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1. Given the following function 

𝑓𝑓(𝑥𝑥) =
1
𝑋𝑋
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 �

𝑥𝑥
𝑑𝑑
� ∗ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 �

𝑥𝑥
𝑋𝑋
�, 

a) What is the maximum value of 𝑑𝑑 such that the rects() don’t overlap? 

The comb function are a series of delta function spaced by a distance 𝑋𝑋.  Therefore 

𝑑𝑑 ≤ 𝑋𝑋 will give rect functions that don’t overlap on convolution. 

b) What is the value of 𝑑𝑑 such that the rects() are spaced by 2𝑑𝑑? 

The spacing between the delta functions now needs to be 𝑋𝑋 = 3𝑑𝑑, which is 2𝑑𝑑 for the 

spacing plus 𝑑𝑑 for the width of the rect. 

c) What is the Fourier transform 𝐹𝐹(𝜉𝜉) when 𝑑𝑑 = 𝑋𝑋?  Simplify and plot your answer. 

𝑓𝑓(𝑥𝑥) =
1
𝑋𝑋
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 �

𝑥𝑥
𝑋𝑋
� ∗ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 �

𝑥𝑥
𝑋𝑋
� 

𝐹𝐹(𝜉𝜉) = 𝑋𝑋𝑋𝑋𝑋𝑋𝑋𝑋𝑋𝑋(𝑋𝑋𝑋𝑋)𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑋𝑋𝑋𝑋) 

From the definition of the comb function 

𝐹𝐹(𝜉𝜉) = � 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑋𝑋𝑋𝑋)𝛿𝛿 �𝜉𝜉 −
𝑛𝑛
𝑋𝑋
�

∞

𝑛𝑛=−∞

 

Using the multiplication property of delta functions 

𝐹𝐹(𝜉𝜉) = � 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑛𝑛)𝛿𝛿 �𝜉𝜉 −
𝑛𝑛
𝑋𝑋
�

∞

𝑛𝑛=−∞

 

 

But 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑛𝑛) = 0 for 𝑛𝑛 ≠ 0, so 𝐹𝐹(𝜉𝜉) = 𝛿𝛿(𝜉𝜉).  This should make sense since the width 

of the rect functions is the spacing between the delta functions and the input reduces to 

𝑓𝑓(𝑥𝑥) = 1.  



 

 

2. An LSI system has an impulse response of ℎ(𝑥𝑥) = 𝛿𝛿(𝑥𝑥) − 3𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(3𝑥𝑥). 

a) What is the transfer function 𝐻𝐻(𝜉𝜉) of the system? 

𝐻𝐻(𝜉𝜉) = 1 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 �
𝜉𝜉
3
� 

This is an ideal high pass filter. 

b) For the input 𝑓𝑓(𝑥𝑥) = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥), what is the output 𝑔𝑔(𝑥𝑥) of the system? 

The input spectrum is 

𝐹𝐹(𝜉𝜉) =
1
2

[𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜) + 𝛿𝛿(𝜉𝜉 + 𝜉𝜉𝑜𝑜)] 

𝐻𝐻(𝜉𝜉) is 0 for |𝜉𝜉| < 1.5, and 1 for |𝜉𝜉| > 1.5 and technically ½ for  |𝜉𝜉| = 1.5, although 

I didn’t mark off for this.  The output spectrum is 

𝐺𝐺(𝜉𝜉) = 𝐹𝐹(𝜉𝜉)𝐻𝐻(𝜉𝜉) =

⎩
⎪
⎨

⎪
⎧

0 |𝜉𝜉| < 𝜉𝜉𝑜𝑜
1
4

[𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜) + 𝛿𝛿(𝜉𝜉 + 𝜉𝜉𝑜𝑜)] |𝜉𝜉| = 𝜉𝜉𝑜𝑜
1
2

[𝛿𝛿(𝜉𝜉 − 𝜉𝜉𝑜𝑜) + 𝛿𝛿(𝜉𝜉 + 𝜉𝜉𝑜𝑜)] |𝜉𝜉| > 𝜉𝜉𝑜𝑜

 

The inverse transform now gives 

𝑔𝑔(𝑥𝑥) = �

0 |𝜉𝜉𝑜𝑜| < 1.5
1
2
𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥) |𝜉𝜉𝑜𝑜| = 1.5

𝑐𝑐𝑐𝑐𝑐𝑐(2𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥) |𝜉𝜉𝑜𝑜| > 1.5

 



c) What frequencies 𝜉𝜉𝑜𝑜 pass through the system? 

Only frequencies with |𝜉𝜉𝑜𝑜| ≥ 1.5 pass through the system. 

3. Compute the complex Fourier series for the function 𝑓𝑓(𝑥𝑥) = 𝑥𝑥
2
  defined over the range 

−2 ≤ 𝑥𝑥 < 2, with period 𝑋𝑋 = 4. 

a) Sketch a plot of 𝑓𝑓(𝑥𝑥) over its range. 

 

b) What is the fundamental frequency 𝜉𝜉𝑜𝑜 of the series? 

