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Recap of a few important concepts T
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+ Coherent states form an over-complete basis,
representations in this basis are nof unique

1 2, — T :l a)la)d?a, P(a) = (a
» [laiea=1 )= [ w@la)da v = ()

* Q-function of a statle 0 Is a proper probability
distribution, Q(a) = —{«|p|la),a € C. We will later see
this is a p.d.f. for Hgterodyne detection, and can be
regarded as the (POVM) measurement of a

« Non-commuting observables, [4, B] = jC; Helsenberg
uncertainty principle states: (a4%(a5?) > i ‘<c>|
— Equality iff AA|y) = jAABI) for a real )\ .
— Quadrature operators satisfy, [a1, 2] = %; (Aaj)(Adg) > T
— Coherent states satisfy, (Aa7) = (Aa3) = 1/4 (MUP state)

« Mean (field) = (@) . Mean photon number = (a'a)



Quantum description of quadrature A
measurements; quadrature eigenkets T Uz
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« Eigenkets of the Hermitian quadrature operators
&1\041>1 — 041\041>1 and CAL2!6V2>2 — &2\042>2
— Real-valued eigenvalues: (v, (/9

— Orthonormality, | (a1 |31)1 = d(cv1 — 1) Infinite energy,
unphysical

2<042\52>2 — 5(042 — 52) states

©.@)

_ Resolution of identity, / — / dorou| o) (s b= 1,2

— OO

* We will prove from first principles:
— Eigenvalues 1, i both live in (—o0, 00)

—27a2x1 62ja2041

ﬁ ,1<061\042>2= ﬁ

€

— Inner product, 2{az|a1); =



Quadrature eigenkets have infinite energym@a
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« Suppose a mode ¢ is in the a; eigenket |a1):
 Mean photon number
{onlatalon )y = 1{ea|(af 4 a3)|on )
> 1 {a1]Aat o) + 1{a1]|Adz|ar)

1

> AG?
o 1<041’ CLl‘Oé1>1 * 161<O€1‘A&%‘O&1>1

— OO

— Last equality follows from: aj|ai1)1 = af|ai)i, k=1,2,...
which implies 1{(a1]|Adaf|a;); =0
— Similarly, 2(as|a’alasz)s = oo



Fourier transform relation of ¥(a1)and @(QQ}H@;Y
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* Quadrature wavefunctions of a pure state )
) = [ dayvtanlans vlan) = el plar) = [b(an)P

— 0

W%afxmmwmgmg%wmﬁzgmﬂwﬁmeﬂwwgP

o

* We then have... |
\If(()dg) = 2<042"¢> = / dOél 2<042|051>1¢(041> — / dal w(al)e ﬁ = \}%f[w(t)] ‘f:ag/w

— o0

o 62j0¢20¢1

(o) = 1{aa|Y) = /_OO daz 1 (ar]az)2V(az) :/_ dory W(arz) T %}—_1 [N iza,

— where, Flz(t)] = X(f) = / " dta(t)e-int




FT uncertainty relation and the HUP Aw
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[z ()
Joo lz (@)t

(X (AP
oo 1X () |2df

P(f) =

« Normalized intensities: ») =
« RMS time and bandwidth:

T = \/ / ()t and W= \/ / T P

« Use Parseval’s theorem and Cauchy-Schwarz
inequality to show that: TW > 1/4x Problem 22

<o —12 /452
i and X(f) = (sn®) Vexp(—am o)

— Equality for: «(t) =
- T =0, W =1/470
* Apply this to the quadrature wavefunctions to show:
@)a3) = [ JeaPlotan)Pdas [ ool W(an)Pday > 1/16

— Eaqualitv for: o :exp(—a%/4<A&%>)’ o :exp(—a%/4<Ad§>)
B O o) = A A (o () /1

with (Aa3) = 1/16(Aa?) Problem 23




Quadrature wavefunctions of a general ZAS
MUP state with non-zero means T s

 \Wavefunctions for the case of non-zero means

exp (|27(Adz)ar — j(Aa1)(Adz) — (1 — (Adr))?] /4(AdT))

