
OPTI 512 Homework 5                 Due: October 14, 2020         

1. Let’s redo problem 2 from homework 2, but now write the transmission of the mask below 

in terms of two rect() and two delta functions. 

 

2. Write and expression for the 2D Fourier transform of the transmission mask in the 

preceding problem and provide a 2D plot of the magnitude of the result with the ranges 

𝜉𝜉 → [−0.75, .75] and 𝜂𝜂 → [−0.75, .75].  Also show cross-sectional plots along the 𝜉𝜉 and 

𝜂𝜂 axes. 

3. Let’s redo problem 1 from homework 4, but now prove that 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟1(𝑥𝑥) ∗ 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟2(𝑥𝑥) = 𝑡𝑡𝑡𝑡𝑡𝑡(𝑥𝑥) 

using the properties of Fourier transforms and the table of common transforms in the 

notes.   

4. A linear shift invariant system has an impulse response ℎ(𝑥𝑥) = 7𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛(7𝑥𝑥).  Find the 

output 𝑔𝑔(𝑥𝑥) for the input 𝑓𝑓(𝑥𝑥) = 𝑐𝑐𝑐𝑐𝑐𝑐(4𝜋𝜋𝜋𝜋).  Use the Fourier domain approach to find the 

answer. 

5. Find the 0th order Hankel transform of 𝑓𝑓(𝑟𝑟) = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝑟𝑟) 𝑐𝑐𝑐𝑐𝑐𝑐(2𝑟𝑟).   
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Formula Sheet 

𝑓𝑓(𝑥𝑥,𝑦𝑦) ∗∗ ℎ(𝑥𝑥,𝑦𝑦) = �𝑓𝑓(𝛼𝛼,𝛽𝛽)ℎ(𝑥𝑥 − 𝛼𝛼,𝑦𝑦 − 𝛽𝛽)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

−∞

 Convolution 

𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ(𝑥𝑥,𝑦𝑦) = �𝑓𝑓(𝛼𝛼,𝛽𝛽)ℎ(𝛼𝛼 − 𝑥𝑥,𝛽𝛽 − 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

−∞

 Correlation 

𝛾𝛾𝑓𝑓ℎ(𝑥𝑥, 𝑦𝑦) = 𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ∗(𝑥𝑥,𝑦𝑦)

= �𝑓𝑓(𝛼𝛼,𝛽𝛽)ℎ∗(𝛼𝛼 − 𝑥𝑥,𝛽𝛽 − 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

−∞

 
Complex 
Correlation 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥, 𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂) = �𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑒𝑒𝑒𝑒𝑒𝑒[−𝑖𝑖2𝜋𝜋(𝜉𝜉𝜉𝜉 + 𝜂𝜂𝜂𝜂)]𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

−∞

 2D Fourier 
Transform 

ℱ2𝐷𝐷−1{𝑓𝑓(𝜉𝜉, 𝜂𝜂)} = 𝑓𝑓(𝑥𝑥, 𝑦𝑦) = �𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝑒𝑒𝑒𝑒𝑒𝑒[𝑖𝑖2𝜋𝜋(𝜉𝜉𝜉𝜉 + 𝜂𝜂𝜂𝜂)]𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
∞

−∞

 Inverse Fourier 
Transform 2D 

ℋ0{𝑓𝑓(𝑟𝑟)} = 𝐹𝐹(𝜌𝜌) = 2𝜋𝜋� 𝑓𝑓(𝑟𝑟)𝐽𝐽0(2𝜋𝜋𝜋𝜋𝜋𝜋)𝑟𝑟𝑟𝑟𝑟𝑟
∞

0
 

0th Order 
Hankel 
Transform 

𝑐𝑐𝑐𝑐𝑐𝑐(𝑎𝑎) =
1
2

[𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖𝑖𝑖) + 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝑖𝑖)] 

𝑠𝑠𝑠𝑠𝑠𝑠(𝑎𝑎) =
1
2𝑖𝑖

[𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖𝑖𝑖) − 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝑖𝑖)] 

