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Introduction

The final major question we shall address this semester is the following. How can
we create non-classical light beams that exhibit the signatures we’'ve discussed in
our simple one-mode and two-mode analyses? In particular, we will study spon-
taneous parametric downconversion and optical parametric amplification in second-
order nonlinear crystals. These closely-related processes have been and continue to
be the primary vehicles for generating non-classical light beams. Given our inter-
est in the system-theoretic aspects of quantum optical communication—and our lack
of a serious electromagnetic fields prerequesite—we shall tread lightly, focusing on
the coupled-mode equations characterization of collinear configurations, i.e., we shall
suppress transverse spatial effects. Nevertheless, we will be able to get to the basic
physics of these interactions and provide continuous-time versions of the non-classical
signatures that we discussed in single-mode and two-mode forms earlier this term.
Today, however, we will begin with a treatment within the classical domain. In the
two lectures to follow we will convert today’s material into the quantum domain, and
then explore the implications of that quantum characterization.

Spontaneous Parametric Downconversion

Slide 3 shows a conceptual picture of spontaneous parametric downconversion (SPDC).
A strong laser-beam pump is applied to the entrance facet (at z = 0) of a crystalline
material that possesses a second-order (y(®) nonlinearity. We will only concern our-
selves with continuous-wave (cw) pump fields, so this pump beam will be taken to
be monochromatic at frequency wp. Even though the only light applied to the crys-
tal is at frequency wp, three-wave mixing in this nonlinear material can result in
the production of lower-frequency signal and idler waves, with center frequencies wg



and wy, respectively, that emerge—along with the transmitted pump beam—from the
crystal’s output facet (at z = 1). This process is downconversion, because the signal
and idler light arises from a higher-frequency pump beam. The process is deemed
parametric, because the downconversion is due to the presence of the pump modifying
the effective material parameters encountered by the fields propagating at the signal
and idler frequencies. It is called spontaneous, because there is no illumination of
the crystal’s input facet at the signal and idler frequencies. Of course, this zero-field
input statement is correct in a classical physics description of slide 3. NNEKnGW, from
our quantum description of the electromagnetic field, that the positive-frequency field
operator at the crystal’s input facet must include components at both the signal and
idler fréquencies.n SPDC, the z = 0 signal and idler frequencies are unexcited, i.e.,
in their vacuum states. The action of the pump beam in conjunction with the crys-
tal’s nonlinearity is responsible for the excitation at these frequencies that is seen at
z = [. Thus, although a quantum analysis will be required to understand the SPDC
process, we will devote the rest of today’s effort to a classical treatment of the slide 3
configuration. Nevertheless, we shall get a hint of the quantum future because the
signal and idler frequencies, in the classical theory, will obey wg + w; = wp. Zero-
valued input fields at the signal and idler frequencies cannot account for the energy
in non-zero signal and idler output fields. Instead, the energy present in these output
fields must come from the pump beam. Rewriting the preceding frequency condition
as hwg + hwr = hwp at least suggests that a photon fission process—in which a single
pump photon spontaneously downconverts into a signal photon plus an idler photon
such that energy is conserved—is what is happening in SPDC. In fact, such is the
case.

Maxwell’s Equations in a Nonlinear Dielectric Medium

We will start our classical analysis of electromagnetic wave propagation in a x®
medium from bedrock: Maxwell’s equations for propagation in a source-free region

of a nonlinear dielectric. In differential form, and [Without assuming aiy constitutive

V x E(rt) = —%E(F, t), Faraday’s law (1)
V.-D(Ft) = 0, Gauss law (2)
V x H(Ft) = %ﬁ(ﬁ t), Ampere’s law (3)
V-B (7,t) = 0, Gauss’ law for the magnetic flux density, (4)

where E(7,t) is the electric field, D(7,t) is the displacement flux density, H (7, ¢) is
the magnetic field, and B(7,t) is the magnetic flux density. All of these fields are real







valued and in SI units. For dielectrics, we can take

where o is the permeability of free space, as one of the material’s constitutive laws.
The other free-space constitutive law is

D(7t) = eE(7,1), (6)

where ¢ is the permittivity of free space.! However, for the nonlinear dielectric of
interest here we will use

— —

D(7,t) = eoE(7,t) + P(F,1), (7)

where P (7, t) is the material’s polarization, which is a nonlinear function of the electric
field.

Our initial objective is to reduce Maxwell’s equations to a wave equation for a
+z-propagating plane wave. Taking the curl of Faraday’s law, employing the vector
identity

V x [V x F(F,t)] = V[V - F(7,1)] — V2F(,t), (8)
and Ampere’s law, we get
= 92 0 = 9* =
VIV - E(Ft) — V'E(r,t) = —uoa[v x H(T)t)] = —uoﬁD(r,t). 9)

For a +z-propagating plane wave whose electric field is orthogonal to the z axis, the
preceding result simplifies to

* 4 * = -

Before moving on to propagation in the nonlinear medium, let’s examine the wave
solutions to Eq. (10) in free space and in a linear dielectric. Using D(z,t) = eoE((, 1),
for free space, Eq. (10) becomes

92 - 2
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where we have used ¢ = 1/, /éopg. It easily verified—recall Lecture 17—that

E(z,t) = f(t — z/c)iy, (12)

In terms of ¢y and pp we have that ¢ = 1/,/egpo is the speed of light in vacuum, as shown in
Lecture 17.




is a solution to Eq. (11) for an arbitrary time function f(t) and unit vector 7, in the
x-y plane.? Moreover, this field is a +z-going plane wave, as was noted in Lecture 17.

