,f+d) = iaf exp 7 1 7 (x% +y?)
X Fap {UCeo, 70, 0P ( Ly, + 8 W oe=—m=2
2D xO'yO' xO fx'yo fy ) f_lf'n_/lf
Fresnel Diffraction Object Behind a Lens
1 Af in f f
U(x y’f) = Ad d exp d (xz + yz)] TZD {U(‘xO’ :VO’ O)P (xO d'yO d)}
_x _Y
$= 74" 7a

Geometrical Image through an optical system with magnification m

explik(z' — z X; Vi
Ug(xi'}/i'z’):_ p( ( ))Uo(_l &:Z);

|m| m’'m
1

Iy, yi,2') = mp Uo (%%Z)r

Impulse Response of Diffraction Limited System

- 1 X; Vi
h(xi'YL) 1252 TZD{P(xl'yl)} E 1z 1177 = A_Zl,
Definitions for Coherent and Incoherent Systems

CTF(§,1) = Fop{h(xi, ¥)}
PSF(xi,y) = [RGe, v
OTF(&,m) = F,p{PSF(x;,v;)}; Normalize so OTF(0,0) = 1
MTF(§,n) = |OTF (&, n)|
PTF(§,m) = Arg(OTF (§,m))
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Coherent Imaging System
U(xi' YVir z') = E(xil yl) *k Ug (xi; Yir z')

A€, n;2") = CTF(§, M)Ay, m; 2),
where the A’s are the Fourier transforms of the respective fields.

Incoherent Imaging System
I(xi' yilZ,) = PSF(xil yl) *ok Ig(xi' yi'Z,)

A, m;2") = OTF(§,mMAs( m; 2),
where the A’s are the Fourier transforms of the respective irradiances.

Incoherent Diffraction Limited OTF for Circular Pupil

OTF(B) = g[cos_l(ﬁ) — BT = B2| where p = (AF, /#)p and p < 1/4F,,/#

Otherwise OTF(B) = 0.
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