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Recap of previous lecture ZXW
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* Trace distance
* Minimum probability of error state discrimination

* Multi-copy binary state discrimination and the
Chernoff bound

 Examples where measurement that is optimal
for single-copy state discrimination is suboptimal
when presented with M copies, and vice versa

* Quantum illumination
— 6 dB improvement in Chernoff error exponent

— OPA receiver to achieve 3 dB improvement
— Optimal receiver that uses squeezing and feedback[f::_;;jf--__;._



Quantum limit of classical communication A
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H 1

Shannon s “channel”

PY|X(?/‘~’U)

Alice X Optical (quantum) Physical (quantum) | [optical (quantum) YBob

modulation channel | receiver
(e.g., loss, noise)

Shannon capacity C is a function of p(y|x), which depends upon the choice of transmitter
modulation, and (more importantly) choice of receiver measurement. How do we
calculate, and design a receiver to attain, the capacity of the underlying physical channel?

Holevo, 1996
Schumacher, Westmoreland, 1997
Physical (quantum)
Alice X Je A ||channel B ? Y " Bob
(e.g., loss, noise)

NA—>B—

Holevo capacity, X (N ) > C Shannon theory starts after detectlg
Bits per use of the physical channel We will try to zoom inside that Py | x (y\a:)
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The stalwarts of Information theory

Claude Shannon John von Neumann Alexander Holevo

1916-2001 1903 - 1957 1943 —
Shannon AwardC 29‘1 6



Information, entropy, compression 'Z"K‘i'
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« Shannon entropy of a random variable X
— Quantifies the “amount of uncertainly” in X

H(X)

|X|

— — pr(aj) log, px () bits
r=1

* Binary entropy, px (0) = p,px (1) =1—p

h2(p)

H(X)

0 0.2

0.4

0.6

0.8

= —plogyp — (1 —p)logy(1 —p) £ ho(p)

Max H(X) for given| X |:
(uniform prior) = log, (1)

« Data compression

X(id wp 100101001001000111110010001
[n source symbols]

H(X): bits per ‘ : /
source symbol 00101100101010010101. /)
inH(X) bits]



Channel capacity, Binary Symmetric A

Channel (BSC) g s
px |0l =¢q,px|1l| =1—q Shannon’s “channel” |
0 2 py|x(ylz),ze X, yel
I—p
(¢)) O 0
X >< Y
1 — | 1
1—q) 1 =
* Mutual information Claude Shannon, 1948

I(X;Y)=H(Y)-HY|X)=H(X) - HX|Y)
H(X]Y) = ZPY H(XY =y)
» Capacity, C = max I(X Y)=1— hso(p) bits/use

px(x)
— Noise does not preclude error-free digital communlq:’ }idl‘]

— Need error correction to achieve capacity



Channel coding le
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 Driving down errors via redundancy, (n,k,d) code

all 2" binary sequences

[100100
d=3

[10110100 Codebook: a pruned set of

2"R binary sequences
(Code rate, R = k/n)

* For R < C, there exists a sequence of (n, nR, d,
codes, s.t., P — 0 as n — o0

RN

) 0}% |
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W Encoder ;Codebook” .
1 :_O_ 0 9_\_ ~ ( 0 0000 _(l: R = — = — bits per channel use
0 IRV 001701701 no2
S0 T°071 1070 T"1T°017
4) 0 1 1 1 1.0 0 1 1 Bl ) s
5< L0 0 X L1100 0 ) Py x(ylT) md 010@01:> S W =2
()]
oo e e
(min distance)
g1 1 1 001 0 1 1
= 3 bit message (6, 3, 3) code (d-1)/2 errors can be deterministically corrected
K = 2F = 8codewords  (n, k, d) P = P[W £ W]
nformation o Coded transmission ](?;]lx (y‘T) Noisy channel output
be transmitted —p Encoder —» 1SSl —p Channel,
010001101 . .. 100110010101111000 =% BSC(p) '{@1100@01011110@)@.
[ / SURNY

—» Decoder —» 010001101...

