Description of Zernike Polynomials
Jim Schwiegerling

The Zernike polynomials are a set of functions that are orthogonal over the unit circle.
They are useful for describing the shape of an aberrated wavefront in the pupil of an optical
system or true height corneal topography. There exist several different normalization and
numbering schemes for these polynomials. The purpose of this outline is to describe a standard
for presenting Zernike data as it relates to aberration theory of the eye. Useful derivations and
tables are also included.

1. Definition and Indexing Scheme
1.1 Double Indexing Scheme

The Zernike polynomials are usually defined in polar coordinates (p,0), where p is the radial
coordinate ranging from 0 to 1 and 0 is the azimuthal component ranging from 0 to 2n. Each of
the Zernike polynomials consists of three components: a normalization factor, a radial dependent
component and an azimuthal dependent component. The radial component is a polynomial,
whereas the azimuthal component is sinusoidal. A double indexing scheme is useful for
unambiguously describing the functions, with the index n describing the highest power or order
of the radial polynomial and the index m describing the azimuthal frequency of the azimuthal
component. In general, the Zernike polynomials are defined as
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Where N is the normalization factor described in more detail below and R (p) is given by
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This definition uniquely describes the Zernike polynomials except for the normalization
constant.

The normalization is given by

N = 2(n+1) Q)
1+3,,

where Omo is the Kronecker delta function (i.e . dmo =1 for m = 0, and Omo = 0 for m # 0).

NOTE: The value of n is a positive integer or zero. For a given n, m can only take on values -n,
-n+2,-n+4,.n.



When describing individual Zernike terms, the two-index scheme should always be used.

1.2 Single Indexing Scheme

Occasionally, a single indexing scheme is useful for describing Zernike expansion coefficients.
Since the polynomials actually depend on two parameters, n and m, ordering of a single indexing
scheme is arbitrary. To avoid confusion, a standard single indexing scheme should be used. To
obtain the single index, j, it is convenient to lay out the polynomials in a pyramid.
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Thus, the single index, j, starts at the top of the pyramid and steps down from left to right. To
convert between j and the values of n and m, the following relationships can be used:
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and
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2. Coordinate System

Typically, a right-handed coordinate system is used in scientific applications. The +z
Cartesian axis is taken as pointing out of the eye. The +y axis is oriented vertically and the x
axis is therefore horizontal, as shown in Figure 1 below. Conventional definitions of the polar

coordinates r = /x” +y” and 0 = tan™' (y/x) are shown as well. This definition gives x = rcos

and y = rsin0. Malacara? uses a polar coordinate system in which x = rsin and y = rcos0. In
other words, 0 is measured clockwise from the +y axis (Figure 1b), instead of counterclockwise
from the +x axis (Figure 1a). This definition stems from early (pre-computer) aberration theory.
I am not sure of the purpose other than it leaves only cos m0 terms for a rotationally symmetric
optical system.
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Figure 1. Conventional right-handed coordinate system: Cartesian and Polar.
The Zernike polynomials are only orthogonal over the unit circle, which means that normalized
coordinates are typically used when representing functions or surfaces. Normalized polar
coordinates (p,0) are related to regular polar coordinates (r,0) by
p=r / Tmax (7)
where rmax 1s the maximum radial extent of the function or surface. Note that the 0 coordinate is
not affected. It is also sometimes useful to consider the Zernike polynomials in Cartesian
coordinates. Again, normalized coordinates are useful for taking advantage of the orthogonality
properties of Zernikes. The normalized Cartesian coordinate (X,Y) are related to the regular
Cartesian coordinates (x,y) by
X=x/rmax and YZY/rmax (8)
where again rmax is the maximum radial extent of the function or surface.

2.1 Conversion of Zernike Polynomials from Polar to Cartesian Coordinates

Since the Zernikes depend on cos m6 and sin m6, examine the complex relationship /™.
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Since cos |m|6 equals the real part of the preceding equation and sin |[m|0 equals the imaginary
part, the following relationships hold
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and
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Taking advantage of equations (1)-(3), (10-12) and that p* = X> + Y2,
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For m<0 (13b)
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3. Derivatives of Zernike Polynomials
3.1 Derivative of the Zernike Polynomials in the p direction

From equations (1) and (2), it is easy to see that
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3.2 Relationship between p and r derivatives of Zernike Polynomials

The chain rule can be used to calculate the r derivative such that
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3.3 Derivative of the Zernike Polynomials in the 0 direction

From equation (1), it is clear that
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3.4 Derivative of the Zernike Polynomials in the X direction
From equations 13a-c, it is clear that for m>0
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and for m<0
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3.5 Derivative of the Zernike Polynomials in the Y direction
From equations 13a-c, it is clear that for m>0
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3.6 Relationship between X and x derivatives of Zernike Polynomials