 

Trig Identities 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑥𝑥) = �
0 |𝑥𝑥| > 1 2⁄

1 2⁄ |𝑥𝑥| = 1 2⁄
1 |𝑥𝑥| < 1 2⁄

 

𝑡𝑡𝑡𝑡𝑡𝑡(𝑥𝑥) = � 0 |𝑥𝑥| ≥ 1
1 − |𝑥𝑥| |𝑥𝑥| < 1 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥) =
𝑠𝑠𝑠𝑠𝑠𝑠(𝜋𝜋𝜋𝜋)
𝜋𝜋𝜋𝜋

 

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝑥𝑥) = 𝑒𝑒𝑒𝑒𝑒𝑒[−𝜋𝜋𝑥𝑥2] 
1

|𝑏𝑏| 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 �
𝑥𝑥 − 𝑥𝑥𝑜𝑜
𝑏𝑏

� = � 𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜 − 𝑛𝑛𝑛𝑛)
∞

𝑛𝑛=−∞

 

𝑐𝑐𝑐𝑐𝑐𝑐(𝑟𝑟) = �
0 |𝑟𝑟| > 1 2⁄

1 2⁄ |𝑟𝑟| = 1 2⁄
1 0 ≤ |𝑟𝑟| < 1 2⁄

 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑟𝑟) =
2𝐽𝐽1(𝜋𝜋𝜋𝜋)
𝜋𝜋𝜋𝜋

 

 

Common 
Special 
Functions 

 



  Formula Sheet Page 2 

𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) = 0  𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥 ≠ 𝑥𝑥𝑜𝑜 

� 𝑓𝑓(𝛼𝛼)𝛿𝛿(𝛼𝛼 − 𝑥𝑥𝑜𝑜)𝑑𝑑𝑑𝑑 = 𝑓𝑓(𝑥𝑥𝑜𝑜)  𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥1 < 𝑥𝑥𝑜𝑜 < 𝑥𝑥2

𝑥𝑥2

𝑥𝑥1

 

𝛿𝛿 �
𝑥𝑥 − 𝑥𝑥𝑜𝑜
𝑏𝑏

� = |𝑏𝑏|𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) 

𝑓𝑓(𝑥𝑥)𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) = 𝑓𝑓(𝑥𝑥𝑜𝑜)𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) 

� 𝑒𝑒𝑒𝑒𝑒𝑒[−𝑖𝑖2𝜋𝜋(𝜉𝜉 − 𝜉𝜉𝑜𝑜)𝑥𝑥]𝑑𝑑𝑑𝑑
∞

−∞

= 𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜)  

Properties of 
Delta Functions 

𝑓𝑓(𝑥𝑥) = � 𝑎𝑎𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒[𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥]    𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝜉𝜉𝑜𝑜 =
1
𝑋𝑋

 𝑎𝑎𝑎𝑎𝑎𝑎 𝑋𝑋 = 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
∞

𝑚𝑚=−∞

 

𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑚𝑚 =
1
𝑋𝑋

� 𝑓𝑓(𝑥𝑥)

𝑋𝑋
2�

−𝑋𝑋
2�

 𝑒𝑒𝑒𝑒𝑒𝑒[−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥]𝑑𝑑𝑑𝑑 

Complex 
Fourier Series 

ℱ2𝐷𝐷{𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑥𝑥,𝑦𝑦)} = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝑡𝑡𝑡𝑡𝑡𝑡(𝑥𝑥,𝑦𝑦)} = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝑥𝑥,𝑦𝑦)} = 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑥𝑥,𝑦𝑦)} = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝜉𝜉, 𝜂𝜂) 

ℱ2𝐷𝐷{𝛿𝛿(𝑥𝑥 ± 𝑥𝑥𝑜𝑜 ,𝑦𝑦 ± 𝑦𝑦𝑜𝑜)} = 𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑥𝑥𝑜𝑜𝜉𝜉]𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑦𝑦𝑜𝑜𝜂𝜂] 
ℱ2𝐷𝐷{𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥]𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜂𝜂𝑜𝑜𝑦𝑦]} = 𝛿𝛿(𝜉𝜉 ∓ 𝜉𝜉𝑜𝑜, 𝜂𝜂 ∓ 𝜂𝜂𝑜𝑜) 