Decoded information
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« Continuous random variable X, Px (x), r € R
 Differential entropy h(X) = — | px(x)log, px(x)dx

— Translation invariant; h(X) independent of mean U X

« Entropy of a Gaussian random varlablel

1
px(z) = e—(@—ux)?/20% 2 R(X) = 21og2(2wea§<)

2103
— For given variance OX, Prove that Gaussian X with that

variance maximizes h(X) | Problem 91

- fE[X?]=P=h(X) < %logZ(QWeP)
* Mutual information, I(X;Y) = h(Y) — h(Y|X)
= h(X) — h(X]|Y)

) N\
s oY
. )

o 4



Capacity of the AWGN channel Aw
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« Additive white Gaussian noise (AWGN) channel
Y=X+2Z, Z~N(0O,N), E[Xz] = P Input power constraint

* CapaC|ty C —gilz(% I(X;Y), modulo /O:O *px (x)dr = P

 Expanding I(X;Y) = h(Y) — h(Y|X)

=h(Y) - h(X + Z|X)

(Y) (Z|X) mean independent

h(

1 — Y) ( ) Z independent of X
~ h(Z) = ; logy(2meN)
E[Y?]| = E[(X + 2)°] = E[X?] + 2E[X|E|Z] + E[Z°] = P+ N
— h(Y) < %10g (2me(P + N)). So,Vpx (z),
_ 1 1 e (107
I(X;Y) < 51 0go(2me(P + N)) — 5 log,(2meN) = 5 log, (1 F175)

1 P L . l/
— Hence, ¢ = max I(X;Y) < ; log, (1 N N) 1%

px (x)



Capacity of the AWGN channel (contd.) 'Z'K'X'w
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Now, let us find a lower bound to the capacity C

Since, C = max I(X;Y), if we pick a particular px (z)
modulo theﬁﬁgﬂt power constraint / 22px (z)dz = P,
we will get a lower bound to C N

1 —z2 /2P

Let us pick, px(z) = Nerih
We obtain ¢ = max I(X;Y)

px (T)

> h(Y) _ h(Y‘X) We get this by lower bound

by choosing a specific py
! 1 1+ P
= — 10 i
5 082 N

This proves that: C = 5 log, (1 + N) ~%)




Optical communication capacity of a ZAS
lossless channel with homodyne detectionm:umesn

, | T
« Use coherent state modulation |a), p(a) = —€ a”/N
 Homodyne detection output
1
0=a+ Z, ZNN(O,Z>
. 1 N
CapaCIty C(N) = 5 log, (1 + 1—/4>
1
gé%sgz)al “channel” — 5 ]Qg2 (1 + 4N ) bits per mode
| Lossless |
Q& (C modulation |a> c:u::t:ﬁ/n |a> receiver _[T@
channel

_________________________________________________________________________________________________________



Optical communication capacity of a ZAS
lossless channel with heterodyne detection:umsn

1 2
» Use coherent state modulation |a), p(a) = W{'O" /N

* Heterodyne detection output(s)

1
b1 = a1 + 2y, ZlNN(Oa§)
1

Bo = ag + 2o, Z2NN<O>§>

« Capacity is the sum of capacities of two

iIndependent AWGN channels
o1 N/2
C(N) = 2 X §1Og2 (1—|— 1—/2>

= log(1+ N) Q)
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Capacity of homodyne and heterodyne .. o
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g(N) = (14 N)log(1+ N) — Nlog(N)
c\N)
100}
Bits per :
mode
1
5 log(1 4+ 4N)
2 \
10 log(1+ N)
—homodyne
—heterodyne :
_ —Holevo capacity limit |
0 T e T,
10 10 10 10 10 [/3
N h



Quantum unitary and quantum channel le
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« Unitary transformation
— Most general transformation of a closed quantum system