Now suppose that we are interested in propagation through a linear dielectric. In
this case, and for the nonlinear case to follow, it is best to go to the temporal-frequency
domain, i.e., we define the Fourier transform of a field F (7, t) by

—

F(Fw) = / dt F(7, 1), (13)

The sign convention here is in keeping with our quantum-optics notion of what con-
stitutes a positive-frequency field, viz., the inverse transform integral is

3= dw = —jwt

F(rt)= | — F(r,w)e 7" (14)

| o

The constitutive law for a linear dielectric is

— —

D(7,w) = e[l + xV(w))E(7,w), (15)

where the linear susceptibility, x(*(w), is a frequency-dependent tensor, so that the
polarization,

P(F,w) = eox M (W)E(F,w), (16)

need not be parallel to the electric field. The tensor nature of the linear susceptibility
is the anisotropy that we exploited in our discussion, earlier this semester, of wave
plates. Thus, if g (7,w) is polarized along a principal axis of the crystal—as we shall
assume in what follows—we have that

D(F,w) = eon?(w)E(F,w), (17)

is the appropriate constitutive relation, where n(w) is the refractive index at frequency
w for the chosen polarization. Now, if we take the Fourier transform of Eq. (10) and
presume fields with no (z,y) dependence with an electric field polarized along a
principal axis, we obtain the Helmholtz equation
- wn?(w) »

8225(z,w) + C—2€(z,w) = 0. (18)

The +2-going plane-wave solution to this equation is

82

E(z,w) = Re[Ee 7w@t=F2)], (19)

where k = wn(w)/c and E is a constant vector in the z-y plane.

2To show that Eq. (11) provides a solution to Maxwell’s equations in free space, however, more
work is needed. Faraday’s law should be used to derive the associated magnetic field, H (z,t), and
then it should be verified that E(z,t) and H(z,t) are solutions to the full set of Maxwell’s equations.
See Lecture 17 for more details.



For a nonlinear dielectric we shall employ the following frequency-domain consti-
tutive relation: . . -
D(7,w) = eo[1 + xV (W))E(7, w) + Pri(F, w), (20)

where x(V)(w) is the medium’s linear susceptibility tensor at frequency w and 73NL(F ")
is the nonlinear polarization, i.e., Pnr (7, w) is a nonlinear function of the electric field.
Assuming, as before, a +z-going plane wave whose electric field is polarized along a
principal axis of the x"(w) tensor, Eq. (18) becomes

0? wn?(w) »

52¢ (W) + E(z,w) = —pow’ Py (z,w), (21)

c2

for the nonlinear dielectric. The left-hand side of this equation includes the medium’s
linear behavior, with its nonlinear character appearing as a source term on the right-
hand side. General solutions to this equation—for arbitrary nonlinearities—are be-
yond our reach. In the next section, however, we show how to do a coupled-mode
analysis that, when converted to quantum form in Lecture 21, will allow us to under-
stand how SPDC produces non-classical light.

Coupled-Mode Equations

Here we shall delve deeper into propagation through a nonlinear dielectric when that
material’s nonlinear polarization arises from a second-order nonlinearity. Unlike the
preceding section, which tried to work in generality, we will now assume that the
electric field propagating from z = 0 to z = [ in the nonlinear crystal consists of three
+z-going monochromatic plane waves: the frequency-wp pump beam; the frequency-
wg signal beam; and the frequency-w; idler beam. Furthermore, we will assume
that wp = wg + w; and that the pump is very strong while the signal and idler are
very weak. Allowing—as will be necessary to account for the tensor properties of
the second-order susceptibility—the pump, signal, and idler to have different linear
polarizations along the crystal’s principal axes, we will take the electric field to be

—

E(z,t) = Re[Ag(z)e 1@st=ks2)]jg 4 Re[A[(z)e @tk

sigrrlal i(;lfer
+ Re[Ape@rt=ke)]i, - for 0 < z < 1. (22)
pump

In this expression: k,, = wpnm(wny)/c for m = S, I, P gives the wave numbers of
the signal, idler, and pump fields in terms of the refractive indices, n,,(w,,), of their
respective linear polarizations, ;m, which are all in the z-y plane. More importantly,
for what will follow, the signal and idler complex envelopes, Ag(z) and A;(z), are
slowly-varying functions of z, i.e., they change very little on the scale of their field



component’s wavelength.® Also, the strong pump field has been taken to be non-
depleting, i.e., its complex envelope, Ap, is a constant.* These assumptions are
consistent with SPDC operation.

For the constitutive relation associated with the preceding electric field we will
assume that

con(wg)Ag(z)e I @st=ks?) 4 cc .,

D(z,t) ~ 5 is

con2(wr) A (z)e I @rt=kiz) 4 cc .,

+ 9 ir
eon®(wp)Ape IWrt=kr2) 4 cc

+ 9 ip
on(Q)A?(Z)Ape_j[(WP—Wl)t_(kP—kI)Z] + cc -

+ 5 18

@) A% () Apeillwp—ws)t=(kp—ks)2] | cc

€ 2)Ape cc

;. 7A5(E)Ap 5 i, (23)

where cc denotes complex conjugate. The first three terms on the right in Eq. (23)
are due to the material’s linear susceptibility. Except for the possibly different signal,
idler, and pump polarizations, it is the three-wave version of what we exhibited in
the previous section for a linear dielectric. The last two terms represent the effect
of the material’s second-order nonlinear susceptibility, x(¥. Strictly speaking, this
susceptibility is a frequency-dependent tensor that produces a nonlinear polarization
ﬁNL(z, t) when it is multiplied by the product of two electric-field frequency compo-
nents. In writing Eq. (23) we have suppressed the frequency dependence and tensor
character by our choice of fixed frequencies and polarizations in Eq. (22), and we
have only included second-order terms that appear at the signal or idler frequencies,
as these are the frequencies that will be of interest in what follows, viz., they represent
coupling between the signal and idler which is mediated by the presence of the strong
pump beam in the nonlinear crystal.

