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Recap (partial) of previous lectures Aw
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1.Gaussian states (pure and mixed) and
Gaussian transformations in phase space and
In Heisenberg picture.

2.Homodyne/Heterodyne detection.

3.CV teleportation.



Outline of Lecture 15 Aw
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Introduction to non-Gaussianity and photon subtraction.
1. What non-Gaussian states and transformations are.
2. Why they are useful.

3. Away to produce non-Gaussian states: photon subtraction.




Non-Gaussian v Gaussian states A

THE UNIVERSITY
OF ARIZONA

Non-Gaussian state is any state that... is not a Gaussian state, which is a trivial
definition which however underlines how vast the set of non Gaussian state is.

pc — described by a 2N x 2N positive definite matrix (CM) and 2N vector (18t
moments). N is the number of modes, which is a finite number even if the
dimension of the Hilbert space is infinite. :> Elegant description.

Pure Gaussian states are generated by quadratic (in @', @ or in x, p) Hamiltonians,
whose corresponding U acts on |0). Equivalently, pure Gaussian states are ground

states of quadratic Hamiltonians. Mixed Gaussian states are the outcome of tracing out a part of pure
Gaussian state.

Problem 69: prove that pure Gaussian states are ground states of quadratic Hamiltonians.

Examples of non-Gaussian pure states:
» Fock states |[n). There is no way to go from |0) to |n) with a Gaussian operator
(we will go to |a, &)).
« Superposition of Gaussian states, e.g., cat states: |c) = \/%(lw + | — a)).
* Anything of the form p = exp(—%zij fi Gij Ty + i Fif i Fijiefic + FcFijfyfy + )
1 J L Y J

Quadratic term Non quadratic terms
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It is apparent, that if we want to access any transformation we must include non-
quadratic Hamiltonians. But how much non-Gausianity is necessary?

10)

10)
10)

10)

-
—

When we change position to the operators, we basically have to commute (BCH relation)

their generating Hamiltonians.

—

|3, 0 | = i6;; quadratures of the e/m field
q; — Generator of momentum displacement
p; — Generator of position displacement

®; = g7 + p? - Phase generator

=i

i

Hamiltonians of single mode

=—
generators

o)

~(4:p: + Pid;) ~Squeezing generator

_/

i
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By commuting the single mode Gaussian (quadratic) Hamiltonians §;, p;, ®;, S;, we
can produce any other single mode Hamiltonian, but nothing else.

To include any number of modes N > 1, we just need §;, p;, ®;, S; and a beam splitter
B’ij = p;q; — q;p;. In that way we can construct any multimode Gaussian Hamiltonian,
which will be given by commutating the operators {g;, p;, CTDi,S‘i,Bi]-}. Recall: Reck
decomposition.

Reck decomposition of U(N) ﬂ Z.K.L

nues  Example on Reck decomposition
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o AL
M-rnode passive transformation U{M). , P - P, : T,
) g N el eos(A2) ¢! cos(#1)sin(f2) e sin(f1) sin(62)
We need N{N-1)/2 beam splitters and phase shifters. U(3) = i sin(62) 9 cos(8] } i [H'?.] ey u-q-:ﬂl'*.] -.L[n..’f}].]
. . Sy — L) i S P e0sl ) sl
[Reck et al, 1994] gt Where the matrix T, isa s 0 ' pHEE i ) A3 AT
unit matrix with the matrix sin(#1) e cos(f1)
DN Tw .- Ten = elements ., to, tum, En ] i oo eleas(82)  elsinif2) 0
are replaced by the four D3 0 eos(dl) sin(f#1) e ain(f2) e oos{@2) 0
£ matrix elements of some 0 =in(#)  cos{#l) 0 I =

2 3G
Rt 2x2 unitary matrix,
; ; ; 1 il 0 | cos(f2) —=in(#2) 0 g9l ]
r f WA . ot i i (2} [(62) !
UiN) = " Tan Ty v ol U] 0 cos(@1)  —sin{#l) ( sin(#2)  cos{#2) 0 ) = ( 0 e
L 0 sin(fl)  cos(@1) . n i 1, L (-