Plan) = (2r(AaZ)) /A

exp ([—2j(Aar)as + j(Ad1)(Adg) — (a2 — (Adg))?] /4(Ad3))

vlew) = (2n(8a3)) '

— with (Aa3) = 1/16(Aa)
— Derivation follows from shift property of Fourier Transform
« Example: coherent state |5), 8 = 381 + 782 is MUP

— (Ad1) = B1, (Aao) = Ba, (Aa7) = (Aa3) = 1/4
exp (2] 6201 — jB1 82 — (o1 — B1)?]
(/2)1/4

exp [—2]'61042 + JB1f2 — (a2 — 52)2}
(7r/2)1/4

— YPlag) =

— U(ay) =




Quadrature eigenkets from first principles.. A
but first, we need some operator algebra meumsn
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'k
Ak} _ JRaQs , fork > 2 | Problem 24(a)

— Hint: use [a1, a2) = j/2 to show [a1,a3] = jas; use induction

. . . . hk
» Define the following operator derivative: 72 = ra}-"
o ' dAk: 2
— So, [inf] = (7/2) 522 k=1.2....
— In analogy to above, prove that
~k
a2,a%] = —jkay~' /2= —(j/2)%, k=1,2,... Problem 24(b)
1
« Consider functions with convergent Taylor series
= a d"F(ay) A\ — af d"F()
= o d"G (o) AN — a5 d"G ()

+ Prove thatlar, G(a)] = (3 ) “12) and [az, F(ar)] = (1) dF (o)

Problem 25 2 das 2



Translation operator that generate A
the quadrature eigenkets THE UNVERST
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e Assume a1|a1)1 = ai|ag)r, aq real
« Define a “translation” operator

©.@)

A1 (8) = exp(—2j€as) = Z (_2j§)na3, for —o0 <& < o0

n!

n=0
— Use result from Problem 25, and a1 4:(¢) = A,(¢)a, + [&1,141(5)}

to show that A;(¢)|aq): is an eigenket of d; with
eigenvalue a1 + £ for any real number & Problem 26(a)

— Show that |a1)1 = exp(—2ja1a2)|0)1 is an a; eigenket
with eigenvalue @1 and that i(ai|a1); =1(0/0): 'Problem 26(b)

O

» Similarly, with 4,(¢) = exp(2jen) = 3 Ha1 for — o0 <6 < o
— Ay()az)z = [oz +£)2

n=0



Inner product of quadrature eigenkets A’w
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« Use the results of Problem 26, to prove:
2({az|ar)1 = exp(—2jaiaz)2(0/0)1 Problem 27

— Hint;: Show that |a2)2 is an eigenket of 4;(¢), and |1 )1
is an eigenket of A,(¢)

° Next, 2(ag|an)s = 2<Oé/2|f|042>2 = o (asy] (/_OO da1|041>11<041\> |a2)2

— 15(0[0)4? / exp|—2i(ay — an)an]dan

= [2(0]0)1|* w6(cr2 — o)
— Assuming »(0|0); is positive real, 2(0|0); = 1/y/7

—2jasaq

NG

€

— Hence, 2{(as|ai); =



MUP state and Bogoliubov transformation Aw
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* Heisenberg uncertainty principle: (Aa?)(Aa3) > %
— Equality for [¢)iff Aaq|y) = —jAAas|y) for a real A

* Rearrange this condition as an eigenvalue equation

(a1 + jAaz)|y) = ({a1) + jA(az)) [¥)

— Some solutions to this must exist since we know of the

existence of MUP states from our wavefunction analysis
— Suppose A is hon-negative. Re-write the condition as:
(pa+va®)|y) = (u(a) + v(a®))l¥)
e with = (1+X)/2V\, v=(1-))/2VX , note that p2 —v? =1
— Define a new operator: b = ua + va'