Let us substitute Eq. (23) into Eq. (10) and exploit the linear independence of
e?“t and e™7*! for w # 0 to restrict our attention to the positive-frequency terms. We

3This assumption goes by the acronym SVEA, i.e., the slowly-varying envelope approximation.

4Strictly speaking, this no-depletion assumption cannot be exactly correct, as the pump beam
supplies the energy for the signal and idler outputs in SPDC. It is a good approximation for SPDC,
however, because the signal and idler outputs in typical operation are much weaker than the pump
beam.



then find that the electric-field complex envelopes must obey

2
882 (AS( ) —j(wst— kSZ)Z +AI( )efj(wlt*kfz)g}_i_APe*j(th*kPZ)ZT'P)

10 —jlwst—Fksz)7
- Sp (ns(wS)Ag( )e g

—+ n%(WI)A[(Z)e Jlwrt— kIZ)Z +nP(WP)AP€ jlwpt— k‘pz)ZP)

(2) §2 , -
_ 966_2@ <A;(Z)AP6_J[(WP—WI)t_(kP—k'I)Z}iS
+ Ag(Z)Ape—j[(wp—ws)t—(kp—ks)Z]g’I) —0. (24)

Performing the z differentiations on the first line of Eq. (24) gives
82
022

dA . B
= [—k%As(z) + 2jk5$} e*j(wstfksz)is

dA](Z)
dz

(As( Je *J(wStfksz);S_{_AI(Z)efj(wItfklz);I_i_APefj(wptfkpz);P)

+ [—k’?AI(z)jLijl }e Jrt=kiz) k2 Apei@r=kra)y, (25)

where we have employed the slowly-varying envelope approximation to suppress terms
involving %Am(z) for m = S, I. Performing the ¢ differentiations on the second and
third lines of Eq. (24) yields

1 02
2o

+ n?g(wp)Ape’j(“’Pt’kpz)z?p>

(nws) A (2)e g i (eop) Ag ()7 rt R0,

= kSAS( ) —j(wst—ksz)7 Z _I_k,QAI( )e—j(wjt—ka)zl+k123APe—j(th—k:pz);P’ (26)

where we have used k,, = wy, N (wm)/c for m = S, I, P. Using Eqs. (25) and (26) in
Eq. (24) leads to term cancellations® that reduce the latter equation to

dA . (2) 2 4 o
(23/65 CfZ(Z) e*](wstfksz) + X C;)SA?(Z)APej[wSt(kpk])z}) ig

2), 2
+ <2j]ﬁ%(z)e—j(wzt—kﬂ) _|_X(_)2WIA*( )Apeilwrt=(kp= ks)Z]) =0, (27
z c

5These cancellations are to be expected, as the terms in question are those for a linear dielectric
and k,, = wyny, (W) /c gives the plane-wave solutions for such media.



where we have used wp = wg + wy.

We will be interested in SPDC systems in which the signal and idler are in or-
thogonal linear polarizations. In this case, the preceding equation can be decomposed
into two coupled-mode equations:®

dAs(z) wsxPAp AR
fng —A* J ? 28
dz chnS(ws) 1(z)e (28)
dA;(2) wixPAp AR
CANZ) _ JUIXTEP fr () eibhe 29
T e e, (29

for 0 < z <, where Ak = kp — ks — k;. Equations (28) and (29) should be solved
subject to given initial conditions at z = 0, i.e., given values for Ag(0) and A;(0).
Once Ag(l) and A;(l) are found, the resulting electric field for z > [ is then

E(z,t) — Re[AS(l)e—j(wst—ksl—ws(z—l)/C)]Z_"S+Re[AI(l)e—j(wzt—kfl—wz(z—l)/C)]ZI
+ Re[Ape_j(“’Pt_kPl_“’P(Z_l)/c)]Zp, (30)

i.e., free-space plane-wave propagation prevails.” Here we can see why quantum
mechanics is needed to properly understand the SPDC process shown on slide 3. If
Ag(0) = A7(0) = 0, in our classical analysis, then we get Ag(l) = A;(l) = 0 from our
coupled-mode equations,® and hence E(z, t) = Re[Apej(w”t*k”l*w”(Z*l)/c)]z_')p for z > L.

Solution to the Coupled-Mode Equations

So far we have been working with Maxwell’s equations—and hence have developed
coupled-mode equations—in ST units, i.e., the complex envelopes Ag(z), A;(z), and
Ap have V/m units. Before solving the coupled-mode equations, it will be convenient
for us to convert them to photon units, so as to ease the transition we will make—in
Lecture 21—from the classical solution to the quantum version. The key to making
this conversion is power flow.

Consider a monochromatic, +2-going plane wave in an isotropic linear dielectric
whose electric and magnetic fields are

E(z,t) = Re[Ae7@=F)1 and  H(z,t) = Relcegn(w)Ae 1@k (31)

STf we regard the signal-frequency and idler-frequency components of the total field as modes,
then these equations clearly couple them through the action of the strong pump beam and the
crystal’s x(?) nonlinearity.

7Our analysis assumes that anti-reflection coatings have been applied to the crystal’s entrance
and exit facets.

