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OF ARIZONA

« Topics to be covered today
— Phase space picture of squeezed states
— Heterodyne detection
— Quantum description of beamsplitter and phase
— Quantum enhanced phase estimation
— Outlook of the next few lectures



Recap of Lecture 8: Characteristic functionSA

versus probability distributions

THE UNIVERSITY
OF ARIZONA

XW(C*ag) _ tr(pAe_C*d+CdT)

* ~ —C*a, caf
xa(C*,¢) =tr(pe f esd")
N (€, Q) =tr(pest e )

xw (€) = el /2y 4 (¢) = eI /2

N (¢)

o —C a g2
Always a proper probability density xa(¢) = /Q(a)eC ¢ oda
function; pdf for ideal heterodyne 1 o
detection OR dual homodyne detection — Q(o) = = /XA(C)e_CO‘ toag2e

May not be a proper probability density yw (¢) = / W(a)et® ~¢ od2q
function. Negativity used to show a state
is non-classical. Not all non-classical 1

- —Ca™+C o 32
states have a negative Wigner function ~ Wia) = 2 /XW(C)G d=¢

o

Always a proper probability density xn(C) = /P(Oé)ego‘ ¢ a2y
function when it exists. The states for |

which a proper P function exists are — P(a) = = /XN(C)e_Ca*+C*O‘d2C
called classical states us

. 1

it ks !
(alolm) = - [ xa©)fnle™ e myaic =~ [xal@y) 2 (=L (PG

m)!



Recap of Lecture 8 Aw
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Normally ordered form, F'(a Z Z £ atmgm

— (aF(al,a)|a) = F(a*, ) n=0m=0

— (a|F(a®,a)|8) = F™ (a*, B){clB)

Anti-normally ordered form, G(a, a") Z Zgnmw%m

n=0 m=0

Characteristic function for coherent state, p = |a)(¢|
— (G Q) = tr(pest ey = 8T T g Gaussian
Circularly symmetric = number diagonal 5 =) _puln)(n
If a state is classical (has a proper P functionr):,O

— Number detection statistics; (AN?) > (N)
— Quadrature (homodyne) detection statistics; (Aa7) > 1/4
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 Measurement of the a POVM, Ii(a) = . foracC

T

— Distribution of output, Q(a) = {(a|p|a)/m = p\™ (a*, a) /7
— (classical) characteristic function of this distribution

]\4&1’0‘2 (jU1,jU2> — /ejv1a1+jv2a2Q(&)d2a — XA(C*7C)’C:jU/2

» a POVM on squeezed state [3; 1, v), assume 1 v € R
— v a(C*, ) = rtC BT (Tt )B-|CFp* ~Re()wv - Gaussian
— Mal,a2 (jvl,jvg) = XA(C*, C)‘C:jv/2 — ej'Ul(.U_V)/Bl—U%U%/2€j’02(ﬂ+l/)52—11%0'%/2
6_(x_ﬂ)2/202

— Recall, for px(z) = Nz My (jv) = elvnvon/?

— Measurement outcomes (a1, as): S.l1. Gaussian with:
() =(p—v)B1 (a2) = (p+ 1) B
<Aa%>50%:(ﬂ_y4) 1 <Aa§>za§:(u+z)2+1

— Gaussian state: characteristic fns. are Gaussian. Mean
fields and quadrature variances completely define the state



Statistics of measurement of ¢ POVM on

a squeezed state,|5; i, v), p,v € C
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 Mean, variances of measurement outcomes (a1, az)
— Measurement described by POVM

State (o)

n) 0

18) 3
B, v) || B — v

State (Aaf) (Aas)
n) (n+1)/2 (n+1)/2
18) 1/2 1/2
Bipv) | (p—vP+1)/4 | (p+vP+1)/4

 Mean and variances for measuring @1 OR as

— Both are projective measurements (but cannot be
done simultaneously)

Means (@1) and(az) are
just real and imaginary
parts of the @ POVM
measurement’s mean