The chain rule can be used to calculate the x derivative such that
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3.7 Relationship between Y and y derivatives of Zernike Polynomials

The chain rule can be used to calculate the y derivative such that
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3.8 X and Y derivatives of Zernikes expressed as Zernikes(from Charlie Campbell)

The following equations give the relationships between the Zernike functions and their first
derivatives. The expressions here are a modification of the expressions Charlie Campbell

derived for the un-normalized case.
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4. Mirroring and Rotating Zernikes
4.1 Mirror image of surface fit

In order to flip the Zernike patterns about the Y axis, the value of X in equations 13a-c with —X.
This flip is useful for comparing wavefronts from right and left eyes.

For cases where m > 0, if X is replaced with —X, then a factor of (-1)"2¢%"% appears. When the
exponent is even, then Z'(X,Y) =Z, (-X,Y). When the exponent is odd, then

Z7(X,Y)=-Z)(-X,Y). Since 2(stj+k) is always even, then the exponent is even if n is even
and odd, if n is odd.

For cases where m < 0, if X is replaced with —X, then a factor of (-1)™2"*0! appears. When the
exponent is even, then Z7(X,Y) =Z (—X,Y). When the exponent is odd, then

Z7(X,Y)=-Z(-X,Y). Since 2(st+j+k) is always even, then the exponent is even if n is odd
and the exponent is odd, if n is even.

To flip the Zernikes, if n is even, negate the coefficients where m < 0. If n is odd negate the
coefficients where m > 0.

4.2 Rotation of Zernike functions

To rotate the Zernike polynomials through an angle 0o, replace 6 with 6 — 6, in equation 1.
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In a linear expansion, if pairs of polynomials with the same n and equal and azimuthal
frequencies of equal magnitude and opposite signs are considered
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Thus, the polynomials can be rotated by modifying the coefficients so that
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where the b’s are the expansion coefficients for the rotated polynomials.
5. Variable Power Elements
Decentering coma and trefoil terms, Z(3,1) and Z(3,3), introduces defocus and astigmatism

terms, and that the magnitude of the defocus and astigmatism is linearly proportional to the

amount of decentration Ap. Consider two complementary thin elements whose phase is given by
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If one element is shifted along the x-axis by an amount Ax and the other element is
shifted an equal distance in the opposite direction, then variable levels of defocus and
astigmatism can be produced. Specifically,
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where the decentered version of the coma and trefoil terms are simply obtained from calculating
the displaced versions of coma and trefoil terms in Table 4 and projecting the resultant

polynomial onto the lower order Zernike terms. Note that in combining these two phase-

elements, terms with even powers of Ax cancel, and that the piston terms Z (x, y) can be ignored

since they represent only a constant phase shift of the net wavefront passing through the

elements. The phase of a plane wave passing through the elements is then given by
O, (X +AX, y) + 0, (X — AX, y) = —4~/6Axa, Z0 (X, y) — 43Ax(a,, +a,,)Z2 (X, y)
(32)
There are two special cases of this result. First, when a33 = -a31. In this case, only pure
defocus with a magnitude that is linearly dependent upon Ax appears. The phase of the

first element is given by
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The phase of the second element is just the negative of the first. Equation (33) describes one
form of a Variable Focus Lens (VFL) first described by Alvarez. The generalized form for the
VFL such that the phase of one of the elements is given by
x3
B(x,y)= A[T +xy’ ] +Bx? + Cxy+ Dx + E+F(y)
2
, (34)
where B, C, D, and E are arbitrary constants and F(y) is an arbitrary function of y. Interestingly,
the specific example of the VFL given in equation (33) is unique in that it minimizes the rms

phase difference between the phase plate and a plane wave. This minimization is due to the rms

being related to the sum of the squares of the Zernike expansion coefficients. The function

d1(x,y) requires only two Zernike terms ( Zi(x,y) and Z3(x,y)) to represent its shape.



Additional Zernike terms would be necessary to represent the generalized VFL shape in equation
(34). These additional terms can only increase the rms phase difference, since the squares of the
coefficients are necessarily positive.

The second special case of the variable power elements is when a31 = 0. In this case, pure

90/180 astigmatism results in equation (32). The phase of the first element is given by
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Again, the phase of the second element is just the negative of the first. This element is exactly
the Variable Astigmatic Lens (VAL) described by Humphrey, Alvarez’s student and colleague.

The element can be generalized as well such that the phase is given by

3
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where B, C, D, E, F and G are arbitrary constants. As with the VFL, the phase surface described
in equation (25) represents the minimum rms phase surface for the VAF.