81f this statement is not immediately obvious, see the next section, in which we present solutions
to the photon-units form of the coupled-mode equations



The time-average power (in W) crossing an area A in a constant-z plane is

S(z) =

ceonéw)A AP (32)

Were A to be written in y/photons/s units—for the chosen area A—we would get®
S(z) = hw| AP (33)
for the time-average power (in W) crossing the same area. It follows that

ceon(w).A
A|\/photons/s - 2hw A|V/m- (34)

Making this substitution in Egs. (28) and (29) leads to the photon-units coupled-mode
equations,

dAg(z s Ak
5B ez (35)
dA ,
dIZ(Z) = j/iAg(z)e]Akz, (36)
for 0 < z <[, where
hwswiwp (2)
= A 37
" \/20360n5(wS)nI(wI)np(wp)AX r (37)

is a complex-valued coupling constant that is proportional to the pump’s complex
envelope and the crystal’s second-order nonlinear susceptibility.
The preceding photon-units coupled-mode equations have the following solution,

JAKl sinh(pl)

As() = Kcosh(pZ)_ S sinh(pl)

)ds(0)-+ g™ ()] 242 (3s)

Al = Kcosh(pz)—jAT]"lShﬁ%l))Aon jrxlsmil)# Ag(O)} eI3H/2, (39)

where

p= Ikl = (Ak/2)2, (40)

as the reader may want to verify by substituting these results into the coupled-mode
equations. Equations (38) and (39) have two interesting features that are worth

9We have chosen y/photons/s units, which require us to account for a cross-sectional area, to
avoid needing an explicit area factor when we examine the continuous-time photodetection statistics
of our SPDC model.



noting at this time. The first concerns phase matching. The second is a prelude to
our quantum treatment of SPDC.

Inside the crystal, the monochromatic signal, idler, and pump beams—at frequen-
cies wg, wy, and wp, respectively, propagate at their phase velocities, v,, (W) = W /km
for m = S,I, P. The nonlinear interaction governed by the coupled-mode equa-
tions Eqgs. (35) and (36) is said to be phase matched when Ak = 0, i.e., when
wp/vp = wg/vs + wr/v;. For a phase-matched system the coupled-mode equations
simplify to

dAs(2) = jkAj(z) and dAi(2) = jrAY(z), for 0 <z <, (41)
dz dz
which shows that the phase angle of the coupling between the signal and idler remains
the same throughout the interaction. On the other hand, when phase-matching is
violated, the phase of the coupling between the signal and idler rotates as these
fields propagate through the crystal. As a result, the solution to the phase-matched
coupled-mode equations,

K

Ag(l) = cosh(]/i]l)As(O)ijm sinh(|k|1)A7(0) (42)
Ar(l) = cosh(|x|l)A;(0) + j|—:| sinh(|x|1) A%(0), (43)

shows increasing amounts of signal-idler coupling with increasing |k|l, i.e., with in-
creasing pump power or crystal length. In contrast, far from phase matching—when
|Ak/2| > |k|—we get p = j|Ak|/2, whence

Ag(l) =~ [[cos(Akl/Q) — jsin(Akl/2)]Ag(0) + jml% A}‘(O)} eI AkL/2 (44)
Al = {[cos(Akl /2) — jsin(AklL/2)]A7(0) + jml% AZ(O)} e?AR2 (45)

which further reduce to
Ag(l) = Ag(0) and A;(l) =~ A;(0), (46)

when |Akl/2| > 1, i.e., when the crystal is long enough that the phase mismatch,
Ak # 0, rotates the signal-idler coupling phase through many 27 cycles. Phase
matching is critical to SPDC; in terms of photon fission, for every 10° pump photons,
we may get only one signal-idler pair from a phase-matched interaction.

Photon fission is a good place to start our comments about the quantum form of
the coupled-mode equations. We have already noted that wp = wg + w; is consis-
tent with the photon-fission energy conservation principle: hwp = hwg 4+ hwyr. The
momentum of a +2-going single photon at frequency w is +z-directed with magni-
tude hw. Thus our phase-matching condition, kp = kg + k;, becomes photon-fission

10



momentum conservation, hkp = hkg + hk;, when applied at the single-photon level.
Photons being produced in pairs smacks of the two-mode parametric amplifier that we
studied earlier in the semester. That system was governed by a two-mode Bogoliubov

transformation,
sout . ~in ~int rout . ~in ~int h 2 2
ag" = pag +va;' and ay" = pay +vag', where |pl* —|v|* =1 (47)

Comparing Eq. (47) with Egs. (42) and (43) reveals a great similarity. Indeed, if
we change field complex envelopes and their conjugates to annihilation operators
and creation operators, respectively, the latter two equations become a two-mode
Bogoliubov transformation with'®

= cosh(|k|l) and v= jﬁ sinh(|k|l). (48)
K

The Road Ahead

In the next lecture we shall develop the quantum treatment of SPDC and the optical
parametric amplifier (OPA), which is SPDC enhanced by placing the nonlinear crys-
tal inside a resonant optical cavity. We shall also begin studying the non-classical
behavior that can be seen in continuous-time photodetection using the outputs from
SPDC and the OPA.

0Fven for the general case of Ak # 0, changing the field complex envelopes and their conjugates
into annihilation and creation operators, respectively, converts the classical coupled-mode input-
output relation into a two-mode Bogoliubov transformation. When |Akl/2| > 1, however, that
two-mode Bogoliubov transformation will have p =~ 1 and v ~ 0.