Advanced Problem §: Study Phys, Rev. Lett, 73, 58 (1994), present it briefly and A || 0 g oo
apply the Reck decomposition to the Hadamard gate H = H, @ ... & H, U301, = [ 0 e J = L'{(3] = ( 0 o0 ) LY E
42 i 0 el

11 0 0
= (1 —1)
P \ - i
UNITw waTw ez . Tworn = (f S r“"'-"J £(3) - ﬁ dba—
‘ j - - ba—

Ly =2
UIN = 1Ty e w-s Tow_za = gl =1
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[LIoyd&Braunstein Quantum Computation over Continuous Variables, Vol. 82, Num. 8, p. 1784 (1999)]

If we include just one, single mode, non-quadratic Hamiltonian K;, it is enough to
construct any non-quadratic Hamiltonian by commutation relations  of

{G:, D1, ®:,Si, Bij, K;}. For example Kerr non-linearity K; = (g7 +p2)". Any other non-
quadratic Hamiltonian K; would do the job.

Intuition/proof: for K; = (7 + p; ) when trying to commute K; with the Gaussian set
{@:, 01, D1, i, By}, you'll need commutations of the form:
[@f’,ﬁzn Al"] = ip"*2G" 1 + lower order terms
| .
The exponent is increasing

»
>

|92, 9" 1] = ip!™ g2 4+ lower order terms
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2 cs|V_pm) )
><T P_pn|W) = cs[W_p)
10) (m|

Subtraction of m photons from some
mode of the multimode state |¥).

For coherent input state (single mode) |¥) = |a):

5 (—v1-T)" |2

P . la)=cila_,,) = e~ U=T) =~ |0/T
) = eylam) = *——— /)

ps = |cs|? = &|Oé|2me—(1—T)IOél2 Probability of success

|a\/_ ) Resulting state. Coherent state with decreased amplitude (phase doesn’t
change)
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An important class of non-Gaussianity are the CV cat states.

) = ——(la) + | — @) c4) = ‘—z—u £ (=1)™)In)
\/N_ - : , \/_ Vn! Even number of photons
. 1+ " Qubit basis. . )__e__z_(l_ 1y
T \/N__( ? == Vn! Odd number of photons
lc4)
1/2 1 (] a @ )+ | — )) In this way, we can produce
0) JN: V2T A2 \/_ V27 multimode cats.

Non-Gaussian states can be also produced by Gaussian operators and post-selection

10, 1€1) ) = |a) = | —a)
D,
0) (1] Problem 71: prove that the resulting

state |y) looks like |c_) in Fock space.
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For coherent input state (single mode) \
V) = |
T /m: —/1 = o la|2
|0> (m\ Cs|a—m> — P—m|a> — \/W Q€ (1=T) 2 ‘O‘\/T>
Subtraction of m photons from some — ‘C ’2 (1— T) ’a|2m —(1-T)|a|? Probabi”ty of success
mode of the multimode state |¥). Ps 5
P, |U) = ¢ |¥_,,) lov/T) Resulting state. Coherent state with decreased

k amplitude (phase doesn’t change) /

In general the PS is proportional to the destruction operator d?"" (m; being the
number of subtracted photons from the i-th mode). To work it out in:

1. Fock space, forget about it.
2. P Glauber-Sudarshan representation: it can be functional or doesn’t even exist.
Note that it doesn’t exist for the cases of interest such as (multimode) squeezed

states.
3. Q Husimi representation. The photon subtracted Q representation would look

demand to find (a dmﬁdTm| a), which is difficult and weird because of at™ |a) for all

m.
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U = exp (—ir . ﬁ)
0 N
0 - We will deal with quadratic (in d@; and &)
Hamiltonians = U is Gaussian unitary,
0 ] i.e., transforms Gaussian states to
Gaussian states preserving the purity.
1. |¥) is Gaussian state - it is described by a covariance matrix (CM)
IV and first moment vector d.
2. We will not consider first moments here since we’ll talk about
clusters. However | have developed the subsequent formulae to
work even if there’s displacement.
Q(a) = 7w (dlpl@) = (h =1) = Q(qa; Pa) = iy~ (A15|A) N-mode Gaussian

qOé)pOé (2 )N /1 tl—“ 2

€ - o Mo _ 1
(¢a" pa”) r=1r4v
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Anything we do now

(PS, Fock state

W) = G [ AN qudV o (@[0)[@) = [ dNGad™ o K (G Pald)) projection, etc) will hit a
coherent state: easy to
deal with, but some
more math are

_ required...