6. Relationship of Zernikes to Ophthalmic Terms

Positive Z(2,0) defocus means myopia
Negative Z(2,0) defocus means hyperopia

Positive Z(4,0) spherical aberration means rays at the edge of the pupil are myopic relative to
rays in the center of the pupil.

Negative Z(4,0) spherical aberration means rays at the edge of the pupil are hyperopic relative to
rays in the center of the pupil.

Positive Z(2,2) horizontal astigmatism is against-the-rule astigmatism
Negative Z(2,2) horizontal astigmatism is with-the-rule astigmatism

Positive Z(3,-1) vertical coma has superior steepening
Negative Z(3,-1) vertical coma has inferior steepening

Positive Z(3,1) horizontal coma has steepening along 0 degree semi-meridian
Negative Z(3,1) horizontal coma has steening along 180 degree semi-meridian



Table 1. Zernike Polynomials in Polar Coordinates up to 7" order (36 terms)

i n m Z" (p,6)

0 0 0 1

1 1 -1 2 psin®

2 1 2 pcos®

3 2 =2 J6 p? sin 20

4 2 0 V3 (2p%-1)

5 2 2 V6 p* cos 20

6 33 /8 p* sin 30

7 30 -1 V8 (3p3-2p) sin 0

8 3 V8 (3p3-2p) cos 0

9 3 3 V8 p? cos 30

10 4 -4 V10 p* sin 40

11 4 =2 V10 (4p*-3p?) sin 20

2 4 0 V5 (6p*-6p*+1)

13 4 V10 (4p*-3p?) cos 20

14 4 4 V10 p* cos 40

15 5 -5 V12 p’ sin 50

6 5 -3 V12 (5p°-4p%) sin 30

17 5 -1 V12 (10p%-12p3+3p) sin 0
18 5 V12 (10p%-12p3+3p) cos O
9 5 3 V12 (5p%-4p%) cos 30

20 5 V12 p° cos 50

21 6 -6 V14 pf sin 60

2 6 -4 V14 (6p°-5p*) sin 40

23 6 2 V14 (15p5-20p*+6p?) sin 20
24 6 0 V7 (20p8-30p*+12p2-1)

25 6 2 V14 (15p°-20p*+6p?) cos 260
26 6 4 V14 (6p°-5p*) cos 40

27 6 6 V14 pb cos 60

28 7 -7 4 p’sin 70

29 7 -5 4 (7p’-6p°) sin 50

30 7 -3 4 (21p’-30p+10p?) sin 360
31 7 -1 4 (35p’-60p°+30p3-4p) sin 0
32 7 1 4 (35p’-60p°+30p3-4p) cos O
33 7 3 4 (21p7-30p%+10p%) cos 30
34 7 5 4 (7p"-6p°) cos 50

35 7 7 4 p’ cos 70



Table 2. p Derivative of Zernike Polynomials in Polar Coordinates up to 7" order

i n o om  dZ'(p.6)/dp

0 0 0 0

1 1 -1 2 sin O

2 1 1 2 cos©

3 2 2 V6 2p sin 260

4 20 V3 4p

5 2 2 J6 2p cos 26

6 33 /8 3p* sin 30

7 30 -1 V8 (9p%-2) sin 0

8 301 V8 (9p%-2) cos 0

9 33 /8 3p? cos 30

100 4 -4 V10 4p3 sin 40

1 4 2 V10 (16p3-6p) sin 20

12 4 0 V5 (24p3-12p)

13 4 2 V10 (16p3-6p) cos 260

14 4 4 V10 4p3 cos 40

15 5 -5 V12 5p* sin 50

6 5 3 V12 (25p%-12p?) sin 30

17 5 -1 V12 (50p*-36p*+3) sin 0

18 5 1 V12 (50p*-36p%+3) cos 0

9 5 3 V12 (25p%-12p) cos 30

20 5 5 V12 5p% cos 50

210 6 -6 V14 6p° sin 60

2 6 -4 V14 (36p°-20p%) sin 40

23 6 -2 V14 (90p°-80p>+12p) sin 20
24 6 0 V7 (120p5-120p3+24p)

25 6 2 V14 (90p3-80p3+12p) cos 20
26 6 4 V14 (36p°-20p%) cos 40

27 6 6 V14 6p° cos 60

28 7 -7 4 (7p® sin 70)

29 7 -5 4 (49p°-30p*) sin 560

30 7 -3 4 (147p%-150p*+30p?) sin 30
31 7 -1 4 (245p%-300p*+90p>-4) sin O
32 7 1 4 (245p°-300p*+90p>-4) cos O
33 7 3 4 (147p%150p*+30p?) cos 30
34 7 5 4 (49p°-30p*) cos 50