A—lly—5 s =Upall

* Quantum channel
— completely positive trace preserving (CPTP) map

ppr = UpapUT
pB = Trr(pBF)

g =N(pa,




Quantum version of entropy Z.'K\.&
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 von Neumann Entropy (pure state has zero entropy)
S(p) = —Tr (plog, p) ZA logo i = H({\D)

— Shannon entropy of elgenvalues of density operator
* Interpretation 1: quantum data compression

XN Quantum data |
P compression | nS(p) qubits

— need (¢, ) to make above statement precise for finite n

Benjamin Schumacher, 1995

* Interpretation 2: entanglement concentration

QXn | Entanglement ‘ - Le)
‘¢>AB | concentration - 1S ('0 A) sbits (EFR palgs




Shannon vs. Holevo capacity wa
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« Shannon capacity of a given receiver that detects each channel
symbol one at a time (all standard optical and RF receivers)
quantun chiannet receiver

r — pa(z) N8| pp(x) [{II,} — ¥

modulation

pY|X(y’37) = Tr [pp(x)II,] Classical channel

— E.g. AWGN (RF antenna, Optical heterodyne), Poisson (Optical photon detection)

— Highest capacity with symbol-by-symbol detection, C'1 1 = max I(X;Y)
{Hy},p(x)

* Holevo capacity of the quantum channel

Holevo information: X(px,pa(x),N) =25

pr(fl?)PB(l‘)] = px(@)S[pg(x)] = I(X; B)

Holevo capacity with product-state encoding: C' (N) = sup x (px,pa(x),N)

N PX,PA (IL‘) )
Ultimate capacity: C'o oo (N) = sup C1,00NT") 2 CO(N) il
n n g

Superadditivity conjecture [settled by Hastings, 2009]: Coo oo (N) > C1 & (N)




lolevo capacity for two pure states Z&w
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Modulation, and
IS {07 1} — " quantum, channel |~ PB (aj)

pB(T) = |Vz)(Vel|, Wolt1) =0

S(plvo) (ol + (1 — p)|h1)(¢1])
_SG[ l+o (1—2p)\/1—02]>
B 2| (1=2p)vV1—o0? 1—o0
1+ +/1—4p(1 —p)(1 —o?)
2

Coo(0) = max S (p[thr) (1] + (1 = p)[Y2)(¥2]) ierosiemes

0,1 . :
pe(0,1) Derive the expression of

1 — o the eigenvalues, A\ and -
— h2 5 bits per channel use prove this expressior Wr

Holevo capacity

= H(Ay, A2), Ax(p,o) =




Shannon capacity for two pure states
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 Lets pick the optimal measurement to distinguish

the two

oure states

Modulation

re{0,1} —

— pB(T) —

channel

Min. Prob. Error
measurement

l1—p

1

(1—-q) 1

Vi

—y € {0,1}

Y

C1(o) =1 — ha(p) bits per channel use
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Shannon vs. Holevo capacities g
1
C1=1— ho (5 1-/1- 10\2})
Coo = (57 C1<Cy<...<C
1 : ] : x
Coo
lim (@) = o0 0.8
o—1 Cl(o')

0.6
Example: BPSK coherent state

alphabet: {|a),| — @)}, € R

_ 0.4
o= {a|—a)=e*N N=laf

Capacity gain with a joint-detection receiver 0.2 |
most pronounced in the regime,

o — ].7 Ory N — 0 O ! ! ‘ 4 ;”
0 02 04 06 oE,\\ )1
(low photon number regime for optical communication) O -'
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Single-mode bosonic channel oGSy

* The beamsplitter 7 environment
¢ = /ma+/1—nb (noise)
cZ:—\/l—n&—l—\/ﬁl; R | )

Alice ( \ >(C Bob

V1

environment

(loss)

