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Recap of a few important concepts
• Coherent states form an over-complete basis, 

representations in this basis are not unique

• Q-function of a state     is a proper probability 
distribution,                                  . We will later see 
this is a p.d.f. for Heterodyne detection, and can be 
regarded as the (POVM) measurement of

• Non-commuting observables,                  ; Heisenberg 
uncertainty principle states:
– Equality iff for a real

– Quadrature operators satisfy,                  ;
– Coherent states satisfy,                                 (MUP state)

• Mean (field) =      , Mean photon number =
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h�Â2ih�B̂ 2i � 1

4

���hĈi
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Fourier transform relation of         and

• Quadrature wavefunctions of a pure state

• We then have…

– where,
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Quadrature eigenkets from first principles… 
but first, we need some operator algebra

• Prove that:
– Hint: use                     to show                   ; use induction

• Define the following operator derivative:
– So,
– In analogy to above, prove that

• Consider functions with convergent Taylor series

• Prove that:                                      and
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⌘ kâk�1
2

⇥
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Translation operator that generate 
the quadrature eigenkets

• Assume                                ,        real
• Define a “translation” operator

– Use result from Problem 25, and
to show that                  is an eigenket of      with 
eigenvalue              for any real number
– Show that                                     is an     eigenket

with eigenvalue      and that
• Similarly, with

–
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Inner product of quadrature eigenkets

• Use the results of Problem 26, to prove:

– Hint: Show that         is an eigenket of          , and       
is an eigenket of

• Next,

– Assuming             is positive real,

– Hence,
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2|Î|↵2i2 = 2h↵0
2|
✓Z 1

�1
d↵1|↵1i11h↵1|

◆
|↵2i2

= |2h0|0i1|2
Z 1

�1
exp[�2j(↵0

2 � ↵2)↵1]d↵1

= |2!0|0"1|2 ⇡�(↵2 # ↵0
2)

2! ! 2|! 1"1 =
e! 2j ! 2 ! 1

#
"

2!0|0"1 2!0|0"1 = 1 /
#

!



!"#$%&'&($')*$ +,-,./01,2 &3')%4,35'&/,)

6 7(/%()1(3-$0)8(3&'/)&9$:3/)8/:.(;
< =>0'./&9$4,3$$$$$$/44 4,3$'$3('.$$

6 ?('33')-($&@/%$8,)*/&/,)$'%$')$(/-()2'.0($(>0'&/,)

< A,5($%,.0&/,)%$&,$&@/%$!"#$%(B/%&$%/)8($C($D),C$,4$&@($
(B/%&()8($,4$!"#$%&'&(%$43,5$,03$C'2(40)8&/,)$')'.9%/%

< A0::,%($$$$/%$),)E)(-'&/2(F$?( EC3/&($&@($8,)*/&/,)$'%;

6 C/&@$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$G$),&($&@'&

< H(4/)($'$)(C$,:(3'&,3;
6 I(3/49$&@'&G
6 +,-,./01,2 &3')%4,35'&/,)$J$$$$$$$$$$$$$K;$&@/%$C/..$-/2($0%$)(C$

/)%/-@&%$,)$!"#$%&'&(%F$L($C/..$.'&(3$%(($@,C$&,$3('./M($&@/%

! ! öa2
1"! ! öa2

2" #
1
16

! öa1| i = �j �! öa2| i �| i
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“coherent states” of the    operator

• From our wavefunction analysis, there must be 
kets that satisfy
– Let us label them as:
– By using                     , we get the mean (field):

• As                          , they behave similarly
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Properties of

• Define
– Verify that                still holds
–
– CON basis states 
– Mean,

• Prove that:
– Mean photon number of the state               is given by:

• Hint:
• Even for

– Second moment,
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MUP states (“squeezed states”)

• Prove that the quadrature variances satisfy:

– It is easy to see that                               if        is real 
• Intuitive feeling for quadrature “squeezed” states

– Let us look at the case of  
–
– is a coherent state of   . Hence,
– It follows therefore,
– If             , we are attenuating the noise in      quadrature 

and amplifying the noise in      quadrature
– Squeezed vacuum state:
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Squeezed states

• We will learn how to realize the Bogoliubov
transformation using chi-2 non-linear optics, and 
thus how to generate quadrature squeezed from 
coherent state (laser) light

• Two notations for squeezed states:

|�;µ, ⌫i vs,. |! ; r, " !
Jeff Shapiro and Horace Yuen Carl Caves
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