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1. Given the following function 

𝑓𝑓(𝑥𝑥) =
1
𝑋𝑋
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 �

𝑥𝑥
𝑑𝑑
� ∗ 𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐 �

𝑥𝑥
𝑋𝑋
�, 

a) What is the maximum value of 𝑑𝑑 such that the rects() don’t overlap? 

b) What is the value of 𝑑𝑑 such that the rects() are spaced by 2𝑑𝑑? 

c) What is the Fourier transform 𝐹𝐹(𝜉𝜉) when 𝑑𝑑 = 𝑋𝑋?  Simplify and plot your answer. 

2. An LSI system has an impulse response of ℎ(𝑥𝑥) = 𝛿𝛿(𝑥𝑥) − 3𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟(3𝑥𝑥). 

a) What is the transfer function 𝐻𝐻(𝜉𝜉) of the system? 

b) For the input 𝑓𝑓(𝑥𝑥) = 𝑟𝑟𝑐𝑐𝑠𝑠(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥), what is the output 𝑔𝑔(𝑥𝑥) of the system? 

c) What frequencies 𝜉𝜉𝑜𝑜 pass through the system? 

3. Compute the complex Fourier series for the function 𝑓𝑓(𝑥𝑥) = 𝑥𝑥
2
  defined over the range 

−2 ≤ 𝑥𝑥 < 2, with period 𝑋𝑋 = 4. 

a) Sketch a plot of 𝑓𝑓(𝑥𝑥) over its range. 

b) What is the fundamental frequency 𝜉𝜉𝑜𝑜 of the series? 

c) Calculate the coefficients 𝑎𝑎𝑚𝑚 of the series.  Hint: ∫𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠(𝑢𝑢)𝑑𝑑𝑢𝑢 = −𝑢𝑢𝑟𝑟𝑐𝑐𝑠𝑠(𝑢𝑢) + 𝑠𝑠𝑠𝑠𝑠𝑠(𝑢𝑢). 

4. Compute the following: 

a) A mask is made up of an annular region with inner radius 𝑎𝑎 and outer radius 𝑐𝑐. The 

mask is opaque except in the region 𝑎𝑎 ≤ 𝑟𝑟 ≤ 𝑐𝑐, where the transmission is 1.0.  Write 

an expression for the transmission 𝑟𝑟(𝑟𝑟) of the mask. 

b) For the annular mask, what is the 0th order Hankel transform ℋ0{𝑟𝑟(𝑟𝑟)}? 

c) The function 𝑔𝑔(𝑟𝑟) = 𝛿𝛿(𝑟𝑟 − 𝑎𝑎) describes ring of delta functions of radius 𝑎𝑎.  What is 

the 0th order Hankel transform ℋ0{𝑔𝑔(𝑟𝑟)}? 



Formula Sheet 

𝑓𝑓(𝑥𝑥, 𝑦𝑦) ∗∗ ℎ(𝑥𝑥,𝑦𝑦) = �𝑓𝑓(𝛼𝛼,𝛽𝛽)ℎ∗(𝑥𝑥 − 𝛼𝛼, 𝑦𝑦 − 𝛽𝛽)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽
∞

−∞

 Convolution 

𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ(𝑥𝑥,𝑦𝑦) = �𝑓𝑓(𝛼𝛼,𝛽𝛽)ℎ(𝛼𝛼 − 𝑥𝑥,𝛽𝛽 − 𝑦𝑦)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽
∞

−∞

 Correlation 

𝛾𝛾𝑓𝑓ℎ(𝑥𝑥,𝑦𝑦) = 𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ∗(𝑥𝑥,𝑦𝑦)

= �𝑓𝑓(𝛼𝛼,𝛽𝛽)ℎ∗(𝛼𝛼 − 𝑥𝑥,𝛽𝛽 − 𝑦𝑦)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽
∞

−∞

 
Complex 
Correlation 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥,𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂) = �𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑒𝑒𝑥𝑥𝑒𝑒[−𝑖𝑖2𝜋𝜋(𝜉𝜉𝑥𝑥 + 𝜂𝜂𝑦𝑦)]𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦
∞

−∞

 2D Fourier 
Transform 

ℱ2𝐷𝐷−1{𝑓𝑓(𝜉𝜉, 𝜂𝜂)} = 𝑓𝑓(𝑥𝑥,𝑦𝑦) = �𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝑒𝑒𝑥𝑥𝑒𝑒[𝑖𝑖2𝜋𝜋(𝜉𝜉𝑥𝑥 + 𝜂𝜂𝑦𝑦)]𝑑𝑑𝜉𝜉𝑑𝑑𝜂𝜂
∞

