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Recap of a few important concepts T
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+ Coherent states form an over-complete basis,
representations in this basis are nof unique

1 2, — T :l a)la)d?a, P(a) = (a
» [laiea=1 )= [ w@la)da v = ()

* Q-function of a state G is a proper probability
distribution,Q(! )= =11 |#! ",! # C. We will later see
this is a p.d.f. for Heterodyne detection, and can be
regarded as the (POVM) measurement of a

« Non-commuting observables, |8, B] = j©; Helsenberg
uncertainty pr|n0|ple states: (AA?)(AB?) > 1 <é>|
— Equality iff AA|y) = jAABI) for a real | .

— Quadrature operators satisfy, [a1, d2| = 5 . (Aa2)(Aa2) > T

— Coherent states satisfy, (Aa7) = (Aa3) = 1/4 (MUP state)

« Mean (field) = (@) . Mean photon number = (a'a)
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Fourier transform relation of ¥(a1)and @(QQ}H@;Y
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* Quadrature wavefunctions of a pure state )
) = [ dayvtanlans vlan) = el plar) = [b(an)P

— 0

W%afxmm!mgmg%!mﬁzgmﬂwﬁmeﬂ!wgP

o

* We then have... |
\If(()dg) = 2<042"¢> = / dOél 2<042|051>1¢(041> — / dal w(al)e ﬁ = \}%f[w(t)] ‘f:ag/w

— o0

o 62j0¢20¢1

(o) = 1{aa|Y) = /_OO daz 1 (ar]az)2V(az) :/_ dory W(arz) T %}—_1 [N iza,

— where, Flz(t)] = X(f) = / " dta(t)e-int
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exp ([2j(Adg)on — j{Aa1)(Adz) — (a1 — (Aa1))?] /4{AdT))
(2m{Aaf))!/

Y(ag) =

exp ([—2j(Aar)as + j(Ad1)(Adg) — (a2 — (Adg))?] /4(Ad3))
(2m(Aaz))t/4

\IJ(OQ) =

< ).&6 (283 =1/16(Ad%)
< =0 *#&./,(+/22/)0(+%/9(06.+8&(>%/> Yo S Yo (AYott, 0+

. BC#9>2'D(-/6'%", & (0&H#&! ({ (G (Ce(HCCee(((((((-0(345

< (Aday) = B1, (Adz) = Ba, (Ad7) = (Aa3) = 1/4
. exp 2j#" 1! j#it ! (1! #1)?
< !'(")= 1/4
($/2)
exp ! 2j" 1o+ j 1" (12! "p)?
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Quadrature eigenkets from first principles.. A
but first, we need some operator algebra meumsn
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'k
Ak} _ JRaQs , fork > 2 | Problem 24(a)

— Hint: use [a1, a2) = j/2 to show [a1,a3] = jas; use induction

. . . . hk
» Define the following operator derivative: % = a4
dak das
— SO, [&17d§:| — (]/2)?627 k= 1727' .
— In analogy to above, prove that
~k
a2,a%] = —jkay~' /2= —(j/2)%, k=1,2,... Problem 24(b)
1
« Consider functions with convergent Taylor series
|! . n
= at d"F Lo o aldF( ).
F(Oél) = Z C;Ll' dofgl) O, -0 < ] <00 F(al) - » nji d! 51- "| -
n=0 o= n= I 1
|! . "
= a d"G .0 ad'G(!,).
G(az) = ZOZQ' doEgOQ) - " <ap <" G(ay) = - nz! dr "! o
= s ~yao | 0G(&2) s o 0 dF(81)
Problem 25 Prove that:[a:1, G(&2)] = 5 da and [, F(a)] = ! 5 da



Translation operator that generate A
the quadrature eigenkets THE UNVERST
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e Assume a1|a1)1 = ai|ag)r, aq real
« Define a “translation” operator

R o ©.@) _2 .

A1(&) = exp(—2j€as) = Z ( ]F) as, for —oo < & < o0
—  n

— Use result from Problem 25, and a1 4,(¢) = 4,(¢)a, + [&17211(5)}

to show that A;(¢)|aq!+ is an eigenket of 8; with
eigenvalue ! 1 + " for any real number | I"H#SU6&'( )*+ -
— Show that [! 1!1 = exp(” 2J! 187)[0!1 is an &; eigenket

with eigenvalue ! 1 and that 1!! 1| 1"1 = 1!0]0"1 | 1"#$%&'( )*+$-

+ Similarly, with £,0)1 exp@iay= @Va 704 <1 <#

) ., n
— RN 2)2=["2+1)2



Inner product of quadrature eigenkets A’w
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« Use the results of Problem 26, to prove:

Mol 1" =exp(#2)! 1! 2)2!0[0" "#$%&'( )*

— Hint: Show that |! 2)2is an eigenket of 4;(¢), and |1 )1
is an eigenket of A,(¢)

o Next, 2(abaz)s = 2(ah|I|az)s = o (k)] (/_ da1|041>11<041\> Q)2

— 15(0[0)4? / exp|—2i(ay — an)an]dan

— |510[0"1|° 76 (2 # )

