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Recap of Lecture 6 Aw
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* Quadrature eigenkets 1! 1'1 = ! 1|! 111, 8]! 212 = 15! 5!

— Wavefunctions ! ("1) ! "' fand ¥(! 2) ! 2" 2|"# are a FT pair
« Main result that led us to that: (!! 1|! ", = €' 2P/ ™
» Proof involved “translation operators”
Ri(1) =exp(—=2j18); —co<! < oo ;A" 1l1=1]"1+11

Ax(§) =exp(2j€a1); —co< <00 R ()|"al2= "2+ 1y

— Eigenkets|! 1'1and]! 2! : infinite-energy (unphysical) states
* Minimum uncertainly product (MUP) states

— We used equality condition in derivation of!! a5"! &"# 1/1€
to derive most general form of a state that meets equality
Dy = P 2(ABa1 — NG (AB) — (a1 — (AB1)* /AABE)”
T (2r(Aa3)) V4
exp ! 2" @ o+ " @ Gl (11" " @i’ 14 asH#
(2" &z 4

L (12) =



"H#$%" &% E)NNINIMN))+,%-&."%)/0 'Z"X‘i'

OF ARIZONA

1 2%*'3%b = pa+va , u,veC, |p>—p*=1
4 5%"*6)&78RH)NN))))))(&'99) 7#9:(

A0 sp, =t G ulP# NP =1
4 Noln;p, vt = nfn; p,v!, pov ™ Co |ul# v =1 ;<=)>8('()(&8&%()
4 2%83@8" = 1 W (Al st #

1 "#A%)&78&B
4 29%83)$7#&#3)3.C>%")#*)&7%)(&A8&1))IM)))))))))) ()D'A%:
" = 1afa" = 1a"]” + |! |° [iusosaior
1 E'3&Ba= '8! 18
1 FA%3)*#'a" = 0,!N" = |v|?

4 G%-#3:)CHCY%I&@E) = (a'%)' = p'?p%+ 128" % —2p' ]8> — p'v
"#$%& (+,



Quadrature variances of squeezed state le
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 MUP states are “squeezed” states

— Bogoliubov transformation B! pa+'éa, ! " C, |u*# |'|>=1
« Satisfies same commutation relation: 8,8 ]=[@,a]=1
. “Coherent states” of £ satisfy MUP cond.: Q! ;p,"! = |l ;" 1,1 " C
. “Number states”: N, ! B€ Npn; 1= nin;p, P Imsp ! n !t = Yo
* Mean field, (a) = (8; u, v|a|B; p,v) = "B —vB”
« Mean photon number, !'N" = 1a &" = |!&"|* + |v|?

# 1|2 + 12
» Prove that: !! &f" = H 1 | 1 a5t = M 1 |

« Afew comments

— Coherent state is a special case,l = 1,! =0

— Optical Parametric Amplifier (OPA): a device that realizes
the Bogoliubov transformation (we will do a proper non-
linear-optics EM theory derivation of it |later)

"H$%8&()*
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When is a squeezed state MUP e
v|? 12
+ Quadrature variances, 'aa" = W1y ngp TV

=12 = [u[® + ]! [* — 2Re(u*!)
If W'~ > 0 and real
- 2Re(u' v) = 2 |p' v| = 2|
Iu—vl2 (Il - v)?* and [p+ ! |2 = (lul+ D)2

—att &t = o (l# DA+ [ )® = (Iulz# 1) = 1_16
o If W! < Oand real

- 2Re(' )= 12 |="1 2|

— ! PP = (D2 and 0P =l 1D

— 1 g2 @2 = 1_16'(IHI+ ILD2(ul# 1 )* = —(IHIZ# 1% = 116

Squeezed state is MUP iff 1’ ! is real



Time dependent annihilation operator Aw
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« So far, we have been ignoring the oscillatory
term in the field operator a(t) = ae /«*

— Coherent state can be thought of as a fixed complex
number only when we station ourselves at a fixed
“phase reference” (a phase modulo 2! )

— 11 @2(t)" = 11 83(t)" = %r # . stays MUP I""#$%&#3$'(&

« For a squeezed state, |! ; u, "!

Lol 2j1 t)2 + 1 22
—!!e‘ﬁ(t)":“‘#'ejL " and 11 &)= M : |

— MUP only at times when p'le 27t 1 R

* For most of the forthcoming development, we
will station ourselves at a fixed phase reference
and hence drop the time index
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5."+6+, 4) $4'4+ 1%-16+)&.164+$#;) <66 F6@*+,;)ABC)!"=<=)DEEF
mw"!t es= | !
H+//)I"9%6.)",3) 5'6()5'G+$
J.6'&+)K1+, B = pa + va*
{1t = coshr
v = e sinhr.
"G+ TBO1442+3)84'4+] = "2 8*9(%A13TO01++2+3)$4'4+ = 3" /2

Re{
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12,"2  Re(let) ’ .
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3 9-'$.,$0-1(:-$;8*'$,*'-$8*,$'8-$8(<8-,'$!"#$6%1$ &

2.*01*.1-$)-*,.1-)-/'$

(81)°

(! &)

= /0-1$*$)-*/$&8%'%/$/.)7-1$4%/,'1*(/  (a'a) < N

SNR =
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"HEU& SO (+¥"*(-$.&/F012*+#(*345 .