ℱ2𝐷𝐷{𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)} =
1
2

[𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜) + 𝛿𝛿(𝜉𝜉 + 𝜉𝜉𝑜𝑜)]𝛿𝛿(𝜂𝜂) 

ℱ2𝐷𝐷{𝑠𝑠𝑠𝑠𝑠𝑠(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)} =
1
2𝑖𝑖

[𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜) − 𝛿𝛿(𝜉𝜉 + 𝜉𝜉𝑜𝑜)]𝛿𝛿(𝜂𝜂) 

ℋ0{𝑐𝑐𝑐𝑐𝑐𝑐(𝑟𝑟)} =
𝜋𝜋
4
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜌𝜌) 

 

Common 2D 
Fourier 
Transforms 
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ℱ2𝐷𝐷{𝑓𝑓(±𝑥𝑥, ±𝑦𝑦)} = 𝐹𝐹(±𝜉𝜉, ±𝜂𝜂) 
ℱ2𝐷𝐷�𝑓𝑓∗(±𝑥𝑥, ±𝑦𝑦)� = 𝐹𝐹∗(∓𝜉𝜉,∓𝜂𝜂) 
ℱ2𝐷𝐷{𝐹𝐹(±𝑥𝑥, ±𝑦𝑦)} = 𝑓𝑓(∓𝜉𝜉,∓𝜂𝜂) 

ℱ2𝐷𝐷�𝐹𝐹∗(±𝑥𝑥, ±𝑦𝑦)� = 𝑓𝑓∗(±𝜉𝜉, ±𝜂𝜂) 
 

ℱ2𝐷𝐷{𝑓𝑓1(𝑥𝑥)𝑓𝑓2(𝑦𝑦)} = ℱ1𝐷𝐷{𝑓𝑓1(𝑥𝑥)}ℱ1𝐷𝐷{𝑓𝑓2(𝑦𝑦)} = 𝐹𝐹1(𝜉𝜉)𝐹𝐹2(𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓1(𝑥𝑥)} = 𝐹𝐹1(𝜉𝜉)𝛿𝛿(𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓2(𝑦𝑦)} = 𝛿𝛿(𝜉𝜉)𝐹𝐹2(𝜂𝜂) 

ℱ2𝐷𝐷 �𝑓𝑓 �
𝑥𝑥
𝑏𝑏

,
𝑦𝑦
𝑑𝑑
�� = |𝑏𝑏𝑏𝑏|𝐹𝐹(𝑏𝑏𝑏𝑏,𝑑𝑑𝑑𝑑) 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥 ± 𝑥𝑥𝑜𝑜, 𝑦𝑦 ± 𝑦𝑦𝑜𝑜)} = 𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑥𝑥𝑜𝑜𝜉𝜉]𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑦𝑦𝑜𝑜𝜂𝜂]𝐹𝐹(𝜉𝜉, 𝜂𝜂) 
 

ℱ2𝐷𝐷 �𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥]𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜂𝜂𝑜𝑜𝑦𝑦]𝑓𝑓 �
𝑥𝑥 ± 𝑥𝑥𝑜𝑜
𝑏𝑏

,
𝑦𝑦 ± 𝑦𝑦𝑜𝑜
𝑏𝑏 ��

= |𝑏𝑏𝑏𝑏|𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑥𝑥𝑜𝑜(𝜉𝜉 ∓ 𝜉𝜉𝑜𝑜)]𝑒𝑒𝑒𝑒𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑦𝑦𝑜𝑜(𝜂𝜂 ∓ 𝜂𝜂𝑜𝑜)]
× 𝐹𝐹�𝑏𝑏(𝜉𝜉 ∓ 𝜉𝜉𝑜𝑜),𝑑𝑑(𝜂𝜂 ∓ 𝜂𝜂𝑜𝑜)� 

