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Coherent state is always single mode | = > (7;) n)

n=0

“splitting” a coherent state: product of coherent states
Classical state is a mixture of coherent states

* P function C
— n-mode classical state p = P(!)|! )(! |d°"!
Cn
where|! 1= |10 1!

Distinguishing equally-likely states,{l! «!,[* 2!}, " aft 2! ="

2 1
the minimum average Pr(error), P. = S 1t 1P




Subsystem: concept of “tracing out” Aw
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Consider a state of two modes, pAB
The (marginal) state of mode A is given by

pa=Trp(pan)

= > B nlpAB|n

n=0° Orthonormal basis
for mode B
| _10)]1) +11)]0) _10){0] + 1) (1]
Example: [YaB) = 7% pA = 5

« Fact: if guantum systems A and B are entangled,
the reduced states of A or B are both mixed states
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2 .3,4*45"36"$%*3$'5%&)"7'+"%,)$"'8./019'
36"$%*3$411,},] =1,...,N

T >6"=4%&'=%,"-'"?@"./01"&"+"#*,'%$"

: ;"$+4*4%#-Hj = Hj orthogonal projectorsA'4*'4,'@tojective

measurementB.$3C"=*45"+"%,)$"+"#*

7",=$4D"7'DE'3$*F3#3%+%&'5"=*3 kYA
. .3,4*45"- Hj > O %%$'von Neumann measurements 8G4*F

_ JO1' &M, ATEE @, |

[#" can =3#,*$)=*./01'3)*3@'#3# H
: A _ | . = 3$*F3I3#%&'6$3C"=*3%, |w;) }
. <3+6& E by = |

J

— {IL;} —]

p()=Tr(!! )

2 1"%,)3"+"#*' ,*%*4,*4=,
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- HI8Y6%)0f+961) 238 HAGH('S
|

K
E(t)= ali(t) == Ei)=>) a!(t)

k=1 k=1
B($+,+")6'&'+)(0)8(1+6))))):(t) D#+%1)(*+,&'(,)0(,)'$+)6+")(0)
A#'S)/(8*%+C)0#+%1) 8(1+6))D)0));)A#'$)8(1&%)

&8*%#'31+6(; & HSHY& H("¥,&'(,6)))8);)
A#'$)8(1+) #+ClH+1)#N$ EBE|a;)

- I"HSH%&H() (*+,&'(, ))3))(0)&)6#"7%+)8(1+
O HT+"6'&'+)#B)&)/($+,+") 6'&'+; @/l ) =1 |1)
9 <I"'#$#%&'+6=)*$('(")"38>+,; aln) = /njn — 1)
a'ln) = vn+1jn+1)
9 238>+)(*+,&'(;, N =a'a
Nln) = n|n)
9 @$(A)S&; [a,a'] =aa’ —a'a=1 | Problem9



The phase operator A
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» Application of a phase, U, |! ) = |! ol >
» The phase operator,

A
Pay

. - .‘_
UQZ 6|9N — 6|9aa

« Show that random phase scrambling of any pure
state leads to a number diagonal state

27
p:/ Us|h) ([T d6 ZP
0

— With P(n) = |(n|y)]? Problem 10
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0 1$2*++31 =) |n)(n|
0 4%" $(#*'3 "=

1 n
= / ‘Oz> <Oz‘d2()z — T Problem 11
T Jc

0 "#3%$&'()™*'$)(*%P(*&(5",$YRR2"78+$'$9(:*)-)

0 #B/(*%P(&"("%'H'<"&*+(=*&. (HP&2P$(2*&&" (:$(
-)'-&<>-)#$.(8%5%73$2'+/@

0 ;#$/(?"%7(*(4ABC(D-#($+$7$&") {11}, € C
1 _ la)af

o —
T




Coherent state overcomplete basis le
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« Use the fact E/ o) (a|d?a = £ to show that

any operator G can be expressed in terms of its
coherent state matrix elements, (a|G|p), i.e.,