6 78-#"99*."&)*-,('()*):.;"#*&9
. _ 1
88" = (& # &) (8 + j8y)" = 18"+ 1a2"# 5

1
=1L 87"+ 1a;"°+ 1l 85"+ 18" # 5 <N

6 2"&HHE)<S)<H"H#.9=

(@1)2 N +1/2— (1 &) — (&)?

(! a7) ~ (! &f)

> 728 *@:&I$A*?, )18 &' = N

> B/9(=*012*$9* &8$.$C"D*¢," = 0

N +1/2— (A&2)
(A&?)

—1

SNR =

—1

> 0(=*?"*,&%"E SNR =
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6 70.(8%9-,(*(&1L, (@G O*+($;(%89%% 4% ($B(@H((((

$;(&;(;%&" (&;("0;;$<'-:($=-=11 a5 as" =1/1¢€
> )-##$1711 &5" = X
N+1/2 1
> SNR = ! |
X 16x2

dSNR N +1/2 1 .

> = | = —
Ix | 2 + e O, iIx=1/8(N +1/2)

d?2SNR 2N +1 3

> dX2 — X3 I M:|64(N+1/2)<O

> +-:4'#$1?(%&9%%4%()*+(@AN(N + 1)
6 AB&#(#&#-(CO4',(&##&S1(#BS;D(EH#(YEGH(
2:$13-(C-(4:-,(#BE&H(HO(&HHESL(#B-(-14&'$#I (301, %4
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| 0%1-(2.3,-45..6.2,-". |l ;u,"
7 <31>—Re(u’lﬁ—V5’)
7 1AG" = IM# i

7 (6 6)=|u 3.8 2+ |v)?
7 89.,*-45..6.2,-*".,:(":,<%++%:(1=,3.%+,&*3%).".3-

l = N(WN+1),u=(N+1)/ 2N+1," = N/ 2N +1

[ 19:.5*,(*>(.?2.-@ SNR =4N (N +1)
/ A(121 1'1)'*1@1”!1&11*121>%)&*3'1:(I;1)'*1111111110/d<\l51l|
*>%;.3.1',-*".,%<,-%).,).*1,&;%'%1,15)B.3,"

"H#$9%6&'( ) *



Binary phase modulation for optical A

communications T s
« BPSK coherent states |! o! = ["!,|' ¢! =" "

~ Assume real ! , and mean photon number,N = ! 2

— Inner product ! o|! 1"# " =€ % = ¢ "

— Minimum error probability of discrimination (equal priors)

I:)e,min — 5 > A
« BPSK squeezed states,|! o! = ["; L #L M2 = " " #
— Assumereal ! , |, "
— Inner product, 1 o|! ;"# " = & 2°
— Find ! ,4," s.t. ! is minimized for given N and show tha
o L= TP 1o VIZe T L
e, min 9 9 4

Problem 33
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1 1"#(*0+"23

State (a(t))
n) 0
o) ae It
Bipv) || (w8 —vB)e
1 4#&+#(
State (Aa%(t)) (Aaz(t))
n) (2n+1)/4 (2n+1)/4
o) 1/4 1/4
B v) || \p—ve /4 | |+ ve 7 /4
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« Random variable X ! R with probability
distribution function (pdf) Px (X), X ! R
 Characteristic function of X
My (jv) 1" &YX #=  py ()€Y dx
* Inverse relation o )
Px (X) = 2—1| Mx (jv)e V¥ dv

 Differentiating M x (jv ) w.r.t. v repeatedly can be
used to calculate moments of X, i.e., E[X "]



R OS85 B

e (x' n)/ 212

22

X1 R

| 01'--(12" ,38"5 px (X)=

6 7,84$"9:19My (jv) = &' V72 HSH&( ) -
6 ;(#13,$29(198'=82)$>"1272"9:$2"9%()$@"98"4$, (#A"9:$"
B$12"127'41,(12)$')8B$'8'9"1-""1"12? | 2

| 78(--82",1278B"41,(1CD$"EPx[n| = &= ™ n=0,1,...

n!

6 7,84$"9:19 My (juv) = (/X)) = elule™! 1)
6 :(#4$,$529(19$"'<=82)$>"127"9:$2"9%()$@"98"4$, (#A"9:$"

B$12"127"41,(12)$"C89:")8B$"8'9"1- | S8 )+ S
I"#5%68&'( )*+ $-



"#$%%& $#()*$+9$',-+&%,&")./0',&10)1.)$) A@
12/$0,/3()2/$4+%$,/+-)3-$%/+-3-0,

OF ARIZONA

5 6/771%-)8-)3-$%/+-)))B10)%,$,- |! !