 

�𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝐹𝐹(0,0) 𝑎𝑎𝑎𝑎𝑎𝑎 �𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑓𝑓(0,0)
∞

−∞

  
∞

−∞

 

 

ℋ0 �𝑓𝑓 �
𝑟𝑟
𝑏𝑏
�� = |𝑏𝑏|2𝐹𝐹(𝑏𝑏𝑏𝑏) 

General 
Properties of 2D 
Fourier & 
Hankel 
Transforms 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥, 𝑦𝑦) ∗∗ ℎ(𝑥𝑥,𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥, 𝑦𝑦)ℎ(𝑥𝑥,𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂) ∗∗ 𝐻𝐻(𝜉𝜉, 𝜂𝜂) 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ(𝑥𝑥,𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻(−𝜉𝜉,−𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ(−𝑥𝑥,−𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻(𝜉𝜉, 𝜂𝜂) 

ℱ2𝐷𝐷�𝛾𝛾𝑓𝑓ℎ(𝑥𝑥, 𝑦𝑦)� = ℱ2𝐷𝐷�𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ∗(𝑥𝑥,𝑦𝑦)� = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻∗(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷�𝑓𝑓(𝑥𝑥, 𝑦𝑦)ℎ∗(𝑥𝑥,𝑦𝑦)� = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻∗(𝜉𝜉, 𝜂𝜂) = 𝛾𝛾𝐹𝐹𝐹𝐹(𝜉𝜉, 𝜂𝜂) 

 
ℋ0{𝑓𝑓(𝑟𝑟) ∗∗ ℎ(𝑟𝑟)} = ℋ0{𝑓𝑓(𝑟𝑟)ℎ(𝑟𝑟)} = 𝐹𝐹(𝜌𝜌)𝐻𝐻(𝜌𝜌) 
ℋ0{𝑓𝑓(𝑟𝑟)ℎ(𝑟𝑟)} = 𝐹𝐹(𝜌𝜌) ∗∗ 𝐻𝐻(𝜌𝜌) = 𝐹𝐹(𝜌𝜌)𝐻𝐻(𝜌𝜌) 
ℋ0�𝛾𝛾𝑓𝑓ℎ(𝑟𝑟)� = ℋ0�𝑓𝑓(𝑟𝑟)ℎ∗(𝑟𝑟)� = 𝐹𝐹(𝜌𝜌)𝐻𝐻∗(𝜌𝜌) 

2D Transforms 
of Products, 
Correlations 
and 
Convolutions 

 
Direction Cosines 

𝛼𝛼 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑥𝑥;  𝛽𝛽 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑦𝑦; 𝛾𝛾 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝑧𝑧 
 
Plane Wave with amplitude 𝐴𝐴 and direction cosines (𝛼𝛼,𝛽𝛽, 𝛾𝛾) 
 

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 �𝑖𝑖
2𝜋𝜋
𝜆𝜆

(𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽 + 𝛾𝛾𝛾𝛾)� 
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Spherical Wave with amplitude 𝐴𝐴 centered on origin 
 

𝑈𝑈(𝑥𝑥,𝑦𝑦, 𝑧𝑧) =
𝐴𝐴
𝑟𝑟01

𝑒𝑒𝑒𝑒𝑒𝑒(±𝑖𝑖𝑖𝑖𝑟𝑟01);  𝑟𝑟01 = �𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2;   +𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑/−𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

 
Parabolic Approximation to Spherical Wave with amplitude 𝐴𝐴 centered on (0,0,0) 
 

𝑈𝑈(𝑥𝑥,𝑦𝑦, 𝑧𝑧) =
𝐴𝐴
𝑧𝑧
𝑒𝑒𝑒𝑒𝑒𝑒(±𝑖𝑖𝑖𝑖𝑖𝑖)𝑒𝑒𝑒𝑒𝑒𝑒 �±

𝑖𝑖𝑖𝑖
𝜆𝜆𝜆𝜆

(𝑥𝑥2 + 𝑦𝑦2)� ;   +𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑/−𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