State <Ad%> (AG3)
n) (2n+1)/4 (2n+1)/4
16) 1/4 1/4
Bip,v) | (w—vl) /4 (lp+v[*) /4




Yuen-Shapiro vs. Caves notation le
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V), v € C ful =P =1
- {a) = 6 - VB < 1) = Re((a1)) ,(a2) = Re({az))
- (N) = (a'a) = [(&)[” + |v]?
— (Aaf) = [p—v[*/4, (Ad3) = |p+v]* /4
— Useful notation to think of squeezing as phase-sensitive
amplification with “gain”, G = |u|? > 1,G — 1 = |v|?
. Caves notation,|o; 7, 0) = |a; &), &€ = re’?
— Define, p/*3 — v3* = «. Thisimplies: § = pa + va™
— Define, = cosh(r), v = e/?sinh(r), with £ = rel?
being the (complex-valued) “squeezing parameter”

— (@) = a = a1 + jag, (41) = a1, (a2) = az
— (N) = (a'a) = |a|? + sinh®(r)
— Useful notation to picture “squeezing a coherent state”



Squeezing in Caves’ notation le
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 Quadrature variances: (Aa?) = | — v|?/4, (Ada3) = |p+ v]?/4
it v? = [ul® + [v]* £ 2Re(u"v)
— sinh®(r) + cosh®(r) & 2Re(sinh(r)cosh(r)e’?)
1 1
Z\,u + v]? = 1 [cosh(2r) £ cos(f)sinhr(2r)]

— Recall condition for MUP: 1*v € R = sin(8) = 0 = cos(f) = +1

1
—If cos(6) = 1,(883) = e (AaF) = ;¢

1 o 1
— If cos(0) = —1, (Aad) = Je¥r, (Aaf) = Je

— Squeezing often measured in dB: 101og;, (e*")
 Example: 3 dB squeezing: e 2" ~ 0.5, r = 0.3454
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Squeezed state in phase space THE UNNERST
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¢ Squeezed state,

Bip,v) = |o;p,v)

— Coherent state is a special case, p = 1,v =0;r =0,0 =7
— Wigner function W (a1, o) is a 2D Gaussian as shown:

8%
~2 1 2r
.Oé (Aas) = —e
4
! 1
el
(Aa7) = 16_27’
1y

p = cosh(r), v = sinh(r),0 =0

A

(V)

<

a

a) = |a|® 4 sinh®(r)

Let us redo everything we did, but with
1= e’? cosh(r), v = e/ ®+ sinh(r)

(we had ignored one degree of freedom
by setting ¢ = 0 when going from Yuen-
Shapiro to Caves notation)

MUP condition is the same as before:
pv e R = sin(f) =0 = cos(f) = 1
Effect of this phase: b — be’?, is to
apply a rotation in phase sp
C2 \\\ 1
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Q function of squeezed state THE CERSY
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¢ Squeezed state,

Bip,v) = |o;p,v)

— Consider p = cosh(r), v = sinh(r),0 =0
— We already know what to expect, for the distribution
of the @ POVM measurement we derived

For u,v € R, we showed from first principles,
XA(C*7 C) — B(C'[H_C*U)/B*_(C*“+CV)B_|C|2,M2—Re(§2)/“/

2r —2r
= exp |2j(Can — Graa) — (7 (1 Jr26 ) —G (1 +§ >]

8%,
+v)?+1
s [(B03) =03 = U Z)
A}
_ 2_|_1
(A EO’%:(M V4)

l

If we take the 2D fourier transform to
obtain the Q function, we get a 2D
Gaussian distribution with variances,

5 1+ e 2" 5 1+ e2r
0'1 p— 70‘2 o
4 4




Covariance matrix le
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* A Gaussian state can be completely determined
from its first and second moments
— First moment: (@) = (a1) + j(a2) € C is the mean field
* Note that: () = (a)p = () = ()w
— Second moments form a covariance matrix:

_ <&%> <{&1, &2}>/2 PtiiS?on br?CAket N
V = (<{&1, az})/2 (a2) ) (AB) = AB+ BA

« Note that: V = <<<a%>w <a1a2>w>

041042>

a1a2

—1/4
041042

(e e
(s

alaz

+1/4



Covariance matrix of a squeezed state le
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- For the squeezed state |3; u, v), u,v € C,
— Mean field (first moment), (a) = p* 8 — v3”
— Prove that the covariance matrix is given by:

1 ( |p—v]® —2Im(u*v)
4\ 2Im(p*v)  |p+v)?