35 7 7 4 (7p° cos 70)



Table 3. 0 derivative of Zernike Polynomials in Polar Coordinates up to 7" order

j n m d(Z™(p,0))/ dO

0 0 0 0

1 I -1 2 pcos©

2 1 1 -2 psin 0

3 2 2 26 p? cos 20

4 20 0

5 2 2 26 p*sin 20

6 303 34/8 p? cos 30

7 3 -1 V8 (3p*-2p) cos 0

8 301 -8 (3p3-2p) sin 0

9 33 -34/8 p? sin 30

10 4 -4 4410 p* cos 40

11 4 2 2410 (4p*-3p?) cos 20

2 4 0 0

13 4 2 2410 (4p*-3p?) sin 20

14 4 4 -44/10 p* sin 46

15 5 -5 512 p3 cos 50

6 5 -3 34/12 (5p3-4p°) cos 30

17 5 -1 V12 (10p3-12p3+3p) cos 0

18 5 1 V12 (10p%-12p+3p) sin O
19 5 3 3412 (5p°-4p%) sin 30

20 5 5 -54/12 p’ sin 50

21 6 -6 6+/14 pf cos 60

2 6 -4 414 (6p5-5p*) cos 40

23 6 -2 214 (15p5-20p*+6p?) cos 20
24 6 0 0

25 6 2 214 (15p5-20p*+6p?) sin 20
26 6 4 -4/14 (6p°-5p*) sin 40

27 6 6 -6+/14 p® sin 60

28 7 -7 28 p’ cos 70

29 7 -5 20 (7p’-6p°) cos 50

30 7 3 12 (21p’-30p>+10p%) cos 30
31 7 -1 4 (35p’-60p°+30p3-4p) cos O
2 7 1 -4 (35p7-60p3+30p>-4p) sin O
33 7 3 -12 (21p7-30p°+10p3) sin 360
34 7 5 -20 (7p’-6p°) sin 50

35 7 7 -28 p’sin 70



Table 4. Zernike Polynomials in Cartesian Coordinates up to 7™ order (36 terms)

j nm 7™ (X,Y) where X2+ Y2 =p?< 1

0 0 O 1

1 1 -1 2Y

2 1 1 2X

3 2 2 J6 2XY

4 2 0 V3 (2x2+2Y%-1)

5 2 2 J6 (x2-Y?)

6 3 -3 V8 3x2Y-v?)

7 3 -l V8 (3x2y+3v3-2Y)

8§ 3 1 V8 (333+3XY2-2X)

9 3 3 \/g(X3—3XY2)

10 4 4 V10 (4x3v-4xv?)

114 2 V10 (8x3Y+8XY?-6xXY)

12 4 0 V5 (6xH+ 12372 +6Y*-6X2-6Y2+1)

13 4 2 V10 (4xX4-4v*-3x24+3Y2)

14 4 4 V10 (x4-6x2v2+v?)

155 -5 V12 (5x4Y-10X2Y3+Y%)

16 5 -3 \/B(15X4Y+10X2Y3—5Y5—12X2Y+4Y3)

17 5 -1 V12 (10xX4Y+20X23+10Y5-12X2Y-12Y3+3Y)

185 1 V12 (105520532 10XY4-12X3-12XY2+3X)

195 3 V12 (5x3-10X3y2- 15Xy *-4x3+12XY2)

205 5 V12 (X5-10x3y2+5xv%)

21 6 -6 V14 (6x°Y-2053Y3+6xY?)

2 6 -4 V14 24x5Y-24xY5-20x3Y+20xY?)

23 6 -2 V14 (30X°Y+60X3Y+30XY5-40X3Y-40XY*+12XY)

24 6 0 V7 (20x5+60x*Y4+60X2Y*+20Y5-30x*-60X%Y2-30Y*++12x>+12Y2-1)
25 6 2 J14 (15x54+15x4y2-15x2y*-15Y5-20X*+20Y*+6X2-6Y?)

26 6 4 Jia (6x5-30x*Y2-30X2Y*+6YS-5X4+30X%Y2-5Y%)

27 6 6 M(X6-15X4Y2+15X2Y4-Y6)

28 7 -7 4 (TX0v-35x*Y3+21x%v-Y7)

29 7 -5 4 (35%°7-35x*Y3-63x2Y>+7Y7-30xY+60X2Y3-6Y%)

30 7 -3 4 (63xy+105x4Y3+21x%Y3-21Y7-90X*Y-60x>Y3+30Y>+30x°Y-10Y%)
31 7 -1 4 (35x8v+105x4Y3+105x2Y>+35Y7-60x4Y-120x2Y3-60Y3+30X2Y+30Y3-4Y)
32 7 1 4 (35x7+105x°Y2+105x3Y*H35XY8-60x°-120x3Y2-60XY*+30x3+30XY2-4X)
33 7 3 4 (21X7-21x3y2-105x3y*-63XY5-30x3+60x3Y?+90XY*H10x3-30XY?)
34 7 5 4 (7X7-63x3Y2-35X3 Y43 5XY0-6X3+60x3Y2-30XY?)