11
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Introduction

In today’s lecture we will continue—and complete—our analysis of spontaneous para-
metric downconversion (SPDC) by converting the classical treatment from Lecture 20
into a continuous-time field operator theory. As was done in Lecture 20, we shall as-
sume continuous-wave (cw) pumping with no pump depletion, and a collinear type-I1I
configuration in which the signal and idler fields are +z-going plane waves that are
orthogonally polarized. Moreover, we shall assume that the signal and idler center
frequencies are both wp/2, i.e., half the pump frequency.! This frequency degeneracy

"Whereas the analysis in Lecture 20 assumed single-frequency signal and idler beams, the quan-
tum theory requires that we include all frequencies, hence our identification of center frequencies
for these beams.



of the signal and idler is not required for some nonclassical effects that can be ob-
tained from SPDC, but is necessary for others, e.g., quadrature-noise squeezing. Thus
it is worthwhile imposing this condition at the outset. Once we have established the
quantum theory for SPDC, we will add cavity enhancement to convert the downcon-
verter into an optical parametric amplifier (OPA). The OPA analysis that we shall
perform will employ a simpler, lumped-element theory for the nonlinear interaction
in the x® material that will quickly lead to a Gaussian-state characterization which
gives rise to quadrature-noise squeezing. In Lecture 22, we shall finish our survey
of the nonclassical signatures produced by yx® interactions. There we shall consider
Hong-Ou-Mandel interferometry and the generation of polarization-entangled photon
pairs from SPDC, along with the photon-twins behavior of the signal and idler beams
from an OPA.

Classical Theory of Spontaneous Parametric Downconversion

Slide 3 reprises our conceptual picture of spontaneous parametric downconversion. A
strong, linearly-polarized (along Zp) cw laser-beam pump at frequency wp is applied
to the entrance facet (at z = 0) of a length-l crystalline material that possesses a
x® nonlinearity. The action of the pump beam in conjunction with the crystal’s
nonlinearity couples lower-frequency—signal and idler—beams that we shall assume
to be linearly polarized along orthogonal directions s = iy (signal) and i = ;y
(idler), respectively, with common center frequency wp/2. In Lecture 20 we treated
the signal, idler, and (non-depleting) pump inside the crystal as monochromatic plane
waves, with positive-frequency, photon-units fields given by

Eé+)(2,t) _ AS(Z)e—j(wpt/Q—ksz) (1)
EF(2,1) = Af(z)eirt/2hiz) 2)
E1(3+)(z, t) = Apeilwrt=kra) (3)

respectively, for the polarization components of interest. In this representation,
hwp|As(2)]?/2 and hwp|A;(2)|?/2 are the signal and idler powers flowing across the
z plane, for 0 < z < [. For z > [, free-space propagation applies, i.e., the positive-
frequency, photon-units signal, idler, pump fields in that region are

E (21) = Ag(l)e iort=(-0/a/2-ksD (4)
EF(z0) = A1) iert=(=b/o/ 2k (5)
ES (2,0) = Apedlort-(-0/a—keD), (6)

The coupled-mode equations that the signal and idler satisfy inside the nonlinear



crystal were shown last time to be

dAg(z s Akz

SE) () @
dA;(z s  Akos
U jeay(a)e, ®)

for 0 < z < [I. Here: Ak = kp(wp) — ks(wp/2) — k;(wp/2) quantifies the phase-
mismatch between the signal, idler, and pump beams in terms of their respective
dispersion relations, { k;(w) = wnj(w)/c: j = 5,1, P} with {n;(w) : j = S,I,P}
denoting the refractive indices for the relevant polarization components; and

hwgwrwp @)
= A 9
K \/203eons( X P ( )

ws)ny(wr)np(wp)A

is a complex-valued coupling constant that is proportional to the pump’s complex
envelope and the crystal’s second-order nonlinear susceptibility. The general solution
to these equations is

As(l) = Kcosh<pz) - jé—klsmgl@l))AS(O) NpmELL A;(O)] eIH2 (10)
A0 = Kcosh<pz) - #Smg}p”)m(m " jﬁz“n;gpl) Ag(o)} eFMH/2, (1)

where
p= Ik = (Ak/2). (12)

However, to get the most efficient interaction, we need phase-matched operation, i.e.,
Ak = 0, in which case the solution to Egs. (7) and (8) reduces to

As(l) = cosh(|/f|l)A5(0)+j% sinh(|k|l)A7(0) (13)
Ar(l) = cosh(|k|1)A;(0) + j— sinh(]x|]) A%(0), (14)

K]

indicating increasing amounts of signal-idler coupling with increasing |k|l, i.e., with
increasing pump power or crystal length.

Quantum Theory of Spontaneous Parametric Downconversion

At the end of Lecture 20 we noted that the SPDC’s frequency-sum condition, wp =
wg—+wr, and its phase-matching condition, kp = ks-+ky, could be interpreted as energy
conservation and momentum conservation, respectively, for a photon fission process in
which a single pump photon divides into a signal photon and an idler photon. We also
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noted, in that lecture, that the solutions to the coupled-mode equations, which we
reprised in the previous section, are a two-mode Bogoluibov transformation, similar
to what we saw earlier in the semester for our two-mode optical parametric amplifier.
It is now time for us to go beyond these precursors and establish the quantum field-
operator theory for cw collinear SPDC at frequency degeneracy.?

Suppose that Eé+)(z,t) and E§+)(z,t) for 0 < z < [ are the positive-frequency,
photon-units +z-going plane-wave field operators for the i, and ;y polarization com-
ponents of the signal and idler, respectively.® Because we must preserve d-function
commutators for the signal and idler field operators leaving the nonlinear crystal, we
must include all frequencies in them. Hence we shall take Eé+)(z, t) and E}H(z, t) to
have the following Fourier decompositions:

N dw - )
B (et) = [ 5o Aslzw)erdln/2rotstr/zs) (15)
~ dw - )
EM (1) = —2: Aj(z, w)eIlwp/2-w)t=ki(wp/2-w)z] (16)

In these expressions, Ag(z, w) is the plane-wave field-component annihilation operator
for the signal beam at frequency shift w from frequency degeneracy, and Al(z, w) is
the plane-wave field-component annihilation operator for the idler beam at frequency
shift —w from frequency degeneracy.* At the crystal’s entrance and exit facets, the
signal and idler fields operators must have the following non-zero commutators that
apply for free-space fields,

(B (2,4), B (2,0)] = (B (2,1), ES T (2, 0)] = 6(t —w), for 2 =00, (17)

which imply that

~

[As(z,w), AL(z,0")] = [A[(z,w), Al (z,0)] = 276 (w — '), for z=0,1,  (18)

are the only non-zero frequency-domain commutators at the crystal’s input and out-
put. Any proper quantized form of the coupled-mode equations and their solutions
must preserve these commutator brackets.