— Assuming ,!0|0"; is positive real, 2!0[0"1 =1/ T
g 22!
— Hence, 2!! o|! 1"1 = —#+
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6 7(/%(1(3-30)8(3&)&IS:3NB/:.(; 11 &t &4 o

< =>0'./&9%4, BBHEEERY [1)) = —] A 82(v) 4,3$'$3(.95
6 2('33")-($&@/%$8,)*/&/,)$'%$)$(/-()2".0($(>0'&/,)
(a1 + jAaz)|y) = ((a1) + jA(az)) [¢)
< A,5(%%,.0&/,)%%5&,$& @DHBBH(B/%E&$5%/)8($C($D),C$,45&C
(B/%&()8($,49!"#3$%&'&(%$43,5$,03$C'2(40)8&/,)$")'.9%/%
< AO::,%($5%5/%9%) B(-'&/2(F$?( EC3/&($&@($8,)*/&/,)$'%;
(pna+ va )|y = (u"al + v"a !)y!
6 C/&@$$E553DBBSSSSSSEESSEP RIS PI$BISSBSSSSS:
< H(4/)($'$)(C$,:(3&,3; b= pa+wval
6 I(3/49$&@'&AGAOT] =1 Problem 28

6+-./01.2 &3)%4,358/) 384 ISSSSSISK: $8@/%SC/..$-12($0
1)%/-@8&%$,)$!"#$%& ' &(YFSL($C/..$.'&(3$%(($@,C$&, $3("./M($&



“coherent states” of the B operator
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* From our wavefunction analysis, there must be
kets|! !that satisfy (. + j! &)[|" ! = ("a! + j!"a!)|"!

— Let us label them as: §! ;"' =1]l;p"!, ! " C
— By using a= uié! 18 , we get the mean (field):
g ="l iy "= #
« AsB8]=[@a]=1,they behave similarly
Nin) = nln) Noln; p, 1) = njn; p, !
N)EQTB |m|n :!mn I\@bl BE <m7:uo7oy‘n7:u7l/>:5mn
=" |nin) I= |n;p,v)(n;p, vl
' m=0 n=0
a = !m|n+l"#n| Z\/n—i— n+ 15 p,v)(n; p, V|
n=0
a= An 149

b: Z\/_ln_17:uay><nnuay‘
n=1

)
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* Define 8! pa+ta,p! " C, |uP#|'|°=1
— Verify that 8,8]=1 still holds

— Bl =t o w G P P =1
— Nplm; i, ' = nins L !t G uP# ' [P=1 CON basis states
— Mean, & = !l ;" [&]! ;" = ! # "

* Prove that:

— Mean photon number of the state|! ; U, " lis given by:
(N) = (@a) = (@) + v Nassea()?
« Hint: a= p'8! 16
« Even for (@) = 0, (N) = |v|?
— Second moment, (@%) = (a")* = p**B% + 2 B8** — 2u* V|8 — utv
49968 ( +,



MUP states (“squeezed states”) Aw
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* Prove that the quadrature variances satisfy:

# 12 + 1|?
I' é%n: “"l | ’ II é%ll: “"l | |..#$%&.( )*

4 4

— ltis easy to see that !! &2"!! &5" =1/1€ifL’ ! is real
* Intuitive feeling for quadrature “squeezed” states

— Let us look atthe caseof I, ! I R
—la=(u! )b, a=H+!) b
— ' ;1" is a coherent state of B. Hence, 1! "= 11 " =1/4

— |t follows therefore, ! & = (! 1)%/4, ! & =(pu+ 1)%/4
— If p! > 0, we are attenuating the noise in @1 quadrature
and amplifying the noise in 8> quadrature

— Squeezed vacuum state: [O; 1, ! !



Squeezed states A’w
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* We will learn how to realize the Bogoliubov
transformation using chi-2 non-linear optics, and
thus how to generate quadrature squeezed from
coherent state (laser) light

« Two notations for squeezed states:

B, V) vs,. It "
Jeff Shapiro and Horace Yuen Carl Caves
3k
0= ua+ ra
{4 = coshr
v = e sinhr.
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(a) Wigner distribution (b) Real quadrature

I"$+ TBOL++2+3)$4'4+! = " /2

Re{a}

(a) Wigner distribution (b) Real quadrature
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(c) Wigner distribution (d) Real quadrature

0%-16+)&.164+$#;)<6606R6@*+,;)ABC)!"=<=)DEEF

5."+6+,4)$4'4+

8*9(%A413F0L++2+3)$4'4+! = 3" /2

Re{ae~ %}
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(a) Wigner distribution (b) Real quadrature

Re{ae "t}

(c) Wigner distribution (d) Real quadrature
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