 
Gaussian Beam of amplitude 𝐴𝐴 
 

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝐴𝐴
𝑤𝑤𝑜𝑜
𝑤𝑤(𝑧𝑧) 𝑒𝑒𝑒𝑒𝑒𝑒 �−

𝑥𝑥2 + 𝑦𝑦2

𝑤𝑤2(𝑧𝑧) � 𝑒𝑒𝑒𝑒𝑒𝑒 �𝑖𝑖 �𝑘𝑘𝑘𝑘 + 𝑘𝑘
𝑥𝑥2 + 𝑦𝑦2

2𝑅𝑅(𝑧𝑧) −Φ(𝑧𝑧)�� 

 

𝑧𝑧𝑜𝑜 =
𝑘𝑘𝑤𝑤𝑜𝑜2

2
;    𝑤𝑤(𝑧𝑧) = 𝑤𝑤𝑜𝑜 �1 +

𝑧𝑧2

𝑧𝑧𝑜𝑜2
�
1 2⁄

;  𝑅𝑅(𝑧𝑧) = 𝑧𝑧 �1 +
𝑧𝑧𝑜𝑜2

𝑧𝑧2
� ;  Φ(𝑧𝑧) = 𝑡𝑡𝑡𝑡𝑡𝑡−1 �

𝑧𝑧
𝑧𝑧𝑜𝑜
� ;  𝜃𝜃 =

𝜆𝜆
𝜋𝜋𝑤𝑤𝑜𝑜

 

 
Angular Spectrum Propagation 

𝐴𝐴(𝜉𝜉, 𝜂𝜂; 𝑧𝑧) = 𝐴𝐴(𝜉𝜉, 𝜂𝜂; 0)𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖2𝜋𝜋𝜋𝜋�
1
𝜆𝜆2
− 𝜉𝜉2 − 𝜂𝜂2� 

 
Fresnel Approximation to Angular Spectrum Propagation 
 

𝐴𝐴(𝜉𝜉, 𝜂𝜂; 𝑧𝑧) = 𝐴𝐴(𝜉𝜉, 𝜂𝜂; 0)𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖𝑖𝑖𝑖𝑖)𝑒𝑒𝑒𝑒𝑒𝑒[−𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜉𝜉2 + 𝜂𝜂2)] 
 
Fraunhofer Diffraction 
 

𝑈𝑈(𝑥𝑥,𝑦𝑦, 𝑧𝑧) =
𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖𝑖𝑖𝑖𝑖)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑖𝑖𝑖𝑖
𝜆𝜆𝜆𝜆

(𝑥𝑥2 + 𝑦𝑦2)�  ℱ2𝐷𝐷{𝑈𝑈(𝑥𝑥𝑜𝑜 ,𝑦𝑦𝑜𝑜, 0)};       𝜉𝜉 =
𝑥𝑥
𝜆𝜆𝜆𝜆

, 𝜂𝜂 =
𝑦𝑦
𝜆𝜆𝜆𝜆

 

 
Fresnel Diffraction Free space Propagation 
 

𝑈𝑈(𝑥𝑥,𝑦𝑦, 𝑧𝑧) =
𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖𝑖𝑖𝑖𝑖)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑖𝑖𝑖𝑖
𝜆𝜆𝜆𝜆

(𝑥𝑥2 + 𝑦𝑦2)�  ℱ2𝐷𝐷 �𝑈𝑈(𝑥𝑥𝑜𝑜,𝑦𝑦𝑜𝑜 , 0)𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑖𝑖𝑖𝑖
𝜆𝜆𝜆𝜆

(𝑥𝑥𝑜𝑜2 + 𝑦𝑦𝑜𝑜2)�� ;      

 𝜉𝜉 =
𝑥𝑥
𝜆𝜆𝜆𝜆

, 𝜂𝜂 =
𝑦𝑦
𝜆𝜆𝜆𝜆
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Fresnel Diffraction Object Against a Lens 
 