« Single-mode bosonic Channel,/\/'évb L ¢ = /N + mg
— Pureloss:pp = |0){0| (N, = 0)
— Thermal noise: py = (1/7TNb)O/ e_|0‘|2/Nb\oz><oz\d2oz
— Mean power (photon number) cénstraint, <€LT&> = N
— Only state that retains its purity through the pure loss channelis | -
the coherent state, |a) — |\/na) L %))
_ Mean photon number at output, (¢'¢) = nN + (1 — n) N, o




Pure loss bosonic channel wa
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 Coherent state transmission

0)

o) \ [/
Transmitter Receiver

\vlina>

— With a mean photon number constraint /V at the input,
which implies a mean photon number constraint 7.V at
the output, how many bits can be transmitted per use of
this channel? (each use = one transmitted mode)

— Example: use BPSK modulation {|a), | — @)}, |04|2 :N,

+ Maximum capacity (achieved at high N) is 1 bit per mode |
 Max capacity with 4-PSK (high N) is 2 bits per mode, etc. |




Maximum entropy state wa
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* For a given mean photon number, the thermal
state maximizes the von Neumann entropy
— For Tr (a'ap) = N, S(p) < g(N)

g(z) = (1 +z)logy(1 + x) — zlogy(x)
— Wlth equality attainted by the thermal state,

N 1
— _ —|a|? /N 2
o nz:% i+ wy il = e a)(ald"a

* For a k-mode state with total mean photon
number given by M, a tensor product thermal
state of those k modes with M/k mean photon
number in each mode, maximizes the entropy R,J

Prove both of the above statements Advanced Proble
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lolevo capacity of pure-loss channel nE e
1) 1
_ = —lal?/N
) n% =+|\/no) {’O‘W(O‘) ~aN°© }
0)

Achievability C(n, N) > S (p(a)|/na){y/nald*a) = g(nN)
g(x) = (14 x)log(l +z) —xlogx
Converse  ('(n, N)= max [SE'Q _piny) — Y niS(E) (ﬁj))]

{pj.p5}
min [Z_pjswgv (m))]

Bl {pj.pj}

< max S(&év(zpjﬁj))

{p;,pj}

< max S(&é\](zpjﬁj)) — min [S(&g\[(ﬁ))];

{p;j.p;} p
- A 0 Capacity/coding| .
C = g(nN) bits per mode  — g(nN) — analysis can d:\ eng

Giovannetti, Guha, Lloyd, Macconne, Shapiro, Yuen, PRL, 92, 027902 (2004) N is at the OUtpu}
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lolevo capacity of pure-loss channel nE e
« For coherent state :
transmission, no other " g(N)=(1+ N)log(1+ N)— Nlog(N)
distribution (other than
Gaussian) attains a C(N:) \

higher Holevo capacity 109+

« Modulation using no
other states at the inputs
(such as number or
squeezed states) can
attain a higher capacity

« Homodyne and/or
heterodyne detection
receiver, even under their
ideal (quantum noise 1074 s
limit) operations, cannot 107 1072 10° 10
attain the Holevo capacity N

1
5 log(1 +4N)

{

log(1+ N)

—homodyne
—heterodyne
—Holevo capacity limit

1072}

2 104

<)
N — 77N Pure loss: we can take N to be the output mean photon number per\mo/de



Photon vs. spectral efficiency

A

THE UNIVERSITY

o))

N

N

-

Photon information efficiency (bits/photon)
o
-

.19911(].;‘.._.‘.....,......

w
e
7 uonaAeP

-

..
-—-
-

-

-
-

— Ultimate Holevo (quantum) limit
* M-ary PSK (M=2", ..., 2'% Holevo limit
''''' BPSK Holevo limit

== OOK Holevo limit

== BPSK + Dolinar receiver
"""" PPM Holevo limit
== 0OO0K + Direct detection

— PPM + Direct detection

BPSK + Homodyne detection
= Unrestricted alphabet + Homodyne
- Unrestricted alphabet + Heterodyne

— Ultimate limit of Gaussian receiver

0.95¢

)

Takeoka, Guha, PRA 89, 042309 (2014)