−∞

 Inverse Fourier 
Transform 2D 

ℋ0{𝑓𝑓(𝑟𝑟)} = 𝐹𝐹(𝜌𝜌) = 2𝜋𝜋� 𝑓𝑓(𝑟𝑟)𝐽𝐽0(2𝜋𝜋𝜌𝜌𝑟𝑟)𝑟𝑟𝑑𝑑𝑟𝑟
∞

0
 0th Order 

Hankel 
Transform 

𝑐𝑐𝑐𝑐𝑐𝑐(𝑎𝑎) =
1
2

[𝑒𝑒𝑥𝑥𝑒𝑒(𝑖𝑖𝑎𝑎) + 𝑒𝑒𝑥𝑥𝑒𝑒(−𝑖𝑖𝑎𝑎)] 

𝑐𝑐𝑖𝑖𝑠𝑠(𝑎𝑎) =
1
2𝑖𝑖

[𝑒𝑒𝑥𝑥𝑒𝑒(𝑖𝑖𝑎𝑎) − 𝑒𝑒𝑥𝑥𝑒𝑒(−𝑖𝑖𝑎𝑎)] 

 

Trig Identities 

𝑟𝑟𝑒𝑒𝑐𝑐𝑟𝑟(𝑥𝑥) = �
0 |𝑥𝑥| > 1 2⁄

1 2⁄ |𝑥𝑥| = 1 2⁄
1 |𝑥𝑥| < 1 2⁄

 

𝑟𝑟𝑟𝑟𝑖𝑖(𝑥𝑥) = � 0 |𝑥𝑥| ≥ 1
1 − |𝑥𝑥| |𝑥𝑥| < 1 

𝑐𝑐𝑖𝑖𝑠𝑠𝑐𝑐(𝑥𝑥) =
𝑐𝑐𝑖𝑖𝑠𝑠(𝜋𝜋𝑥𝑥)
𝜋𝜋𝑥𝑥  

𝐺𝐺𝑎𝑎𝐺𝐺𝑐𝑐(𝑥𝑥) = 𝑒𝑒𝑥𝑥𝑒𝑒[−𝜋𝜋𝑥𝑥2] 
1

|𝑏𝑏| 𝑐𝑐𝑐𝑐𝑐𝑐𝑏𝑏 �
𝑥𝑥 − 𝑥𝑥𝑜𝑜
𝑏𝑏 � = � 𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜 − 𝑠𝑠𝑏𝑏)

∞

𝑛𝑛=−∞

 

𝑐𝑐𝑦𝑦𝑐𝑐(𝑟𝑟) = �
0 |𝑟𝑟| > 1 2⁄

1 2⁄ |𝑟𝑟| = 1 2⁄
1 0 ≤ |𝑟𝑟| < 1 2⁄

 

𝑐𝑐𝑐𝑐𝑐𝑐𝑏𝑏(𝑟𝑟) =
2𝐽𝐽1(𝜋𝜋𝑟𝑟)
𝜋𝜋𝑟𝑟  

 

Common 
Special 
Functions 

 



𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) = 0  𝑓𝑓𝑐𝑐𝑟𝑟 𝑥𝑥 ≠ 𝑥𝑥𝑜𝑜 

� 𝑓𝑓(𝛼𝛼)𝛿𝛿(𝛼𝛼 − 𝑥𝑥𝑜𝑜)𝑑𝑑𝛼𝛼 = 𝑓𝑓(𝑥𝑥𝑜𝑜)  𝑓𝑓𝑐𝑐𝑟𝑟 𝑥𝑥1 < 𝑥𝑥𝑜𝑜 < 𝑥𝑥2

𝑥𝑥2

𝑥𝑥1

 

𝛿𝛿 �
𝑥𝑥 − 𝑥𝑥𝑜𝑜
𝑏𝑏 � = |𝑏𝑏|𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) 

𝑓𝑓(𝑥𝑥)𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) = 𝑓𝑓(𝑥𝑥𝑜𝑜)𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑜𝑜) 

� 𝑒𝑒𝑥𝑥𝑒𝑒[−𝑖𝑖2𝜋𝜋(𝜉𝜉 − 𝜉𝜉𝑜𝑜)𝑥𝑥]𝑑𝑑𝑥𝑥
∞

−∞

= 𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜)  