𝑈𝑈(𝑥𝑥, 𝑦𝑦,𝑓𝑓) =
𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖𝑖𝑖𝑖𝑖)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑖𝑖𝑖𝑖
𝜆𝜆𝜆𝜆

(𝑥𝑥2 + 𝑦𝑦2)�  ℱ2𝐷𝐷{𝑈𝑈(𝑥𝑥𝑜𝑜, 𝑦𝑦𝑜𝑜, 0)𝑃𝑃(𝑥𝑥𝑜𝑜, 𝑦𝑦𝑜𝑜)};      

 𝜉𝜉 =
𝑥𝑥
𝜆𝜆𝜆𝜆

, 𝜂𝜂 =
𝑦𝑦
𝜆𝜆𝜆𝜆

 

Fresnel Diffraction Object In Front of Lens 
 

𝑈𝑈(𝑥𝑥, 𝑦𝑦,𝑓𝑓 + 𝑑𝑑) =
𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖(𝑓𝑓 + 𝑑𝑑)�

𝑖𝑖𝑖𝑖𝑖𝑖
𝑒𝑒𝑒𝑒𝑒𝑒 �

𝑖𝑖𝑖𝑖
𝜆𝜆𝜆𝜆 �

1 −
𝑑𝑑
𝑓𝑓�

(𝑥𝑥2 + 𝑦𝑦2)� 

×  ℱ2𝐷𝐷 �𝑈𝑈(𝑥𝑥𝑜𝑜, 𝑦𝑦𝑜𝑜, 0)𝑃𝑃 �𝑥𝑥𝑜𝑜 +
𝑑𝑑
𝑓𝑓
𝑥𝑥,𝑦𝑦𝑜𝑜 +

𝑑𝑑
𝑓𝑓
𝑦𝑦�� ;      𝜉𝜉 =

𝑥𝑥
𝜆𝜆𝜆𝜆

, 𝜂𝜂 =
𝑦𝑦
𝜆𝜆𝜆𝜆

 

 
Fresnel Diffraction Object Behind a Lens 
 

𝑈𝑈(𝑥𝑥,𝑦𝑦,𝑓𝑓) =
1
𝑖𝑖𝑖𝑖𝑖𝑖

𝐴𝐴𝐴𝐴
𝑑𝑑
𝑒𝑒𝑒𝑒𝑒𝑒 �

𝑖𝑖𝑖𝑖
𝜆𝜆𝜆𝜆

(𝑥𝑥2 + 𝑦𝑦2)�  ℱ2𝐷𝐷 �𝑈𝑈(𝑥𝑥𝑜𝑜 ,𝑦𝑦𝑜𝑜, 0)𝑃𝑃 �𝑥𝑥𝑜𝑜
𝑓𝑓
𝑑𝑑

,𝑦𝑦𝑜𝑜
𝑓𝑓
𝑑𝑑�
� ;      

 𝜉𝜉 =
𝑥𝑥
𝜆𝜆𝜆𝜆

, 𝜂𝜂 =
𝑦𝑦
𝜆𝜆𝜆𝜆

 

 
Geometrical Image through an optical system with magnification 𝑚𝑚 
 

𝑈𝑈𝑔𝑔(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 , 𝑧𝑧′) = −
𝑒𝑒𝑒𝑒𝑒𝑒�𝑖𝑖𝑖𝑖(𝑧𝑧′ − 𝑧𝑧)�

|𝑚𝑚| 𝑈𝑈𝑜𝑜 �
𝑥𝑥𝑖𝑖
𝑚𝑚

,
𝑦𝑦𝑖𝑖
𝑚𝑚

, 𝑧𝑧� ;    

𝐼𝐼𝑔𝑔(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖 , 𝑧𝑧′) =
1

|𝑚𝑚|2 �𝑈𝑈𝑜𝑜 �
𝑥𝑥𝑖𝑖
𝑚𝑚

,
𝑦𝑦𝑖𝑖
𝑚𝑚

, 𝑧𝑧��
2

 