35 7 7 4 (X7-21x3Y*+353Y4-7xY°%)



Table 5. X Derivative of Zernike Polynomials in Cartesian Coordinates up to 7" order

j nm d(Z7 (X,Y))/dx where X2+ Y2=p?< 1
0 0 0 0

11 -1 0

2 1 1 2

3 2 2 J6 2Y

4 2 0 V3 4x

5 2 2 Js 2x

6 3 3 V8 6xv

7 3 -1 \/g6XY

8 3 1 V8 (9x2+3v2-2)

9 3 3 V8 (3x2-3v?)

10 4 4 V10 (12x2v-4v%)

14 2 V10 24x2y+8Y-6Y)

12 4 0 V5 (24x3+24xv2-12x)

134 2 V10 (16x3-6x)

14 4 4 V10 (4x3-12xv2)

155 5 V12 (20x3Y-20xv%)

165 -3 V12 (60x3v+20xv3-24xY)

17 5 -1 V12 (40X3Y+40XY3-24xY)

185 1 V12 (530X4+60x2y2+ 10v4-36X2-12v2+3)

195 3 V12 (25%4-30X2Y2-15Y4-12X2+12Y2)

205 5 V12 (5x4-30x2y2+5v%)

21 6 -6 V14 (30x*Y-60X2y*+6Y7)

2 6 -4 V14 (120x4Y-24v5-60x2y+20Y°)

23 6 2 V14 (150x*y+180X2Y*+30Y5-120X2Y-40v3+12Y)
24 6 0 V7 (120x5+240X3y+120XY*-1203- 120X Y>+24X)
25 6 2 V14 (90X5+60x3¥2-30XY*-80X3+12X)

26 6 4 V14 (36x3-120x3Y2-60XY*-20X*+60XY?)

27 6 6 V14 (6X°-60X3Y2+30xY%)

28 7 -7 4 (42X°Y-140x3Y*+42xY%)

29 7 -5 4 (210x3Y-140x3v3-126XY3-120x>Y+120XY3)

30 7 -3 4 (378x°Y+420x3Y3+42XY3-360X3Y-120XY*+60XY)
31 7 -1 4 (210x°y+420x3Y3+210XY3-240X3Y-240XY3+60XY)
327 1 4 (245x4525x*Y2+315x2y*35Y%-300x4-360x2Y2-60Y*+90x?+30Y2-4)
33 7 3 4 (147x%-105x4v2-315x2v*-63Y%-150x*+180X>Y2+90Y*+30x2-30Y?)
34 7 5 4 (49x°-315x*Y2-105x2v*+35Y°-30x*+180x2Y2-30Y*)
357 7 4 (7x5-105x*Y>+105x2Y*-7Y")



Table 6. Y Derivative of Zernike Polynomials in Cartesian Coordinates up to 7" order

j nm d(Z7 (X,Y))/dy where X2+ Y2=p?< 1
0 0 0 0

11 -1 2

2 1 1 0

3 2 2 J6 2X

4 2 0 V3 4y

5 2 2 Js -2y

6 3 -3 V8 (3x2-3v2)

7 3 -l J8 (3x2+9y2-2)

8§ 3 1 V8 6xy

9 3 3 V8 -6xY

10 4 4 V10 (4x3-12xY?)

114 2 V10 (8x3+24xv2-6X)

12 4 0 J5 4x2v+24v3-12y)

13 4 2 V10 (-16v3+6Y)

14 4 4 V10 (-12x2y+4v%)

155 -5 V12 (5x*-30x2y2+5v4)

165 -3 V12 (15x44+30x2Y2-25 v 12X2+12Y2)

17 5 -1 V12 (10X+60X2Y>+50Y*- 12X2-36Y7+3)

18 5 1 \/E(40X3Y+40XY3-24XY)

195 3 V12 (220x3y-60xY3+24xY)

205 5 \/E(-ZOX3Y+20XY3)

21 6 -6 V14 (6x3-60X°Y?+30xY?)

2 6 -4 V14 (24x5-120xv*-20X3+60XY?)