2The basic concepts we shall develop can be extended to non-degenerate, non-collinear operation,
but we shall not do so.

3A full field-operator treatment should include all spatial modes, not just the +z-going plane-
wave modes, and both polarizations for all such modes. However, we shall limit our consideration
to these polarizations of the +2z-going signal and idler plane waves. For coherent (homodyne or
heterodyne) detection measurements, spatial and polarization mode selection automatically occurs
by choice of the local oscillator, so our assumption is easily enforced in such measurement scenarios.
For direct detection, however, other spatial modes and polarizations may have to be included,
depending on the SPDC and measurement configuration.

4This sign convention is convenient because the coupled-mode equations for classical versions of
these Fourier decompositions link Ag(z,w) to Aj(z,w) and vice versa.



We shall assume that the downconverter is phase-matched at frequency degener-
acy, viz.,

Ak(w) = kp(wp) — ks(wp/2 + w) — ki(wp/2 —w), (19)
satisifes Ak(0) = 0, and that group-velocity dispersion can be neglected, so that
Ak(w) ~ wAK (20)
holds, where
A 2 2—
Ak, — dAk _ dks(bdp/ +C<J) _ dk‘[(WP/ w) ' (21)
dw w=0 dw w=0 dw w=0

Emboldened by last lecture’s comment about Bogoliubov transformations, as well
as our earlier quantization of the classical harmonic oscillator, we shall assume that
Ag(z,w) and Aj(z,w) obey the following coupled-mode equations:

0Ag(z,w)

P = jrAl(z w)elvRk: (22)
A . AN
W = jrAL(z,w)et A= (23)

for 0 < z < [, where k is the same coupling constant from the classical theory, i.e.,
Eq. (9). These equations have the following solution, cf. Egs. (10) and (11):

~

Ag(l,w) =
| wAK'l sinh A inh(pl) - T
cosh(pt) — PCERTIMMEDY 300 oy 1t SIED 710, )| a2 ()
L 2 pl pl |
A(lw) =
I iwAK Lsinh(pl)\ - inh(pl) -
COSh(pl) _ jw S1n (p) AI(O,Q_}) —|-j/§l81n (p ) AE(O,UJ) e]wAk: l/2j(25)
L 2 pl pl |
where
p = VK] — (wAk /2)2. (26)

To verify that these solution preserve free-space commutator brackets, let us define

jwAEK'l sinh(pl N
M(W) _ (COSh(pl) N Jw 5 Slnpgp ))eijk /2 (27)
inh(pl) . A
v(w) = j/ﬁ:l—sm l(p)eJWAkl/z, (28)

5We have assumed that the strong, non-depleting pump is in a coherent state such that—as in
the case of the local oscillator beam for homodyne and heterodyne detection—it acts classically in
SPDC.



so that Egs. (24) and (25) become

AS(lvw) = M(W>AS(07M)+V(W) }
Ai(liw) = u(w)A[(O,w)—Fu(w)Ag(O,w). (30)

Now, because

l(W)? = p(w)]* = [coshQ(pl) + (w;Apk’) sinh2(pl)] — <|%|> sinh?(pl) (31)
= cosh®(pl) — sinh?*(pl) = 1, (32)

Egs. (29) and (30) are a two-mode Bogoliubov transformation that ensures proper
commutator preservation.b

Gaussian-State Characterization of SPDC

Equations (29) and (30) allow us an immediate insight into the joint state of the signal
and idler produced by spontaneous parametric downconversion, i.e., the joint state
of the signal and idler beams emerging from the crystal at z = [ when the signal and
idler inputs at z = 0 are in their vacuum states. In particular, the linearity of these
equations, combined with the fact that the vacuum state is zero-mean and Gaussian,
tells us that the signal and idler outputs will be in a zero-mean jointly Gaussian
state. Hence they are completely characterized by their phase-insensitive and phase-
sensitive correlation functions, of which the only non-zero ones are (AL (1, w)Ag(l, '),
(AV(1,w)A(1,0")), and (Ag(l,w)A[(I,w")). These correlations are easily computed,
e.g., for the signal’s phase-insensitive correlation function we have that

(AL (1, w)As(l, "))

= ([ (W) AL, w) + v (@) Ar(0, w)][u(w) As(0,0) + v () AF(0,u)])  (33)
= 1" (W)n(w){AL(0,0)As(0,0)) + p* (W)r(w){A5(0,0) A}(0,))

+ V7 (@)p(@)(Ar(0,w)As(0,0) + v (w)r(w) (Ar(0,w) A}(0,)). (34)

Now, because the input fields are in their vacuum states, all their normally-ordered
correlation functions vanish, so, using the commutator (18), we get

(W) (A
)W)

(A7(0,w)AT(0,w") = 2m6(w — '), (35)

60ur proof has assumed that p is real valued, i.e., it applies for frequencies low enough to give
lwAK' /2| < |k|. At higher frequencies, where |[wAE'/2| > |k| prevails, p becomes imaginary, but a
similar calculation—left to the reader—will show that Eqs. (29) and (30) still constitute a two-mode
Bogoliubov transformation and hence commutator preserving.