 
Impulse Response of Diffraction Limited System 
 

ℎ�(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖) =
1

𝜆𝜆2𝑧𝑧′2
ℱ2𝐷𝐷{𝑃𝑃(𝑥𝑥𝑙𝑙 ,𝑦𝑦𝑙𝑙)};    𝜉𝜉 =

𝑥𝑥𝑖𝑖
𝜆𝜆𝜆𝜆′

, 𝜂𝜂 =
𝑦𝑦𝑖𝑖
𝜆𝜆𝜆𝜆′

 

 
Definitions for Coherent and Incoherent Systems 
 

𝐶𝐶𝐶𝐶𝐶𝐶(𝜉𝜉, 𝜂𝜂) = ℱ2𝐷𝐷�ℎ�(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖)� 

𝑃𝑃𝑃𝑃𝑃𝑃(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖) = �ℎ�(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖)�
2 

𝑂𝑂𝑂𝑂𝑂𝑂(𝜉𝜉, 𝜂𝜂) = ℱ2𝐷𝐷{𝑃𝑃𝑃𝑃𝑃𝑃(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖)};𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑠𝑠𝑠𝑠 𝑂𝑂𝑂𝑂𝑂𝑂(0,0) = 1 
𝑀𝑀𝑀𝑀𝑀𝑀(𝜉𝜉, 𝜂𝜂) = |𝑂𝑂𝑂𝑂𝑂𝑂(𝜉𝜉, 𝜂𝜂)| 

𝑃𝑃𝑃𝑃𝑃𝑃(𝜉𝜉, 𝜂𝜂) = 𝐴𝐴𝐴𝐴𝐴𝐴�𝑂𝑂𝑂𝑂𝑂𝑂(𝜉𝜉, 𝜂𝜂)� 
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Coherent Imaging System 
 

𝑈𝑈(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 , 𝑧𝑧′) = ℎ�(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖) ∗∗ 𝑈𝑈𝑔𝑔(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 , 𝑧𝑧′) 
 

𝐴𝐴(𝜉𝜉, 𝜂𝜂; 𝑧𝑧′) = 𝐶𝐶𝐶𝐶𝐶𝐶(𝜉𝜉, 𝜂𝜂)𝐴𝐴𝑔𝑔(𝜉𝜉, 𝜂𝜂; 𝑧𝑧′), 
                      where the A’s are the Fourier transforms of the respective fields. 
 
Incoherent Imaging System 
 

𝐼𝐼(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖 , 𝑧𝑧′) = 𝑃𝑃𝑃𝑃𝑃𝑃(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖) ∗∗ 𝐼𝐼𝑔𝑔(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖 , 𝑧𝑧′) 
 

𝐴𝐴(𝜉𝜉, 𝜂𝜂; 𝑧𝑧′) = 𝑂𝑂𝑂𝑂𝑂𝑂(𝜉𝜉, 𝜂𝜂)𝐴𝐴𝑔𝑔(𝜉𝜉, 𝜂𝜂; 𝑧𝑧′), 
                      where the A’s are the Fourier transforms of the respective irradiances. 
 
Incoherent Diffraction Limited OTF for Circular Pupil 
 

𝑂𝑂𝑂𝑂𝑂𝑂(𝛽𝛽) =
2
𝜋𝜋
�𝑐𝑐𝑐𝑐𝑐𝑐−1(𝛽𝛽) − 𝛽𝛽�1 − 𝛽𝛽2�  𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝛽𝛽 = (𝜆𝜆𝐹𝐹𝑤𝑤/#)𝜌𝜌 𝑎𝑎𝑎𝑎𝑎𝑎 𝜌𝜌 ≤ 1 𝜆𝜆𝐹𝐹𝑤𝑤/#⁄  

 
            Otherwise 𝑂𝑂𝑂𝑂𝑂𝑂(𝛽𝛽) = 0. 
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