23 6 2 V14 (30x3+180X3Y>+150Xy*-40X3-120XY>+12X)
24 6 0 V7 (120544240234 120v5-120x2y-120y3+24Y)
25 6 2 V14 (30x*Y-60X2Y3-90Y5+80Y-12Y)

26 6 4 V14 (-60x*Y-120x2Y3+36Y°+60x%Y-20Y?)

27 6 6 V14 (330XY+60X2Y3-6Y%)

28 7 -7 4 (7x5-105x*Y>+105x2Y*-7Y")

29 7 -5 4 (35x%5-105x*Y2-315x2v*+49Y°-30x*+180x>Y2-30Y*)
30 7 -3 4 (63X54+315x4Y?+105x2Y*-147v%-90x*-180xY>+150Y*++30x2-30Y?)
31 7 -1 4 (35x84315x4Y2+525x2y*H4245Y%-60x*-360X2Y2-300Y*30x%+90Y2-4)
327 1 4 (210x°Y+420x3Y3+210XY3-240X3Y-240XY3+60XY)
33 7 3 4 (-42xX°Y-420x3Y3-378XY>+120X3Y+360XY3-60XY)
347 5 4 (-126X°Y-140X3Y3+210XY5+120X3Y-120XY?)

35 7 7 4 (-42x3Y+140x3Y3-42XY%)



Table 7. X Derivative of Zernike Polynomials in terms of Zernike Polynomials to 7% order

j nm d(Z7 (X,Y))/dx where X2+ Y2=p?< 1
00 0 0
1 1 -1 0
2 1 1 2700
3.2 22 V6 Z1-1
4 2 0 243 711
52 2 J6Z11
6 3 -3 243722
7 3 -1 243 7222
8 3 242 200+ 26 Z20+2+3 722
9 3 3 243 222
10 4 -4 245 73-3
114 2 V10 Z1-1+245 723-3 +24/5 Z3-1
124 0 245 711 +2410 731
134 2 V10 Z11+24/5 731 +24/5 733
144 4 245 733
155 -5 V30 Z4-4
16 5 -3 342 Z2-2+4/30 Z4-4+30Z4-2
17 5 -1 342 72-2+ 30 74-2
185 1 243 Z00+ 6 220+ 32 722+ 2415 240 +/30 Z42
195 3 342 722 ++/30 Z42 +4/30 Z44
20 5 V30744
216 -6 V42 75-5
26 -4 247 73-3+ 42 75-5+ V42 75-3
23 6 -2 V14 71-1+2+7 73-3+2+7 73-1+42 75-3 + /42 75-1
246 0 247 Z11+2414 731 +2421 751
256 2 V14 Z11 +247 731 +2+7 733+ {42 751 +/42 753
26 6 4 247 733 + /42 753 +42 755
276 6 V42 755
28 7 -7 2414 76-6
297 -5 2410 Z4-4 +2414 Z6-6 + 214 Z6-4
307 -3 26 22-2+ 210 Z4-4+2410 Z4-2+ 214 Z6-4 +214726-2
317 -1 2406 22-2+ 2410 Z4-2+ 2414 76-2
327 1 4700+ 43 220+ 26722 + 445 740 + 210 Z42 + 47 760 + 214 Z62
337 3 236722+ 210 742 +2410 244+ 214 262+ 214 764
347 5 2410 Z44 + 2414 764 + 214 Z66
7 7

214 766

(98]
9]



Table 8. 2" X Derivative of Zernike Polynomials in terms of Zernikes to 7™ order

O 00 1 O N A W = O =

—_ =
—_ O

W W W W W N NN NN DN N DN N DN o e e e e e
AW N = O 0O 0 0N R WD = O O 0NN R WD
e N N N N e e e liNe ) We) Wi e) Ne ) N ) WV, BV, BV, B U, U, T U ) T SN SN AN N T S S VS S S S

(98]
9]

n

)

m

0
-1
1
-2

d*(Z" (x,Y))/ dx? where X2+ Y2=p?< 1
0
0
0
0

443 200

26200

6~2271-1

6~221-1

1842 711

622711

415 72-2

815 72-2

1245 200 +8+15 Z20 +4+30 222

610 Z00 +4+/30 220+ 8415 722

4415 722

104623-3

16+/3Z1-1+20+/6Z3-3 + 10+/6 Z3-1

1643 Z1-1+10+/6Z3-3 + 106 Z3-1

483711 +3046231+ 106233
163211+ 106 Z31 +20+/6 233

106233

6+/35Z24-4

10+/2122-2 +1235Z4-4 + 6/3574-2

202122-2+ 6435 24-4+ 1235742

2447 Z00 +20+21220 + 104427222 + 1235 240 + 670 Z42
1214 Z00 + 10442720 + 2021222 + 670 Z40 + 1235 Z42 + 635 Z44
1021222 +6+/35 242 + 1235 744