Diagonal terms are zero if the

squeezed state is MUP
Problem 43



Revisiting Homodyne Detection: semi- A

classical theory, coherent state input THE UNVERSIT
—Jjwt Z_|_(t
Es(z,y,t) = = Bl pl) D=+
AT i(t) 1 T
v v ey
Ero(z,y,t) = aoe LD - Bl
LO\ZL, Y, 1) = AT g I8 (x, Yy, t) ¢
Flat-top modes in [0, T] a ie—]wt as + aro
and spatial area A; Ei(x,y,t) = where a4t =
unit:y/photon,/m?2 sec VAT \/5
aJLO:\/NLOBje g — (qN-l— —QN_)/K with K = 2C]\/ANYLO
las| < |avol

N4 ~ Poisson(|a+|?) S.I. random variables

M,,(jv) = <ejv(qN+—qN—)/K> <6jqu+/K><€—jqu—/K>

0
— expllas 2% — 1)]explla_[*(e % — 1)
As Nyo — 0o we have K — oo, eV¥E _ 1 ~ +jug/K — v%¢*/2K? to second order

Nio ZRG(CLS\/ Nio e_je) + |CLS|2 - Nio QRG(CLS\/ Nio e‘je)
2 N 2

M, (jv) = elVRelase™)=v*/8 - g ~ N (Re(ase™),1/4)

Also, |a+]* =




leterodyne detection A
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1
age Jwt x : T
Es(ﬂj,y,t): \/ﬁ y ._'»"‘ ’I,(t %/0 ()dt+a1
1/2 :
T
ar e J(w—wip)t | , > 1 (-)dt = A0 )
ELO(ZC,%t) - = \/ﬁ E_(fll‘,y,t) .’L (t K/O
_ |
i K =q+/Nro

sin(wyrt)
Intermediate frequency: wirlow enough to be handled by post-photodetection electronics

(i+(t)) = Q/dxdy’E:t(xayat” QT’CL g€ %t £ qp eIt 2
A

- 2T[|as|2 + |avo|? £ 2Re(asaj oe )],

tim ({0 (t) — i_(0)])/av/ Moo = 28T (o) —ag,, for k=1,2

NLo—)OO T

Complete the proof, using a characteristic function derivation, to show that:

—|la—ag] N 1/9
plag, as) = eT’ a=aqa1+jo je. a1~ N(Re(as), 1/2) and they are S.I.

ag ~ N(Im(as), 1/2)f Adqvanced problem 1
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leterodyne detection is ¢ POVM o
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cos(wrrt)
E\ (,I' t) . C/L\Se_jwt X E\—l—(xayat) ‘.Zi(: 1l T it = (Y
S ' Y, - \/ﬁ e _|_ ’L(t E/O () 1
1/2 ‘
A ZL\ e~ J(w—wip)t | _ 2 T()dt —» (2
ELO(x7y7t) — Lom ZU s Y, t .’I,_(: K]/O
— g/ Ny,
sin(wypt) Ve

* Heterodyne detection is the measurement of the ag
POVM (i.e., no matter what is the quantum state
of the ag mode is), i.e., measurement in the basis

of coherent states of the as mode



leisenberg vs. Schrodinger interpretation Aw
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« Schrodinger picture of QM:
— States evolve under a unitary |2(t)) = U(t)[4(0)), U(t) = et
— Hamiltonian of the evolution, H
— Hermitian operator for observable A stays constant

* Heisenberg picture:

— State does not evolve, it stays |¢( )) =
T

1)
— Observable evolves as: A(t) = U(t)T AU (¢)

* We will often find it convenient to use the Heisenberg
picture to evolve states in optical transformations