whence

(AL(L,w)Ag(l, W) = 27|v(w)]*6(w — w'). (36)
Similar calculations yield
(AN, w) A (1, W) = 27| (W) 26 (w — W), (37)
and X )
(As(l,w)Ar(l,w")) = 2 p(w)r(w)d(w — W), (38)

for the other correlation functions that we need.
For future use it will be valuable to find the phase-insensitive and phase-sensitive
correlation functions for the baseband signal and idler field operators defined by

Eg+)(l,t) _ ES(t)e*j(wptﬂ*ks(wp/?)l) and E}H(l,t) _ E[(t)efj(wpt/ka](WP/Q)I)'

(39)
Using the Fourier relations
; dw 7 —jw(t—kjl)
Es(t) = %As(l,w)e st (40)
= dw - jw(t+k 1)
E((t) = — A;(l,w)e’ ) (41)
27
where dk 2 dk 2
ks = swp/2+w) and k) = 1wp/2 —w) , (42)
dw 0 dw 0

together with the frequency-domain correlation functions derived above, we find that
the non-zero correlations of the baseband field operators are stationary—dependent
on time-difference only—and given by

Q) = (Bl nEs(o) = [ 52 w)Pe (43)
KP0) = B+ nE0) = [E e (44)
KE@) = (Esle+ DE0) = [ a2, (1)

with ™ denoting the phase-insensitive (normally-ordered) auto-correlation functions
and ) denoting the phase-sensitive cross-correlation function. We have made all of
these expressions employ e/“7 inverse Fourier kernels so that—in keeping with our
definition of noise spectral densities for real-valued classical random processes—we
can say that

S (W) = [v(w)]?, SiP (W) = [v(~w)P, and SF)(w) = p(—w)v(—w)e2F1 (46)
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are their corresponding spectral densities.
Physically, S gg) (w)/2m is the average photon-flux per unit bilateral bandwidth (in

rad/s) in the signal beam at frequency wp/2+w, and SI(?) (w)/2m is the average photon-
flux per unit bilateral bandwidth (in rad/s) in the idler beam at frequency wp/2 — w.
These functions are usually referred to as the fluorescence spectra of the signal and
idler, respectively. SPDC is usually performed in the regime wherein ||l < 1 so that
we can employ p ~ jw|AK'| /2 at all relevant detunings from degeneracy, i.e., for all w
values of interest. This low-gain condition leads to the following approximations for
the Bogoliubov functions in the vicinity of frequency degeneracy’

sin(wAk'1/2) AR

pw)~=1 and v(w) =~ jrl WINTIE (47)
It follows that the signal and idler fluorescence spectra are equal, and given by
n n sin(wAK'1/2)\?
8§ (w) = S} (w) = |k |2 (W : (48)

Thus, they peak at w = 0, i.e., frequency degeneracy, where the phase-matching
condition is satisfied. More importantly, we see that these fluorescence spectra are
consistent with the photon fission interpretation of SPDC, in that the signal beam’s
fluorescence spectrum at wp/2 + w equals the idler beam’s fluorescence spectrum at
wp/2 —w. The phase-sensitive cross-spectral density, S ffl) (w), in the low-gain regime,
is
sin(u)Ak’l/Z)ejwm,‘c/l/2
wAEK'L/2 '
We shall work further with these low-gain spectra, and their associated correlation
functions, in Lecture 22, when we study the Hong-Ou-Mandel dip and SPDC genera-
tion of polarization-entangled photon pairs. For the rest of today’s lecture, however,
we will turn our attention to cavity-enhanced SPDC, i.e., the optical parametric am-
plifier.

S8 (w) = jx (49)

The Doubly-Resonant Optical Parametric Amplifier

To go beyond the low-gain regime in cw SPDC we need the optical parametric ampli-
fier (OPA), shown schematically on slide 10 as a x® crystal inside an optical cavity
formed by two mirrors. These mirrors are anti-reflection coated for the pump fre-
quency wp, so the pump makes a single pass, from left to right, through through
the crystal. We will assume that the mirror on the left is a perfect reflector at the
frequency wp/2, while the mirror on the right is lossless and highly reflecting at

"These approximations violate strict commutator preservation, i.e., |u(w)|? — |v(w)]? = 1 is only
satisfied to first order in |x|.



this frequency. As a result, the spontaneously generated signal and idler photons—
resulting from frequency-degenerate downconversion in the x crystal—bounce back
and forth between the mirrors many times before exiting through the highly-reflecting
mirror. This optical feedback process greatly enhances the nonlinear interaction by
making the crystal act as though it was much longer than it is. Of course, this feed-
back is only effective when it is positive feedback, which in this case means that wp/2
must be a resonant frequency of the cavity, i.e., the roundtrip phase delay inside
the cavity at frequency wp/2 must be an integer multiple of 2. In what follows we
shall assume that the cavity is resonant for both the signal and idler polarizations at
frequency wp/2.