6+/35 244

2843 75-5

48+22723-3 +56+/3 25-5+28+3 Z5-3

60Z1-1+96+2Z3-3 + 482 Z3-1+ 283 Z5-5+56+/3 Z5-3+28+3 Z5-1
60Z1-1+48273-3+48273-1+28+/3 Z5-3 +28/3 Z5-1
180Z11 + 1442731 + 482733 +84+/3 Z51 +284/3 Z53
60Z11 +48+2731+96+2733 +28+3 Z51 + 563 Z53 +28+3 Z55
482733 +28+/3 Z53 +56+/3 Z55

2843 755



Table 9. 3" X Derivative of Zernike Polynomials in terms of Zernikes to 7" order

O 00 IO N B WK = O &=

—_ =
—_ O

W LW W W W W N NN NN N DN DN DN DN /= o = e =
wnmn A W N —= O 0 00 3O B A W N == O VWO IO N B WD

n

)

N N B U N N e e N e e e Yo Yo NV, IV, IV, BV, BV, B R N S T S T VS I VS I OS SRS I (O I O I S T

m

0
-1
1
-2
0
2
-3
-1

(2" (x,Y))/ dx3 where X2+ Y2=p?< 1

SO OO OO O

3642 Z00

1242200

12410 Z1-1

2410 Z1-1

7245 711

48410 711

12410 Z11

60~2722-2

180+222-2

1204222-2

21643 Z00 + 360220 + 2402 722

7243 Z00+ 120720 + 1802 222

602722

607 Z3-3

6014 Z1-1 + 1807 Z3-3 + 607 Z3-1
120414 Z1-1 + 180+/7 Z3-3 + 120+/7 Z3-1
36047 Z11+ 180414231 + 6014233
240414 Z11 +240+72Z31 + 1807733
6014 Z11 +60+7Z31 + 1807 Z33
607233

8410 Z4-4

18046 72-2 +252+10 Z4-4+ 8410 Z4-2
5406 22-2 + 25210 Z4-4 +252410 Z4-2
360/6 Z2-2 + 84410 Z4-4 + 168410 Z4-2
1440 Z00 + 1080 +/3 Z20 + 7206 Z22 + 504 /5 Z40 +3364/10 Z42 + 84410 Z44
480 Z00 +360+/3 Z20 + 540/6 Z22 + 168+/5 Z40 +252+/10 Z42 + 25210 Z44
180+/6 22 + 84410 Z42 +252410 Z44
84410 744



Table 10. 4" X Derivative of Zernike Polynomials in terms of Zernikes to 7" order

O 001N N B WN —= O &=

—
)

W W W W W N N NN NN N N NN o e e e ek e e e
AW N = O 0O 0 0N R WD RO 0O 0NN N PR WD
EUEEEN EEEN BEEN BN L N e o) lie) lie ) lie) Wile NN ) WV, IRV, BV, BN U, BV [ U, TR SN SN A G A VS L VS B VS VS B (S T \S B S e

(98]
9]

n m

)

0
-1
1
2
0
2
3
-1
1
3
4
2

d*(Z" (x,Y))/dx* where X2+ Y2=p?< 1

eNeNeololeolelololeoBo ol =

144+/5 700

9610 Z00

2410 Z00

12043 Z1-1

36043 Z1-1

24043 Z1-1

1200+3 211

600+/3 Z11

12043211

120421272-2

480+2122-2

600~2172-2

1440+/7 200 +720~/21 220 +480+/42 222
96014 Z00 + 48042720 + 840+/21 222
24014 Z00 + 120/42Z20 + 480+/21 222
120421222

84042 Z3-3

1920 Z1-1 +3360+2 Z3-3 +840+2 Z3-1
5760 Z1-1+ 50402 Z3-3+2520+2 Z3-1
3840 Z1-1+2520+2 Z3-3+1680+2 Z3-1
19200 Z11 +8400+2 Z31+4200+2 Z33
9600 Z11 +4200+2 Z31 +5040+2 Z33
1920 Z11 +840+2 Z31+ 33602 Z33
8402 733



Table 11. 5% X Derivative of Zernike Polynomials in terms of Zernikes to 7" order

O 001N N B WN —= O &=

— e
ANDN B W= O

W W W W W N NN DN DN DN — — =
A WD = O OV 0 0N N R WD~ O VO 0
B I B N N N e N« ) lie Nie ) lie ) like) Nile) NNV, BNV, BNV, IV, B0, R0, N SN SN PN P NP I VS B VS SR US I (O ) (S T \O Iy