The fundamental frequency is 

𝜉𝜉𝑜𝑜 =
1
𝑋𝑋

=
1
4

 

c) Calculate the coefficients 𝑎𝑎𝑚𝑚 of the series.  Hint: ∫𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑢𝑢)𝑑𝑑𝑑𝑑 = −𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑢𝑢) + 𝑠𝑠𝑠𝑠𝑠𝑠(𝑢𝑢). 

𝑎𝑎𝑚𝑚 =
1
4
�
𝑥𝑥
2
𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)𝑑𝑑𝑑𝑑

2

−2

 

Expand into real and imaginary parts 

𝑎𝑎𝑚𝑚 =
1
8
� �𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)𝑑𝑑𝑑𝑑

2

−2

− 𝑖𝑖 �𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)𝑑𝑑𝑑𝑑
2

−2

� 

The first term is 𝑜𝑜𝑜𝑜𝑜𝑜 × 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑜𝑜𝑜𝑜𝑜𝑜, so the integral goes to zero.  The second term is 

𝑜𝑜𝑜𝑜𝑜𝑜 × 𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒, so the integral doubles. 



𝑎𝑎𝑚𝑚 = −
𝑖𝑖
4
�𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 �

𝑚𝑚𝑚𝑚𝑚𝑚
2

� 𝑑𝑑𝑑𝑑
2

0

 

This integral has the form of the integral in the hint with substitution 𝑢𝑢 = 𝑚𝑚𝑚𝑚𝑚𝑚 2⁄ . 

𝑎𝑎𝑚𝑚 = −
𝑖𝑖
4
�

2
𝑚𝑚𝜋𝜋

�
2

� 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑢𝑢)𝑑𝑑𝑑𝑑
𝑚𝑚𝑚𝑚

0

 

𝑎𝑎𝑚𝑚 = −
𝑖𝑖

𝑚𝑚2𝜋𝜋2
[−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑚𝑚𝑚𝑚) − 0] 

The value of 𝑐𝑐𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚) just alternates between 1 and −1, so the coefficient can be 

written compactly as 

𝑎𝑎𝑚𝑚 =
𝑖𝑖
𝑚𝑚𝑚𝑚

(−1)𝑚𝑚      𝑚𝑚 ≠ 0 

We also need to handle the case where 𝑚𝑚 = 0.  One application of L’Hopital’s rule 

shows that 𝑎𝑎0 = 0. 

Alternative Method (Integration by Parts) 

With 

𝑎𝑎𝑚𝑚 =
1
8
�𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)𝑑𝑑𝑑𝑑
2

−2

 

make the substitutions 

𝑢𝑢 = 𝑥𝑥 𝑑𝑑𝑑𝑑 = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑 𝑣𝑣 =
𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)

−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜
 

then by integration by parts,  

𝑎𝑎𝑚𝑚 =
1
8
�
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)

−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜
�
𝑥𝑥 = 2

 
𝑥𝑥 = −2

− �
𝑒𝑒𝑒𝑒𝑝𝑝(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)

−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜
𝑑𝑑𝑑𝑑

2

−2

�. 

 



Continuing along 

𝑎𝑎𝑚𝑚 =
1
8
�
2𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖4𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜) − (−2)𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖4𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜)

−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜
−
𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜𝑥𝑥)

(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜)2 �
𝑥𝑥 = 2

 
𝑥𝑥 = −2

� 

𝑎𝑎𝑚𝑚 =
1
8
�

2
−𝑖𝑖𝑖𝑖𝑖𝑖𝜉𝜉𝑜𝑜

𝑐𝑐𝑐𝑐𝑐𝑐(4𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜) −
𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖4𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜) − 𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖4𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜)

(−𝑖𝑖2𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜)2 � 

𝑎𝑎𝑚𝑚 =
1
8
�

2
−𝑖𝑖𝑖𝑖𝑖𝑖𝜉𝜉𝑜𝑜

𝑐𝑐𝑐𝑐𝑐𝑐(4𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜) +
𝑠𝑠𝑖𝑖𝑛𝑛(4𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜)
2𝑖𝑖(𝜋𝜋𝜋𝜋𝜉𝜉𝑜𝑜)2 � 

 

With 𝜉𝜉𝑜𝑜 = 1 4⁄ , 

𝑎𝑎𝑚𝑚 =
𝑐𝑐𝑐𝑐𝑐𝑐(𝑚𝑚𝑚𝑚)
−𝑖𝑖𝑖𝑖𝑖𝑖

+
𝑠𝑠𝑠𝑠𝑠𝑠(𝑚𝑚𝑚𝑚)
𝑖𝑖(𝜋𝜋𝜋𝜋)2 =

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑚𝑚𝑚𝑚)
𝑚𝑚𝑚𝑚

=
𝑖𝑖
𝑚𝑚𝑚𝑚

(−1)𝑚𝑚      𝑚𝑚 ≠ 0 

Again, we also need to handle the case where 𝑚𝑚 = 0.  One application of L’Hopital’s 

rule shows that 𝑎𝑎0 = 0. 