Although it is possible to analyze this OPA arrangement by imposing cavity mir-
rors around the SPDC analysis we've given earlier in this lecture, a much simpler
route to getting to the essential physics employs a lumped-element treatment for in-
tracavity modes that are resonant at frequency wp/2 for both the signal and idler
(i, and i,) polarizations. We shall use E(t) and E*(t) to denote the vacuum-state,
baseband field operators of the relevant signal and idler polarizations that are inci-
dent on the cavity in slide 10 from the right, while as(t) and a;(t) will be the photon
annihilation operators for the associated intracavity modes.® The equations of motion
for the OPA system then turn out to be

(% i r) s(t) = GTaj(t) + VETER(1) (50)

d .
(E + F) ar(t) = GF&TS(t) + V2I'EF (1), (51)
where 0 < G < 1 is the normalized OPA gain® and I" > 0 is the linewidth of the
signal and idler intracavity modes. Once Egs. (50) and (51) have been solved for
the intracavity modes as functions of the input field operators, the baseband field
operators for the signal and idler outputs follow from

E(t) = V2lag(t) — B () and  E9"(t) = V2Ta,(t) — E™(t). (52)

Frequency-domain techniques—as we used above to obtain our SPDC input-
output relations—can be used to derive the following two-mode Bogoliubov relation
between the Fourier transforms'® of the input and output field operators,

3 Q) = (Q)EF(Q) + (&M (Q) (53)
EMNQ) = W (QERQ) + 1 (EST(Q), (54)

8The field operators Ei (t) for m = S, I have the usual d-function commutator with their adjoints,
[Ein(t), Eirf(u)] = 6(t — u) for m = S, I, while the intracavity annihilation operators dn, (t) for
m = S, 1 have the canonical commutation relation, [a,(t),al,(t)] = 1 for m = S, I, with their
adjoints.

9Here, G* = Pp/Pr, where Pp is the pump power and Pr is the threshold power, i.e., the pump
power value for which the OPA breaks into oscillation and becomes an optical parametric oscillator.

0ur sign convention for these transforms is £s(Q) = [dt Es(t)e/ and £;(Q) = [dt E(t)e 7.
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where

B 1+ G2 4 Q2T
W) = T — a0 (55)

2G
A e e I Yo Vi (56)

It easily shown that |u(92)]? — |[v(2)]* = 1 and that Egs. (53) and (54) give rise to
the proper commutator brackets. More importantly, Eqs.(53) and (54) are linear
and their driving terms are vacuum-state field operators. It follows that £ (¢) and
E’}’“t(t) will be in a zero-mean jointly Gaussian state. Paralleling the approach used
to find the correlation functions for spontaneous parametric downconversion, we can
show that this jointly Gaussian state is completely characterized by the following
spectral densities and stationary correlation functions:

S(Q) = / dr K, (1)e 37 = [(Q)? (57)
4G?
— (e 4Q2/F2’ form= 25,1, (58)
sP(Q) = / dr K9 (1) = 1r(Qu(Q) (59)
2G(1 2402/12
260+ G2 oYY 0

(1— G2 — Q2/T2)2 + 402)T%’

GT Te-0-GTr  —(+G)0)r]
_{e _ ¢ },form:S,],(()’l)

o " " 2 -G 1+ G
. . CT [e-0-OT  ~(+G)T)|
kY0 = B+ o) = 5 [ + e (62

In the next section, we will show how the preceding spectra lead to quadrature-noise
squeezing.

Quadrature-Noise Squeezing from an OPA

From our previous work on two-mode parametric amplifiers, we expect that the +45°
polarizations at the output of our continuous-time OPA should exhibit quadrature-
noise squeezing. Let’s show that this is so for the +45° case. The baseband field
operator for this polarization is

Eg(t) + Ep(t)
N

B35 (t)

(63)
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This field operator is in a zero-mean Gaussian state whose phase-insensitive and
phase-sensitive correlation functions are

K$(r) + K7 ()

K"(7) = (Bt +1)ENS() = 5 (64)
T —(1-G)T|7| —(1+G)T|7|
- ¢ - , (65)
2 1-G 1+G
and
N ) K(p)<7.) _|_K(p)(_7.)
K®(r) = (Bt +)EY0) = ————% (66)
GT Te~(-G)Tlr|  o~(+G)Tr|
T2 { -G ' 1+C } (67)

respectively. The spectral densities associated with these correlation functions are

S0 / dr K)(7)e=19 = ()2 (68)

N (Q)

/dT K®(1)e 7 = 1" (Q)v(Q). (69)

Now, consider the balanced homodyne measurement system—shown on slide 11—
for detecting the #-quadrature of Eij%(t). Here we have assumed unity quantum
efficiency photodetectors, and omitted the low-pass filter. From our continuous-time
theory of homodyne detection we know that the photocurrent difference Ai(¢) has
statistics that are equivalent to those of the operator

8i(1) = 20y 710 Rel 335 (0 (70)

Because E{%5(t) is in a zero-mean, statistically-stationary Gaussian state, the homo-
dyne measurement will yield a zero-mean, stationary Gaussian random process whose
covariance function is

Kaini(1) = (Ai(t + 7)Au(t)) (71)

2 PLO n n P —250
mp/z{é( )+ K™ (1) + K™ (—71) + 2Re[K P (1)e~29]}. (72)

The photocurrent-noise spectral density that will be observed using a spectrum ana-
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lyzer at the homodyne system’s output is thus

SAiAi(Q) = /dT KAiAi(T)G_jQT (73)
— S+ @) el @) (T
= Sl + r(@)e P (75)

Were EA’?F‘Z% (t) in a coherent state, this homodyne receiver’s photocurrent-noise spectral
density would be

B
Saiai(@les = €575 (76)

representing the shot-noise limit of semiclassical theory. The normalized photocurrent-
noise spectral density,

Saini(Q2) () o292
SVl 1(82) + v(QQ)e™ 77, (77)

contains contains phase-sensitive noise that, as shown in the left panel on slide 12,
goes well below the shot-noise level at § = +7/2 for = 0. As shown in the right
panel on slide 12, the strongest quadrature-noise squeezing is limited to frequencies
below the cavity linewidth.

The Road Ahead

In the next lecture we shall use the results developed today for SPDC and the OPA
to study additional signatures of nonclassical light that can be obtained from these
nonlinear optical systems. Of particular interest will be Hong-Ou-Mandel interferom-
etry, as it relates to the important notion of distinguishability. We will also connect
our treatment of SPDC with the concept of a biphoton.

12



