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Recap of lecture 11 Aw
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We’ve seen how to transform the modes of a field, i.e, the
annihilation operator @; of the i-th mode of a field for:

— Phase shifting
— Beam splitter
— Single mode squeezing

We introduced the theory for general Gaussian unitary
transformations in the Heisenberg picture.

Correction Lecture 11, slide 7:

<Nb1> - <Nb2> — <Na1 +NGQ>COS¢ - Z<&J{&2 - &gdl>81n§b
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Outline of Lecture 12 ot
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Two-mode squeezing (TMS):
1. Hamiltonian description of the TMS

2.
3.

4.

Bloch-Messiah decomposition of the TMS

Derivation of a two-mode squeezed vacuum state
(TMSV)

Characteristic function (Homework)

Tracing out: thermal state. Fock and coherent
representations of the thermal state

TMS as a non-unitary, irreversible, phase-insensitive,
linear amplifier

Amplification of a coherent state



Hamiltonian description of the TMS 'Z"_A"X'w
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TMS is described by the macroscopic Hamiltonian:

H = h&ePaqas + hée " ®alal S(s) = exp (—7 Hs)

|

S(s) = exp (s*&1&2 — s&i&%)

If there are operators:

2Ky = alay + abas + 1 T = 5 tanh |s|

]

v = In (cosh |s|)



Two-mode squeezed vacuum (TMSV) 'Z"X"X'w
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We will hit the vacuum state |00) with S(s) = exp (s*&ldg — S&I&E)
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Bloch-Messiah decomposition of the TMS
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H = ih€aras — ihéalal, € >0

l

cosh & 0 0 sinh &
_ 0 cosh ¢ sinh £ 0
a 0 sinh & cosh & 0
sinh & 0 0 cosh §

A

ai a1
az| (A B\ [a
al | —\B 4)|al
a a

Matrix A is proportional to the identity matrix and as sequence it
(trivially) commutes with matrix B. That means that A is always diagonal
in the eigenvectors’ basis of matrix B. All we have to do is to

diagonalize matrix B.

A= Ap, B=UBpU', Bp = (

—sinh &

0

0 (11
sinh§>’U_7§(—1 1)

U*=U, V=U VI=Ul VI =U1



Bloch-Messiah decomposition of the TMS 'Z"X"X'w
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( ng) . (g (9) ( gg §g> (%T VOT> ( ;) o General formua
S ; .
([SZ?T) — <g 8) (é} ij) (UO (%) (E?T> g For our example
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Bloch-Messiah decomposition of the TMS ..o
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Phases

a

Balanced ﬂ

A
e
““
.
"

cosh & 0

—sinh & 0

S-Sk e o

o 1 -1 9 0 -
sinh & 0 \{E i/§ ay
0 cosh & 0 sinh ¢ s w0 0 ao
cosh ¢ 0 0 0 % — % d];
0 sinh & 0 cosh & 0 0 4 L al
V2 V2 2



Problems Aw
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Problem 50:

Decompose the unitary transformation, generated by the TMS
Hamiltonian below, using the Bloch-Messiah reduction.

Be careful to define your vectors in a consistent way.

H = h&eaqan + e @healal, € >0

Problem 51: Calculate the characteristic function

XW(alaa%aTaO‘;) — XW(&a 52*) = tr (pD(&, 52*))

R s "
For p = |00;s)(00;s|, |00;s) = cosh ]3| Z (_H taﬂh‘3|) Inn)
n=0

D(d,o*) =exp (d-al —a*-a
(&, 0%) = exp (a @ a) Hint: Do something similar as in slide 16,

St At Lecture 11, when we commuted SMS
Q- al =0y T ady and displacement.
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lint for the problem 50 g s

The transformation for the given Hamiltonian is:

l:?1 cosh & 0 0 —ie’®sinh &\ /a1
ba | 0 cosh & —je'® sinh & 0 a2
I;‘; B 0 ie~*?sinh ¢ cosh & 0 d{

N

A ie "’ sinh ¢ 0 0 cosh & a



/A

Tracing out one mode of TMSV s
- _ 2 n
100; s) Cosh\ ‘Z( tanh |s |> Inn) = /1 — |\l Z)\ [nn)
A= —=tanh|s| "