— We will evolve the field operators, and from the moments of
the evolved field operators, deduce the output states



Field transformations in optics le
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 Linear (classical) transformations
— Reversible (unitary)

En(z,y,t) = Eou(x,y,t) = UEy(x,y,1t)
U*U =1 Complex-valued unitary matrix

* Non-linear (classical) transformations

— May not be reversible
« Many examples from classical non-linear optics

Ein (CC, Yy, t) — Eout (CU, Y, t)
* Quantum transformations ) )
— Unitary (reversible) Ein(z,y,t) = Eout(x,y,t)

— Non-unitary (non-reversible) Cannot even talk in terms of a

transformation on the “field”



Beam splitter as a quantum two-mode A
(unitary) transformation THE UNIVERSIT
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Annihilation operators C C a
corresponding to two n N — ~
orthogonal modes l; d d b

Transmissivity, ) = cos>6 € [0, 1)
0 € 0./ d= /T na— e /i

Phase, ¢ € (0, 27]
cosf  €'Psinf . . . .
Ud, o) = ( G0l — e eosf > U*U =UU™ =1 Unitary matrix

(e¢0 e = et for p = |a)(al

XN(C)

Let us consider the input modes in coherent states \Oz} and |5); set ¢ =0

2 (C) = (e8¢ —<*6> — (e ¢(vmat+/I=nb") e ¢ (Vnaty/I=nb)y
= 2 (VIO X2 (V1 = n¢) = SV +vT=n8") = (" (Vhat+y/T1-n8)

Therefore, state of the ¢ mode is: pc = |7) (7|, with v = \/na + /1 —np



Squeezed vacuum injection A
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o
) n o A o
b d d=+/1—na—+/ndb
+ Take input mode @ in coherent state |a) and (b) = 0
(a1)?
(Aaf)

SNR, = <61A>22 _ 4nlaf” _ SNR, — (dy)? _ 40— n)|al”
VBG4 ) (A (Adf) 1 —n+4n(Ab])

SNR, = = 4|a/?

— If b mode is in vacuum state |0)
SNR. = 4n|a|?, SNRy = 4(1 — n)|a/?
X SNR, = SNR, + SNRy A |
— If b mode is in squeezed vacuum|0; u, v)with(Ab7) = 16—27“

* “SNR conservation” is not preserved!
SNR. ~ SNRy; ~ SNR,, = 4|a/?
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Slngle'mOde Phase THEl/.iNlVERSlTY
Schroedinger picture: state evolves under a unitary operation
[J — oifa'a
pil’l — > /501113 ‘wout> — U|¢1n>

Pout — U Pin U
Useful when calculating the output state directly

Example: input coherent state: U |av) = ‘Cv6w>
Heisenberg picture: operators evolve under a unitary operation;
check to see, commutators preserved »
N _ ey ’L - AN
ot = Gine’’ = UlaiU

Ain— — out Useful in transforming characteristic functions

Example: input coherent state: Xﬁ(g) = <e<&ine_<*&in> — eCO‘*_C*O‘

X(J)\}lt (C) _ <€C&iute_c*&out> _ 6<€—i9a*_c*ei9a
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Two-mode Beamsplitter THE UNIVERSITY
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[J — ¢ [arctan\/n—l—l] (abT—a'd)

Schroedinger Pin _’>-<:_> Pout

: Qin — — Aout
Heisenberg . >.< )




Phase sensing (phase conjugate MZI) Aw
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Assume, |¢| < 1 gg = —Im(i)out)/\/ﬁ
Homodyne

Advanced Problem 2(a) R C. detector

Show that: bout|

<i>A2: ? 1 % - ¢ / ~ dout

< gb > — m

Gin // - @ y
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Phase sensing with squeezed states g g

Assume, || < 1 ~ ~
? ¢ = —Im(bous)/V/' N — 202
Advanced Problem 2(b) Homodyne
Show that by choosing N detector
the squeezing b
parameters optimally, )/ out
one gets: / R &
~ £ — ﬁ > t