— ﬁ@((j’aaﬁa) = ‘K((Tomﬁa)P = K(Jaaﬁa) - ﬁ@l/2(q_’a7ﬁa)
(2m) (2m)

To find K, we have to separate the Q
representation into a product of two conjugate
parts, such that their product is the Q
representation. If we’re able to do that, we will find
K as a function of the CM (and first moments, if

any).
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[Gagatsos & Guha: Phys. Rev. A 99, 053816]

K(Ja:ﬁa) - WQ1/2(§aaﬁa) Q(QOupa) (2W>Nmexp [_ﬁxTr 33} I:T l(q; 7o)

- o - o NS i Covari tri
QG ) = Q(Goes a)1/2Q( s B ) o The t.askl Is to break t_he Q ovariance matrix

function into two conjugate parts.
V is symmetric -» I' symmetric -» I'"! symmetric 11 = ( ) = A, BT =B
Change of basis: (4, B,) — (&,d*) or in the compact notation ¥ = R Z, ¥T = ZT RT,

where the coordinates transformation matrlx IS:

I I e
R= 1 (_H U) Reminder: a = \/ (o +1P0), @ \/2 (Go — 1P

~

ZIT- 17 = ZARIT-1Rz=ZIT-17 [T-! = RIT-1R

_ A C - A+B—-i(C—-CT) A-B+i(C+CT) . A C
1 _ 1 _ 1 -1 _
s _<CT B>_>F _2<A—B—i(C+CT) A+B+i(c—cmy) T |T —<~ )
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N S A o
H17 (@7 aT)<~ )( )::ﬂ@Aa+ GTCa 4+ GTC G + aT Arar — 2187+ 71812
— RI- 1RT’+RBTRT@+BT

Therefore, we broke ['1 into two conjugate parts, namely
s SRR | A C . A 0

—1 — T == l . T — l ~ ~
2 515 [B 2 <0 A*)]’ =2 (C* A*>

Going back to Cartesian
coordinates X = (4, P,):

Proper half of the

%4 I:> =17+ VI:> -t = <54T g Q representation

s_1(A+3(C+CT) C-3(A-B)
% CT _ 2
correlation matrix 2

(A-B) B-*i(C+CT)

[K(f) = (273)N (det %)1/4 exp [—577 B ]
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rG
3 } 2 3 e 0
H =530 Gmn (3,05, = amén) ——> Up = exp (‘”H ) 5= ( 0 e—rG>

The symplectic transformation will act on the N-mode vacuum CM, the N-mode
squeezed state will be:

v—lSST—l(em J ) T =174V
=—2°m0r =32\ o—2rG = 5

K(Z) = (271)N (det 1r)1/4 €xp [_%fTBf} B =

1
2

4L — tanh Gr 1 tanh Gr
2\ stanh Gr tanh Gr

U) = [dNGad" P K (G, Pa)|d) o Eadmore—s V) = [ EPNEK(D)|d) 7= (o Pa)

0 1
TMSV: G—<1 o)
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Take a single mode squeezed state |0, |€]).

I.  Subtract 1 photon and find the probability of success, and the fidelity
with |c,) and |c_).

i. Subtract 2 photon and find the probability of success, and the fidelity
with|c,) and |c_).

Analyze your results as a function of |¢]|, T (beam splitter’s transmissivity).

Can you create small or big cat states (in terms of |«a|?)?

You can work with Fock basis or coherent basis representation presented

in this lecture (or any other way you want).
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Upcoming topics e NSy
1. Probabilistic, noiseless amplification.
2. Introduction to quantum channels and their capacity.
3. Discrete variables teleportation and application of fidelity.
4. More optical circuits other than teleportation (e.g.

entanglement swapping).

Introduction to metrology/sensing (using the fidelity as
starting point to introduce the quantum Fisher information

metric).
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