[s]
The density operator is: p=(1-[)? Z A"A™ Inn) (mm|

n,m=0

Mode to be traced out
(let’s call it mode B)

pa=trp(p) = (L= [A%) > AN Gun|n)(m]

n,m=0
_

thermal state

10)

10)
Global state is maximally
correlated
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Thermal state on coherent state basis o
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Let’'s change basis and go from Fock space to coherent state
basis:

pa = (L= |AP)) IAP"n)(n] I=1[da]a)(a|

n=0
_ 2
pa="2ES" 2o [@oppmmaidiel (o) = o2
n=0

™ U
1 — )\2 O 2 2 )\271
pPA = 7T|2 | Z/d%z/cﬂﬁexp <_|O;| o |62| ) |7|l| a”ﬁ*n|5><oz|
n=0

1 |\2 2 2
pa= B0 [ [esen (195 - B4 pegra) 1o

This is not the Glauber P representation! This is a proper
representation on an (overcomplete) basis.



Thermal state on coherent state basis Z&w
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1 — |)\[2 ol2 2 )
pa= 150 [a [@se (<19~ 04 p2sa) 19)0a
|A| = tanh|s| Ifwetake 1 = 0 (|s| = 0, i.e., no squeezing):

a=2 [#a [@sew (155 - 100) 15)al =
(L orm ) ()

Which means, that when we set A=0, we go from a thermal state to
the vacuum state, therefore A must be related to the temperature of
the thermal state.

We saw that if we squeeze a 2-mode vacuum state (pure state) and
we trace out one of the modes we end up with a thermal state (mixed
state), which means that we lost information encoded in the
correlations. Therefore this procedure is not reversible.



TMS as a linear amplifier IZ-’F\-‘-I
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S(s)D(a,a*)|00) = S(s)D(d,a*)ST(s)S(5)00) = D(B, *)S(s)|00) =
= D(8, 5)/00; s) = |3; 5)
5: (61, B2) = (aq cosh |s] —|—a2| | sinh |s|, a3 cosh || —|—oz1| | sinh |s|)

This is basically Problem 51, and quite similar to what we did for the SMS state.

A
TMS s B 185 s)

[eDY

The global state will be a 2-mode squeezed and displaced state. The reduced state
in output mode A will be a displaced thermal state:

Problem 52: derive this expression p4.q = trB(|§; s)(ﬁ; s|) = D(B1, B)paDT (b1, BF)



TMS as a linear amplifier IZ-’X‘-X'
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) - A paa=tr(|6; s)(B;s|) = D(B1, Bf)paD' (B, B7)
|O> TMS s B

3 = (B1,B2) = (o cosh |s|, & 137 sinh |s)
If we inject into the TMS a coherent state (signal) and vacuum: We amplify the
amplitude of the signal but at the same time we don’t end up with a coherent state in
mode A. We end up with a thermal state. Quantum mechanics prohibit deterministic
amplification without introducing noise. This is called the quantum limited amplifier.

momentum

Note that the angle with respect
to the position axis remains the
same after amplification.

O,x\ We will describe the quantum

S(}\ amplifier excessively, when we will

G = C()Sh2 |3| > 1: Gain introduce the symplectic

N\ H transformations and quantum
R » position channels.




Why noiseless amplification is impossible Zl'w
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Noiseless amplification would mean there’s a valid transformation:
[A)l = \/6&1, G>1 o
The commutation relations would be: [b1,b]] = Gla1,al] = G > 1

Therefore, it's impossible. As we shall see though in the following lectures, it
can be done in a probabilistic fashion.

As we saw, we need a valid Bogoliubov transformation, i.e., the transformed
field must obey the commutation relations. We saw that this transformation is
the TMS:

by = VGay +VG — Tk — [by,b]] =G -G+ 1=1
Y

Noise that goes into the signal

Noise is of fundamental nature: it is traced back to the commutation relations



Upcoming topics Aw
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Next lecture (do NOT miss):

1. Symplectic transformations, covariance matrices, i.e.,
full phase space description. Which are the most essential
tools in CV quantum information.

2. Applications such as CV teleportation.
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