Properties of 
Delta Functions 

𝑓𝑓(𝑥𝑥) = � 𝑎𝑎𝑚𝑚𝑒𝑒𝑥𝑥𝑒𝑒[𝑖𝑖2𝜋𝜋𝑐𝑐𝜉𝜉𝑜𝑜𝑥𝑥]    𝑤𝑤𝑖𝑖𝑟𝑟ℎ 𝜉𝜉𝑜𝑜 =
1
𝑋𝑋

 𝑎𝑎𝑠𝑠𝑑𝑑 𝑋𝑋 = 𝑒𝑒𝑒𝑒𝑟𝑟𝑖𝑖𝑐𝑐𝑑𝑑
∞

𝑚𝑚=−∞

 

𝑤𝑤ℎ𝑒𝑒𝑟𝑟𝑒𝑒 𝑎𝑎𝑚𝑚 =
1
𝑋𝑋

� 𝑓𝑓(𝑥𝑥)

𝑋𝑋
2�

−𝑋𝑋
2�

 𝑒𝑒𝑥𝑥𝑒𝑒[−𝑖𝑖2𝜋𝜋𝑐𝑐𝜉𝜉𝑜𝑜𝑥𝑥]𝑑𝑑𝑥𝑥 

Complex 
Fourier Series 

ℱ2𝐷𝐷{𝑟𝑟𝑒𝑒𝑐𝑐𝑟𝑟(𝑥𝑥,𝑦𝑦)} = 𝑐𝑐𝑖𝑖𝑠𝑠𝑐𝑐(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝑟𝑟𝑟𝑟𝑖𝑖(𝑥𝑥,𝑦𝑦)} = 𝑐𝑐𝑖𝑖𝑠𝑠𝑐𝑐2(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝐺𝐺𝑎𝑎𝐺𝐺𝑐𝑐(𝑥𝑥,𝑦𝑦)} = 𝐺𝐺𝑎𝑎𝐺𝐺𝑐𝑐(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝑐𝑐𝑐𝑐𝑐𝑐𝑏𝑏(𝑥𝑥,𝑦𝑦)} = 𝑐𝑐𝑐𝑐𝑐𝑐𝑏𝑏(𝜉𝜉, 𝜂𝜂) 

ℱ2𝐷𝐷{𝛿𝛿(𝑥𝑥 ± 𝑥𝑥𝑜𝑜,𝑦𝑦 ± 𝑦𝑦𝑜𝑜)} = 𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑥𝑥𝑜𝑜𝜉𝜉]𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑦𝑦𝑜𝑜𝜂𝜂] 
ℱ2𝐷𝐷{𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥]𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜂𝜂𝑜𝑜𝑦𝑦]} = 𝛿𝛿(𝜉𝜉 ∓ 𝜉𝜉𝑜𝑜, 𝜂𝜂 ∓ 𝜂𝜂𝑜𝑜) 

ℱ2𝐷𝐷{𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)} =
1
2

[𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜) + 𝛿𝛿(𝜉𝜉 + 𝜉𝜉𝑜𝑜)]𝛿𝛿(𝜂𝜂) 

ℱ2𝐷𝐷{𝑐𝑐𝑖𝑖𝑠𝑠(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)} =
1
2𝑖𝑖

[𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜) − 𝛿𝛿(𝜉𝜉 + 𝜉𝜉𝑜𝑜)]𝛿𝛿(𝜂𝜂) 

ℋ0{𝑐𝑐𝑦𝑦𝑐𝑐(𝑟𝑟)} =
𝜋𝜋
4
𝑐𝑐𝑐𝑐𝑐𝑐𝑏𝑏(𝜌𝜌) 

 

Common 2D 
Fourier 
Transforms 

 
  



ℱ2𝐷𝐷{𝑓𝑓(±𝑥𝑥, ±𝑦𝑦)} = 𝐹𝐹(±𝜉𝜉, ±𝜂𝜂) 
ℱ2𝐷𝐷�𝑓𝑓∗(±𝑥𝑥, ±𝑦𝑦)� = 𝐹𝐹∗(∓𝜉𝜉,∓𝜂𝜂) 
ℱ2𝐷𝐷{𝐹𝐹(±𝑥𝑥, ±𝑦𝑦)} = 𝑓𝑓(∓𝜉𝜉,∓𝜂𝜂) 

ℱ2𝐷𝐷�𝐹𝐹∗(±𝑥𝑥, ±𝑦𝑦)� = 𝑓𝑓∗(±𝜉𝜉, ±𝜂𝜂) 
 

ℱ2𝐷𝐷{𝑓𝑓1(𝑥𝑥)𝑓𝑓2(𝑦𝑦)} = ℱ1𝐷𝐷{𝑓𝑓1(𝑥𝑥)}ℱ1𝐷𝐷{𝑓𝑓2(𝑦𝑦)} = 𝐹𝐹1(𝜉𝜉)𝐹𝐹2(𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓1(𝑥𝑥)} = 𝐹𝐹1(𝜉𝜉)𝛿𝛿(𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓2(𝑦𝑦)} = 𝛿𝛿(𝜉𝜉)𝐹𝐹2(𝜂𝜂) 