 Verify that, [IA), ZA)T] = 1 Problem 28

 Bogoliubov transformation (g — b): this will give us new
insights on MUP states. We will later see how to realize this



“coherent states” of the b operator
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* From our wavefunction analysis, there must be
kets |v) that satisfy (a1 +jXa2)ly) = ({a1) + jr(az)) [¥)
— Let us label them as: b|8; 1, v) = 8|8; i, v), B8 € C
— By using a = ub — vb', we get the mean (field):
(@) = (B; p,vla|Bs p,v) = pp — vp*
» As[b,b'] =[a,a'] =1, they behave similarly

I=7) [n){n]

O ’]’L:O

a' =) Vn+1n+1)(n)
n=0

A

N

A=Y Valn - 1))

No|n; p, v) = nln; i, v)
N, =bth (MR vIng V) = dmn
=" nip,v)(n;p,v

n=0

bt => vVt 1ln+1;5,v)(n; p,v|
n=0

b="> _Vnln—1;puv)(n;pu,vl
n=1

THE UNIVERSITY
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« Define b=pa+val, preC, |u?>—v?=1
— Verify that [b,b'] = 1 still holds
— bIB; ) = BIB; V), v €C, | — > =1
— Np|n;p,v) = n|n; u,v), pveC, |u>—|v/>=1 CON basis states
— Mean, {(a) = (B; u,v|a|B; p,v) = w8 — vB”*
* Prove that:
— Mean photon number of the state |5; 1, V/)is given by:
(N) = (a'a) = [(@)” + |v” [Problem 29
» Hint: 6= p*b— vbf
« Even for (a) =0, (N) = |v|?
— Second moment, (a2) = (a'?)* = 1*26% + 126*2 — 20" V| 8|2 — p'v
Problem 30



MUP states (“squeezed states”) Aw
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* Prove that the quadrature variances satisfy:

"u + | Problem 31

a3y = 1= aag) =

— Itis easy to see that (Aa3)(Aas) = 1/16if u™ vis real
* Intuitive feeling for quadrature “squeezed” states
— Let us look at the case of i, v € R
— Ady = (u— v)Aby, Ado = (i + v)Aby
— |B; 1, v) is a coherent state of b. Hence, (Ab?) = (Ab2) =1/4
— It follows therefore, Aa® = (u — v)?/4, Adas = (u+v)?/4

— If puv > 0, we are attenuating the noise in a; quadrature
and amplifying the noise in a2 quadrature

— Squeezed vacuum state: |0; i1, v)



Squeezed states A’w
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* We will learn how to realize the Bogoliubov
transformation using chi-2 non-linear optics, and
thus how to generate quadrature squeezed from
coherent state (laser) light

« Two notations for squeezed states:

85 1, v) Vs, o7, 0)
Jeff Shapiro and Horace Yuen Carl Caves
3k
0= ua+ ra
{4 = coshr
v = e sinhr.
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Re{ae '}

JAAR

Phase-squeezed state 60 = n/2

Im{a} Re{fw*i“’t}

'R

(a) Wigner distribution (b) Real quadrature

Re{a}

(a) Wigner distribution (b) Real quadrature

Re{ae t}

AAA

AARA
'R'AR}

YVYVY

(c) Wigner distribution (d) Real quadrature

Figure courtesy, Dr. Baris Erkmen, MIT Ph.D. 2008

Coherent state

Amplitude-squeezed state 6 = 37/2

Re{ae~ %}

AN
TV

(a) Wigner distribution (b) Real quadrature

Re{ae "t}

(c) Wigner distribution (d) Real quadrature



Upcoming topics Aw
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« Some more practice and familiarity with
guadrature squeezed states

* Phase space picture of quantum optical states
— Characteristic functions, and Wigner functions