= [ [T s

Problem 12

A AN

+ Hint: G = IGI
* Any state can be written in this “basis™:

1 > o
:aéw®mde®—<w>



Representation in the coherent state A

(overcomplete) basis is NOT unique e e
« Coherentstate|! ! = |" ! can be expressed as:
NONRERE

@1t =" o)lada, v(a) = "ol

C

()= (alB) =exp |a"6 ~ 5ol + |5

BUT, the P function of “classical states” is
unique. P function of |(3) is: P(a) = d(ax — 3)



The Q function le
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 Trace of an operator

() = Y (nlGim = [ % al6la)

T

n=0

» Since trace of a density operator is 1,

[ 2 alpla) =1

T

— (a|p|a) % 0,Va € C
— Q(a) = —{a|p|a), a € C is a proper probability distribution

_ We will later see this is the probability distribution of the
output of heterodyne detection on p
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2 3*4'5.0)(0#0° ©=|"I""|
2 — ="
Q) = %(! #1 ) = (! !.$>| e

N v _ [aqn)? _ el
2 6-375)(0#0" Q)= ———= —

18#&-#0)04"),)+-./01*.()*+)04")+*&&*91.:) 09*)(0#0'(

I"#$%&'( )*
2 3#0) (040NN <) (0
= >(')04')/*55'/0)8#&-')*+)))»j)(-/4)04#0))91)»1().*&:)g?g%?'@
2 A4'SSHE)(0#0' p = /@ P(a)|a)(a]d?a , P(a) = €

TN
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More on the coherent-state basis... Y
42
« Show that: a= —!|1){]
2
o — d SRR
d2'
aa' = "1 |

. d!
4598 ( )* aa-= / — ' )|
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1 23$"&'-34"5%6"&*(#(-.%) 7" &-#) &% %0 S0 (898
1/S?|ak> = ak|ak>
1 (" -4,"$%%0%00%%-&"%8&"-4%'-4,"<
1 =>"-$,&(.;%)3%$"&"-34"%#8%%?%% @%').%A" *-.. %
1§ & #90<"$/&(3"<%3B8{! k = |ak!"ak|}
1 CIR6%%%%%*"-$,8"<%). WH0" % $H-#"%% %% 8%
E 78)3-3(4(#B%)D%),#/)*"96H&) = (ax|Yax)
E 7)$#G"-$,&"*" #%$#-#'8 |ay)
E H"&;"%"-4,"%) D%*"-$,&"*" #%%6), 1/)*"

1A"s = axP(k) = Tr(pA)



"HS"%&" ()*Vo+" -#%, )/ #%+#/0")1!234 'Z"—A‘i'

OF ARIZONA

5 67%8r799* #%()78$":-8&0"$:)))-%< B
=R B =jC
= S"2H%MA" = Tr(Al) = 1" |A|" "if! =|""I" |
= >"24%" A= Q1" A
= @A™ 27" (ARP) = (A?) — (K)?
5 I"#$"%&" ()*%+"",-#%0.)"0-, #7%15")5#00)/'7:")#,(:4

IAA®"TAB2" # = |'C"

5 Mathematical 9"-%#%()7?)%@6799*,#%()7/'"-,7'$
= @A")-")%7,)I"#$%&' ()*$!%+,-" . *('%"'0%)

5 Physical 9"-%#%/()7?)% 8%/ 99* #%()7&$":-&0"$
= A")7&$™:-&0"S)+-%%7.)&"$H#*0 -%"7*$0.)9"-$*"'<



leisenberg uncertainty principle, contd. Aw
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* For two non-commuting observables, show that
[./21, B]T = —[A, B] Problem 15
— Since [121, E] = jé, C Is Hermitian, i.e., Ct=C

+ Multiply to verify that: [AA, AB] = jC |Problem 16
» Cauchy-Schwarz inequality (X?)(Y?) > [(XY)|*:

(W AAZ ) (Y|AB2 ) > [(Y|AAAB[Y) |

— With equality iff AA|y) = jJAAB|y) for some A € C



leisenberg uncertainty principle, contd.
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e Therestis a

[(Y|AAABY)|? =

gebra...

ol (AAAB + ABAA + [AA, AB]
2

" (AAAB + ABAA

L
; ) 9) + 2 (@ICI)

2

) ¥)

2

AAAB + ABAA C
<¢|< : )w + |

- ylCled
— With equality iff (10| AAAB|Y) = —(1)|ABAAJ)

2




leisenberg uncertainty principle, contd. Aw
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« So, we have shown: (W|AA?|) (Y| AB?|y) > (|Gl /4

(aA) AR = O]

— With equality iff AA|¢) = jJAAB|Y) for a real A

- States |¢) that meet the Heisenberg lower bound
on the product of variances for a given pair of
non-commuting observables are called
“minimum uncertainly product” (MUP) states

* Note that the HUP is an “either or” proposition
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a=@; +]a & =(@+a@)/ 2
azenl'jaz 62:(@1—6)/2]
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. I'#+0 (nlaln) =0
1 23'%'4, % O(Gf (e ((el@aeb e ((((((((#6 = (nlaz|n) =0
. 5'6,+%(),)'+&0

R 6+ a']?
) = tal (S ) )
(nla?|n) + (nlaa! |n) + (nlataln) + (n]a'?n)

4
~ 2(nfataln) +1  2n+1
B 4 4

. 7+6'%&#8+9:(;%,3"6&(4,%(<"#3%#&" %' (=#%8#+6™
o N1 ?<"#98&:(3,9$*(,+9:(4,%(&3(
. . n + =#6"") (*&H#& @A")-'%(
(Aay)(Aas) = ( 1 ) = 16 EH&(HU'(+,&()8+8)")(
"+6'%8H8+B%,$ 68 (*&HE™




Quadrature measurement on ZAS
coherent states T b

 Mean,!al@la" = a# a1+ ] a
— Therefore, '&:" = 'a|é1]a" = a1 and (62) = (! |@x]! ) = 1>
« Second moment,

« Complete this calculation and show that the

uncertainly product for quadrature variances is:
1

162" = 11 g2 = = "HS%E& ()"
Coherent states

4
oy "Dy are minimum
I a; Il a = —, #l uncertainly
16 product states
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Signal-to-noise ratio T
» Quadrature measurementon |! !,]! | = N
"&#  Re(l) _
— SNunadrature! " a%#_ 1/ 4 —4R€(|)

— Measurement of &€ ¢ yields a Gaussian random
variable with mean Re(ae’®) and variance 1/4

* Number measurement on coherent state

" QR
"I 2H

— Prove that SNRyymper ! =12= N |[rss%e()

— This is consistent with the fact that P(n)= € Y"N"/n!,
the Poisson distribution has mean N and variance N
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3 4"%/5(60*+55/)"1(7468(+0(0)1"&9) :(0+9&/FNio ! N

a= Neé' In
.
aro = v/ Nro e/? !Lo)
i) =T
I > S dt— K

o | —S 0 o
Yo Nipo) ok Y = S(K, — K_)
p=5SNy—N_) Il o) — T P
0? = 5*(N4 + N_) S, Odes K

=>0)+).)()?'0'<()/@" (L N | o1 g 12
5+#J2)(38)L$9(A+*@(/&(/AA1"A1+/)"(<+ | Poisson(N+) ! N (N4 ,N4+); Ny = | =3
0%/5+&9(=<()"(0?":()?/)B ot
% NN(Re(aejeLO),i> K, ! Poisson(N; )! N(N;, ,N;); N, = }_#Z;i

Problem 20



Upcoming topics Aw
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* Quadrature eigenkets
* Squeezed states of light

* Phase space picture of quantum optical states
— Characteristic functions, and Wigner functions