ℱ2𝐷𝐷 �𝑓𝑓 �
𝑥𝑥
𝑏𝑏

,
𝑦𝑦
𝑑𝑑
�� = |𝑏𝑏𝑑𝑑|𝐹𝐹(𝑏𝑏𝜉𝜉,𝑑𝑑𝜂𝜂) 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥 ± 𝑥𝑥𝑜𝑜,𝑦𝑦 ± 𝑦𝑦𝑜𝑜)} = 𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑥𝑥𝑜𝑜𝜉𝜉]𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑦𝑦𝑜𝑜𝜂𝜂]𝐹𝐹(𝜉𝜉, 𝜂𝜂) 
 

ℱ2𝐷𝐷 �𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥]𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝜂𝜂𝑜𝑜𝑦𝑦]𝑓𝑓 �
𝑥𝑥 ± 𝑥𝑥𝑜𝑜
𝑏𝑏 ,

𝑦𝑦 ± 𝑦𝑦𝑜𝑜
𝑏𝑏

��

= |𝑏𝑏𝑑𝑑|𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑥𝑥𝑜𝑜(𝜉𝜉 ∓ 𝜉𝜉𝑜𝑜)]𝑒𝑒𝑥𝑥𝑒𝑒[±𝑖𝑖2𝜋𝜋𝑦𝑦𝑜𝑜(𝜂𝜂 ∓ 𝜂𝜂𝑜𝑜)]
× 𝐹𝐹�𝑏𝑏(𝜉𝜉 ∓ 𝜉𝜉𝑜𝑜),𝑑𝑑(𝜂𝜂 ∓ 𝜂𝜂𝑜𝑜)� 

 

�𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = 𝐹𝐹(0,0) 𝑎𝑎𝑠𝑠𝑑𝑑 �𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝑑𝑑𝜉𝜉𝑑𝑑𝜂𝜂 = 𝑓𝑓(0,0)
∞

−∞

  
∞

−∞

 

 
ℋ0 �𝑓𝑓 �

𝑟𝑟
𝑏𝑏�
� = |𝑏𝑏|2𝐹𝐹(𝑏𝑏𝜌𝜌) 

General 
Properties of 2D 
Fourier & 
Hankel 
Transforms 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥,𝑦𝑦) ∗∗ ℎ(𝑥𝑥, 𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ(𝑥𝑥,𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂) ∗∗ 𝐻𝐻(𝜉𝜉, 𝜂𝜂) 

ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ(𝑥𝑥,𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻(−𝜉𝜉,−𝜂𝜂) 
ℱ2𝐷𝐷{𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ(−𝑥𝑥,−𝑦𝑦)} = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻(𝜉𝜉, 𝜂𝜂) 

ℱ2𝐷𝐷�𝛾𝛾𝑓𝑓ℎ(𝑥𝑥,𝑦𝑦)� = ℱ2𝐷𝐷�𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ∗(𝑥𝑥,𝑦𝑦)� = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻∗(𝜉𝜉, 𝜂𝜂) 
ℱ2𝐷𝐷�𝑓𝑓(𝑥𝑥,𝑦𝑦)ℎ∗(𝑥𝑥, 𝑦𝑦)� = 𝐹𝐹(𝜉𝜉, 𝜂𝜂)𝐻𝐻∗(𝜉𝜉, 𝜂𝜂) = 𝛾𝛾𝐹𝐹𝐹𝐹(𝜉𝜉, 𝜂𝜂) 

 
ℋ0{𝑓𝑓(𝑟𝑟) ∗∗ ℎ(𝑟𝑟)} = ℋ0{𝑓𝑓(𝑟𝑟)ℎ(𝑟𝑟)} = 𝐹𝐹(𝜌𝜌)𝐻𝐻(𝜌𝜌) 
ℋ0{𝑓𝑓(𝑟𝑟)ℎ(𝑟𝑟)} = 𝐹𝐹(𝜌𝜌) ∗∗ 𝐻𝐻(𝜌𝜌) = 𝐹𝐹(𝜌𝜌)𝐻𝐻(𝜌𝜌) 
ℋ0�𝛾𝛾𝑓𝑓ℎ(𝑟𝑟)� = ℋ0�𝑓𝑓(𝑟𝑟)ℎ∗(𝑟𝑟)� = 𝐹𝐹(𝜌𝜌)𝐻𝐻∗(𝜌𝜌) 
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