 

4. Compute the following: 

a) A mask is made up of an annular region with inner radius 𝑎𝑎 and outer radius 𝑏𝑏. The 

mask is opaque except in the region 𝑎𝑎 ≤ 𝑟𝑟 ≤ 𝑏𝑏, where the transmission is 1.0.  Write 

an expression for the transmission 𝑡𝑡(𝑟𝑟) of the mask. 

𝑡𝑡(𝑟𝑟) = 𝑐𝑐𝑐𝑐𝑐𝑐 �
𝑟𝑟

2𝑏𝑏
� − 𝑐𝑐𝑐𝑐𝑐𝑐 �

𝑟𝑟
2𝑎𝑎
� 

Remember that the diameter describes the width of the cyl function. 

b) For the annular mask, what is the 0th order Hankel transform ℋ0{𝑡𝑡(𝑟𝑟)}? 

𝑇𝑇(𝜌𝜌) = ℋ0 �𝑐𝑐𝑐𝑐𝑐𝑐 �
𝑟𝑟

2𝑏𝑏
� − 𝑐𝑐𝑐𝑐𝑐𝑐 �

𝑟𝑟
2𝑎𝑎
�� = 𝜋𝜋𝑏𝑏2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(2𝑏𝑏𝑏𝑏) − 𝜋𝜋𝑎𝑎2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(2𝑎𝑎𝑎𝑎) 

since  



ℋ0 �𝑓𝑓 �
𝑟𝑟
𝑏𝑏
�� = |𝑏𝑏|2𝐹𝐹(𝑏𝑏𝑏𝑏) 𝑎𝑎𝑎𝑎𝑎𝑎 ℋ0{𝑐𝑐𝑐𝑐𝑐𝑐(𝑟𝑟)} =

𝜋𝜋
4
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜌𝜌) 

 

Brute Force 

We can also revert to brute force if needed.  From the definition of the Hankel 

transform 

𝑇𝑇(𝜌𝜌) = 2𝜋𝜋� 𝐽𝐽0(2𝜋𝜋𝜋𝜋𝜋𝜋)𝑟𝑟𝑟𝑟𝑟𝑟 −
𝑏𝑏

0

2𝜋𝜋� 𝐽𝐽0(2𝜋𝜋𝜋𝜋𝜋𝜋)𝑟𝑟𝑟𝑟𝑟𝑟
𝑎𝑎

0

. 

In the notes, we showed that  

ℋ0{𝑐𝑐𝑐𝑐𝑐𝑐(𝑟𝑟)} = 2𝜋𝜋� 𝐽𝐽0(2𝜋𝜋𝜋𝜋𝜋𝜋)𝑟𝑟𝑟𝑟𝑟𝑟

1 2⁄

0

=
𝜋𝜋
4
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜌𝜌). 

If we make the following substitutions: 𝑟𝑟 = 2𝑏𝑏𝑟𝑟′,𝑑𝑑𝑑𝑑 = 2𝑏𝑏𝑏𝑏𝑏𝑏′ in the first integral and 

𝑟𝑟 = 2𝑎𝑎𝑟𝑟′,𝑑𝑑𝑑𝑑 = 2𝑎𝑎𝑎𝑎𝑎𝑎′ in the second integral, then  

𝑇𝑇(𝜌𝜌) = (4𝑏𝑏2)2𝜋𝜋� 𝐽𝐽0(2𝜋𝜋(2𝑏𝑏𝑏𝑏)𝑟𝑟′)𝑟𝑟′𝑑𝑑𝑑𝑑′ −

1 2⁄

0

(4𝑎𝑎2)2𝜋𝜋� 𝐽𝐽0(2𝜋𝜋(2𝑎𝑎𝑎𝑎)𝑟𝑟′)𝑟𝑟′𝑑𝑑𝑑𝑑′

1 2⁄

0

. 

𝑇𝑇(𝜌𝜌) = (4𝑏𝑏2)�
𝜋𝜋
4
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(2𝑏𝑏𝑏𝑏)� − (4𝑎𝑎2)�

𝜋𝜋
4
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(2𝑎𝑎𝑎𝑎)� 

𝑇𝑇(𝜌𝜌) = 𝜋𝜋𝑏𝑏2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(2𝑏𝑏𝑏𝑏) − 𝜋𝜋𝑎𝑎2𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏(2𝑎𝑎𝑎𝑎) 

 

c) The function 𝑔𝑔(𝑟𝑟) = 𝛿𝛿(𝑟𝑟 − 𝑎𝑎) describes ring of delta functions of radius 𝑎𝑎.  What is 

the 0th order Hankel transform ℋ0{𝑔𝑔(𝑟𝑟)}? 

𝐺𝐺(𝜌𝜌) = ℋ0{𝛿𝛿(𝑟𝑟 − 𝑎𝑎)} = 2𝜋𝜋� 𝛿𝛿(𝑟𝑟 − 𝑎𝑎)𝐽𝐽0(2𝜋𝜋𝜋𝜋𝜋𝜋)𝑟𝑟𝑟𝑟𝑟𝑟
∞

0

 

By sifting 𝐺𝐺(𝜌𝜌) = 2𝜋𝜋𝜋𝜋𝐽𝐽0(2𝜋𝜋𝜋𝜋𝜌𝜌). 