(98]
()]

n

)

m

0
-1
1
2
0
2
3
-1
1
3
4
2
0
2
4
-5
3
-1

d(Z7 (X,Y))/dx>  where x>+ Y?=p*<1

eleleoloNeoNeoBolololoXelo o =R N e Nl o)

2400+/3 Z00

1200+/3 Z00

240+/3 Z00

36014 Z1-1

144014 71-1

1800414 Z1-1

720047 Z11

5400414 Z11

216014 711

36014711

16806 72-2

84006 Z2-2

151206 22-2

8400+/622-2

72000 Z00 + 33600+/3 Z20 +25200+/6 722
36000 Z00 + 16800+/3 Z20 + 184806 722
7200 Z00 +3360+/3 Z20 + 84006 722
1680+/6 222



Table 12. 6'" X Derivative of Zernike Polynomials in terms of Zernikes to 7" order

O 001N N B WN —= O &=

[\ T O T NS T N e e e e e
W= OOV NP W —O

N NN
[©) WV, TN oN

W LW LW W W W NN DN
DN b W —= OO

n m

0
-1
1
2
0
2
3
-1
1
3
4
2
0
2
4
-5
3
-1
1
3
5
-6
4
2

)

EUEENEENEEN BEN BEN BEN BN N M) Wi ) Wi ) Sile Yo Ne NV, IV, BV, BV, BV, BV, N SN SN S G N PSP I VS SR USSR OS I (S T (O I O I

d%(Z" (x,Y))/dx®  where x>+ Y?=p*<1

SO OO OO OO DD OO OO oo o0coooo0co0

1440047 Z00
1080014 Z00
432014 700

72014 Z00
10080 Z1-1
50400 Z1-1
90720 Z1-1
50400 Z1-1
352800 Z11
211680711
70560 Z11

10080 Z11



Table 13. 7% X Derivative of Zernike Polynomials in terms of Zernikes to 7" order

pr<1

where X2+ v?

d’(Z™ (x,Y))/dx’
0

m
0

j n
0 0

SO O O

R
AN AN AN

on <t n O

10 4 -4 0
-2
124 0

11 4

0
0
0
0
0

134 2

144 4

-5
3
-1

155

16 5

0

175

185 1
195 3

0
0

205 5

-6
4
2

21 6
246 0

0
0
0
0
0
0
0
0
0

22 6

23 6

256 2

26 6 4

276 6

-7
-5

28 7

29 7

3
-1

30 7

317

705600 Z00

327 1
337 3

423360 Z00

141120 Z00
20160 Z00

347 5

357 7



Table 14. Y Derivative of Zernike Polynomials in terms of Zernike Polynomials to 7™ order

O 00 1 N LN AW N =D

—_ =
—_ O

W W W W W N NN NN DN N DN N N M e e e e e
A W N~ O O 00 IO U A W N == O VWO IO i A W DN
e N B e i N e i) e W e) We) Wi ) N e )NV, IRV, BV, B U, B U, I U, EE SN SN A A O U0 S VS S B \S I \S I S
[E—

(98]
9]

n m

0
-1

)

d(Z7 (X,Y))/dy where X2+ Y2=p?< 1
0

2700
0

V6 Z11

243 Z1-1

-J6 Z1-1

243 722

242 700 + 26 720 - 23 722

243 7222

243 7222

245 733

V10 Z11 4245 731 -24/5 733

245 71-1 + 2410 73-1

— V10 Z1-1 + 245 73-3 —24/5 73-1

245 73-3

V30 744

342 722 + /30 Z42 - 430 Z44

243 Z00+ 6 720 - 332 722 + 2415 740 —30 742

342 72-2+ 430 74-2

— 32 722+ 430 Z4-4 — 30 Z4-2

-J30 Z4-4

V42 755

247 733 + /42 753 -/42 755

V14 Z11+ 247 731-247 733 + /42 Z51 — 42 753
247 Z1-1+ 2414 73-1 + 2421 75-1

—\14 Z1-1+ 27 73-3 - 27 73-1 +/42 75-3 —J42 75-1
27 73-3 +4/42 75-5— 42 75-3

-J42 75-5

2414 766

2410 Z44 +214 764 - 214 Z66

246 722+ 2410 742 - 210 Z44 +214 762 — 214 Z64
4700 + 43720 - 246 722 + 445 740 — 210 742 + 47 760 — 214 762
206 72-2 +24110 74-2 +2+14 76-2

— 246 72-2 + 210 Z4-4 — 210 Z4-2 + 214 Z6-4 — 214 76-2
— 2410 Z4-4 + 214 76-6 — 214 76-4

2414 76-6