O "$##),*-)+$0413):$+&%;#-)$%%1'&$,-4)8&,*),*-)
1+$0413()3-$%/+-3-0,)1/,13-<)$% X 4

oMy, (jv) ! "€ i#=  py, (x)& dx

= 11| dx &VX |x"11!x| |!"

| # . N N
= 11| dx (JVI) XX x| !
'! n:O n...
n| . N
= |1 | (JV) a? || — !eiVél
n!
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0 1%-+".,"$+&/2.(%'+)%'I"#$% & ()*&* (+%&" +"(-.$(+"/$
xw (C*, Q) 1 e ¢Tatdaly

31 = 19+ jly " ™(/456%7"*&#.4%S$+
3 8$6%,,"+", . $(6%*&9"%".,%',"456;".,.%" ! w (")

> *28*+.&%'4/4%$+'(*$'?%'/?+*"$%2'-&/4'+) %'

"HS%& (J*&*(+%&" +" (- S(+ ST W F+ ! = ju/2
3 @"$HA-"&,+ )H)+ Ly (") = (7 HM )
"H#$%&'( )*

3 B/9'C*$*55&/5& *+%0',6"(%'/-"+)%'I"#$3%& (D-D'#"'=%, ., +)"
> *28*+.&%'2" +&"? +"/$'E(D-DF-/& 4%*, &I$# " ""-1&* P,
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4 56)07$728"+9019"790)$%"20% —
R ®] = BB =0
. 23$7<cP+ B = R B BBl 2 — B LJR B2
4 '07.8/$%923%$9=8>7$%9?@1@<97/'a. ® = 1 4
- =$923$79>$24 B = ! ['P[@a,al="! |'|?
4 A$187%B
. C72870%("+806/$%$/923"%"22$%8.28791-722807
INGIE g !!ée!é 4
. E0%("++8%/$%$/9?3"%"?2$%8.28791-722807
In (") ! gt g !y
© F30G923"2910%9"7D9.  I"#$%&:( )*

w ()= La()e 2 =1 (e M2
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IMx, (V) = Lw ()], =0 w()e T2

=[(n|e® & ¢ &n)e' Il Fociv 2

(55 *m) (& 5w

v/2)™ U/Q 8
(7 J )( oyl ’“>> :

B (zn:m'n m) 2/4 ) ) 2/4

m=0

1 Mxl(jV)Z

where
n! zm

Ln(2) = Z(_l)mm!(n —m)! m!’

m=0




"H3%& ($))+"&(,)-)+,)+, ("&(-( A\
&.#I'0(,)-)'(1*"8)+&.'$2 Lt

3 40"/-/+5+)%($+,)0+/.)+"&(6.&*)+"&7

Dx , (X) = 2—1| L, (V3 4)e VB VX dx

2 ¢ 2X 4 |
= | onnl [Hn( 2¢)]°

8 9:0/((((HC (XL BlEfEEec(((+, 0oy
5% &"#+-5(




"H#$%E& (J#*$+,)-.')01$2$3,24' 5 A\
6*/727'8'.9 VI

LIS HS-252- # 4S5+ ))- N SI+SSEESS<#24, *#<#).$
="-"$'45$BEHPSSREDPF PSS S SIS AN S, 4

L &"2.$'+$=#$.//A$2$BCDES; 1$/+$."#5+,88$& ) #*$+,)-
&'88%.$('?#9$,4%4/<#34/*.$/+$2$6 @ +3/+$<#24,*)($7
3,2@*2.,*#4 J(#."#*G$H, $=H#SA)/=$'.$'4$)/.$6/44'781
SP<#24 *#$."#<$7/."$ .[(#."#*1$

 DHH)E W (a,0) = / (¢, Qe

/% = /_Zd%l/_zd?@, Cra— Ca* = 2jCas — 2500

xw (¢, C) = /dza W (a*, a)e ¢ otee”
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0 1%&"(2'+.- / 2aW(a*,a) =1

0 3,$/"4%&'*,.%&%$+'/+-+<t/f§!
* a' —(*a
xw (", ¢) = (Blet* e~

6_2|O‘_B|2
/2

5 67,'89:9'-)//"-$'&-$4,<'=-&"->?%/'%-*.'7"+.
=-&"-$*%' @'-$4'<%-$/" -S4 " &Y/ A% +"=%2"

BYe IR /2 — oG8 —CB Il /2

Wa*, a) =
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* d2 112 *o—Co*
1 23-4)-+% W(a*, a) = /W_f La(ICP)e €12/2 ¢ ¢
* 2 [~ 2\ _—12/2 n2 2\ —2|a?
Wa*, a) = - drrL,(r)e Jo(2r|al) = (—1) ;Ln(4|a| )e
0

1 5,&'$)./%&'0+-+%[0%6 L y(z) = 1

2 2
W(a*, a) = Ze 2
s
1 5,&'$)./%&'0+-+%ltb Li(z) = (1 — 2)
2 2 1
W(a®,a) = =(af? — 1)e 2 <0,ja| <
70

1 W(') < 0 I"#$$%*%00-&7'(,&'S$, 84-00"*-4"+7
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6 7$80)$")9:484#*08& +*&#):3H*&$'+)4'1)<&('08);3 #*&$'+
6 704+380%0™)$;)*:0))M])$"084*$8
6 .$%0) %$80)0=4%"/0+)4'1)4"/&HA*&S'+
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