=6 ¢ ot

o
(A7) = 2N (N + 2)

For comparison with coherent
[;. state scheme, we will take the
11 sum photon number over the
‘03 s _V> two inputs modes to be N
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Single-mode Squeezing (preview) e s
Schroedinger U = exp [g(e—wq _ 6z€aT2)}
Pin — — Pout = 5(z), z = re*

a;r,60) = D(@)S5(2)[0) = S(2)D(6)[0) 6= pa+va’

(4 = coshr
el 1 0=0,aeR v = e sinhr.
A2\ 2r _ T
(Aaz) = 1° 5 — Qe Mean photon number,
— N = |a]? 4 sinh®(r)
(Aa2) = ie_% Heisenberg
Squeezing is (in— " Qout

not passive. It R

adds photons &out — S( )d S’( )T — ,Uam + VCLT
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Single-mode Displacement (preview) e s
Schroedinger S BN A
U =e™ = D(a)
Bin — L B [Yout) = Ultin)
pout = UpinU'

Example: input coherent state: U|ﬁ> = ’5 —+ Oz>

Heisenberg

out_UTa’TU_ _|_Oé

Ain— — Uout

. ~T * A ek
Q) = (e€Phe€ oy = (67
ou al —C*aout\ __ CL a’) — ain+o ("
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Gaussian transformations THE UNERSITY
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e Phase (1 > 1) general n- \ \
mod passive
phase(6), 0 € [0, 27) randformation
« Beam splitter (2 > 2) senefal zero-
- U : 1 Gausgian
beamsphtter(n)a nc [Oa ) uni’tja '(an o
mode
* Squeezing (1 2> 1 transformation)

) bogoljubov

S( ),z=1r € |0,00)

B Usqueezing( )

General

Displacement (1 =2 1) Gaussian
— Udisp(()é) _ ﬁ(a)’ acC transformatj)n




Gaussian transformations not universal. ZAS
Need any one non-Gaussian unitary THE UNvERSITY
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general n-mode \ \ \

Phase (1> 1) passive linear
~ Uphase(0),0 € [0,2m)  optical

transformation General zero-

me:
Beam splitter (2 = 2) Gaussian
- Ubeamsplitter (77)7 T - [07 1) unitary (an n- >

mode

. bogoliubov
Squeezing (1 > 1) ) transformation) >
— Usqueezing(r’a) — S(Z)v Z=Tc [07 OO)
General
Displacement (1 2> 1) Gaussian |
_ Udisp(Oé) _ D(oz),oz cC transforryxtlon
Self-Kerr (1 > 1) ?enefral unti.tary
(AT A2 ransformation on n

- U(’f) — 6m(a 4) modes: universal /

quantum processing



Gaussian transformations not universal. ZAS

Need any one non-Gaussian unitary e g
Phase (1 2> 1) gzg:i:/ | ﬂ;\rgglfde \ \

~ Uphase(0),0 € [0,2m)  optical

transformation General zero-

Beam splitter (2 > 2) o
- Ubeamsplitter (77)7 n < [O, 1) uni ary >

(bogoliubov

t f ti
Squeezing (1 > 1) ransformation) >
= Usqueezing (1) = 5(2), 2 = 1 € [0, 00)

General
Displacement (1 2 1) Gaussian |
— Udisp(Oé) _ D(a), acC transforrymon
Cubic phase (1 = 1 R R General unitary
P ( ) o+ af

transformation on n
modes: universal /

. A3 R
- U(y) =€, 4= 7
2 quantum processing




Can you name a 1-mode quantum A\

state in each quadrant? T s
Classical Classical
Gaussian Non-Gaussian
Non-Classical Non-Classical
Gaussian Non-Gaussian
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Upcoming topics... THE CERSITY
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» Christos Gagatsos will teach a few lectures:

« Unitary transformation of bosonic states

— Gaussian unitary on n modes: Phase, Beamsplitter,
Displacement, Squeezing

— Non-Gaussian state engineering using PNR detection
— Gaussian Boson Sampling

« (Gaussian measurements on n modes