2 3 4

Spectral efficiency (bits/sec-Hz)

C(N)

OF ARIZONA




Holevo capacity with loss and noise .Z.'K\.L
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12
Coherent state |O4> p(a) _ e—lal®/Ns
‘Ck> % nd modulation ) 7TN5

Pih N/ N ) () d®

Achievability C(n, Ng,N) > g(nNgs + (1 —n)N) —g((1 —n)N)
g(x) = (1 + x)log(l 4+ x) — xlogx

Converse C(n,Ng,N)= max | S(E] ijﬁj))ijS(&iv(ﬁj))]
Please note - j j

change in notation: < {nax S(& (ijﬁj) - gﬂprjl [ij ]
Ng = input photon . ’ '
b phoon. = 5 [0 i)

b Minimum output
number < g(nNs+(1 = m)N) —min [S(&(9))] «— entropy conjectu'r.s\;

V. Giovannetti, Guha, S. Lloyd, L. Maccone, J. H. Shapiro, Physical Review A 70, 032315 (2004)
V. Giovannetti, R. Garcia-Patron, N. J. Cerf, A. S. Holevo, Nature Photonics 8, 796-800 (2014)



“Vacuum or not” black box Z&w
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) = caln) %W -
= Cp,|TV) —>| VON o
— 1 — po ’¢1> _ ’¢> CO’O>

 How do we realize the VON measurement using
beam-splitters, phase-shifteTrg%Asqueezers and
cross-Kerr gates: U,, = ¢/#(a'ab'0) 9

Advanced Problem 19 (ope%llv//f'



The “vacuum or not” receiver to achieve ZAS
the Holevo capacity THe N
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« Random code with 2"R codewords: A sequence of 2"R “vacuum or
not” binary non-destructive projective measurements plus phase-
space displacements (beamsplitter & laser) can achieve capacity

(m)\ __ | (m)\, _(m) (m)
(8 = | o s ,
‘1<77”3<7‘?,Rl >2l el (G—3j+1) |97%)
Displacement by negative of j*" - ~
c.w. |a)): array of n BS + lasers

! |
;) =i — )

Receiver cycles through R ~

multimode entangled P = ’()>®” <O‘®” <wn|P’¢n>
coherent states... l RN
Lloyd, Giovannetti, Maccone, Phys. Rev. Lett. 106, 250501 (2011) A : C19))
Wilde, Guha, Tan, Lloyd, ArXiv: 1202.0518 (IEEE Int. Symp. Inf. Theory 2012) m =] N Y/

”Measuring Nothing”, Oi, Potocek, Jeffers, ArXiv:1207.3011, (PRL, 2012)
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Holevo attaining joint detection receivers mcowesn
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« “vacuum or not” meas. and coherent feedback

at™) = |ai™)ag™) ey )
1<m<nR l (j—3+1) J|
Disp||ac(:ge)r;1ent by negative of jt (f — P)W”)
c.w. @) array of n BS + lasers A A A = ~
yi {P, i— Pl (W)l — Pliy)

|¢J> — ‘1%’—1 - a(j)> P|¢n>

. > RN /0| RN = — |O>®n - m = .]
Wilde, SG, Tan, Lloyd, ISIT 2012 P = |0)"" (0| (| Plaby)
Oi, Potocek, Jeffers, Phys. Rev. Lett. 110, 210504 (2013)

* Quantum polar code and successive cancellation

SG, Wilde, ISIT 2012
Wilde, SG, IEEE Trans. Inf. Theory, 59, no. 2, 1175-1187 (2013)

 Efficient joint measurements for symmetric codes
Krovi, SG, Dutton, da Silva, Phys. Rev. A 92, 062333 (2015) .

» Slicing receiver C )
Da Silva, SG, Dutton, Phys. Rev. A 87, 052320 (2013) \



Upcoming topics A
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* Wiretap channel — secure communication

* Quantum communication and entanglement
distribution

* Quantum repeaters
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