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It's nice to be back into class.

Office hours every Wednesday, 11-12 am, at conf. room
447 .

Office hours are not only for h/w questions: You may want
some more details or some literature guidance.

Sometimes | may write on the whiteboard. Feel free to take
notes.

We will cover multi-mode Gaussian transformations in the
Heisenberg picture and phase space.

We will then examine applications (quantum estimation
theory, etc...)
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» Topics to be covered today

— Gaussian transformations of single mode states (phase,
displacement, single-mode squeezing)

— Gaussian transformations of two-mode states (beam splitter,
two-mode squeezing)

— We’'ll stay in the Heisenberg picture (for now).



Renaming quadrature operators Z&w
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* Notation
— Saikat: a = a; + jao, a' = a1 — jao
 Quadrature commutator: [a1, as] = j/2
- Quadrature variance of vacuum state:(Aa?) = (Aas) = 1/4

— Christos: @ = (§ + 7p)/V2, a = (G — jp)/V2
« Quadrature commutator: [§, p| = j
« Quadrature variance of vacuum state: (AG*) = (Ap?) = 1/2

« Reason for this switch:

— We will analyze multi-mode states and would like to
reserve the subscript to index modes

— For a coherent state, (Aa?) = (Aa2) =

(Ap7) = (A¢?) =

N[ — | =



Gaussian unitaries: Phase shifting Aw
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Gaussian unitary operators are generated by
quadratric Hamiltonians (quadratic in @ and af)

Phase shift H = higata — U(¢) = exp (—iga'a)
Transformed mode: b =U(¢)aUt(¢) = ae=®

we have used the BCH relation

)0 )G
d2 132 b2 0 €_Z¢2 &2
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Gaussian unitaries: 2-modes ;

Beam splitter
H(0) = hbalas + hbaial

Problem 44: Derive the
matrix transformation for

by cos 0 —¢sin 6 a1
~ — . ~ the beam splitter
b —¢sin 6 cos 6 a9 P

General 2-mode passive Gaussian Unitary

ai b 2 ~
- b1 - ai
| (1) =veow (&)
s 0 cos 0 —isinf\ (e'% 0
U0, ¢,w) = < 0 e%"ﬁ) (z’sin& cos 6 ) ( 0 e’%)
cos Pet(d+w)/2 — i sin Pet(¢—w)/2
U(ea ¢,CU) — <—Z sin Qe—i(¢—w)/2 COS 66'&(¢—|—w)/2



/A

MaCh-Zeh nder Inte rfe rometer THE UNlVERSI(?rY
OF ARIZONA
aq " b1 Problem 45: Find the transformed modes
X 9 0, . and prove that the total photon number of
az 1 bo the input and output is conserved. Calculate

Mach-Zehnder interferometer the energy difference between the two
output modes. Assume that both beam

splitters are U G% — g) . Verify the relation

at the bottom of the page.

The MZ interferometer is a method to estimate
some unknown phase by photon counting in each
output port and subtracting their values.

<Nb1> — <N52> — <Na1 +Na2>COS¢ — Z<&J{&2 +&£&1>Sin§b



Reck decomposition of U(N) Aw
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N-mode passive transformation U(N).
We need N(N-1)/2 beam splitters and phase shifters.

[Reck et al. 1994] Where the matrix T;, ,,, is a

unit matrix with the matrix

U(N)TN,N—l c o Tg,l — e elements tans bmms tnms tmn
are replaced by the four

efl’qbl

"N matrix elements of some
RS 2x2 unitary matrix.
U(N) = : T, ... T v T
. 2,1+t N,N-24 N ,N—1

Advanced Problem 3: Study Phys. Rev. Lett. 73, 58 (1994), present it briefly and
apply the Reck decomposition to the Hadamard gate H = H1 ® ... ® H;

o (11
=5 (1 —1
U(N —1
U(N)TN,N—lTN,N—2 . -TN—1,1 = ( ( ) 673§25N>

U(N —2)
U(N o 1)/-TN—1,]\[—27—YN—1’]\/'_3 . TN—2,1 = €Z¢N—1



Example on Reck decomposition
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el cos(62) el cos(A1)sin(02) e'?lsin(A1)sin(62)
UBB)= [ —e%sin(02) e'¥?cos(01)cos(02) €2 cos(62)sin(01)
0 —e'3sin(61) e'?3 cos(01)

1 0 0 el cos(02)  €lsin(62)
UB)[ 0 cos(d1) —sin(f1) | = | —e®?sin(62) €92 cos(92)
0 si

1
1)  cos(01) 0

1 0 0 cos(f2) —sin(62) 0
U(3) ( 0 cos(Al) —sin(61) ) ( sin(02)  cos( «92 0 )

0
0 sin(A1) cos(A1) 0 1 ( 0
et 0 0 ew’l 0
U(3)T32T5 1 = 0 €92 0 = U(3) = e ¢2 0
0 0 e ci®3

U3

0
0
i3
ei¢2
€i¢3

T ot
Ty113,

P
T ﬁ 92
Q3




Normal modes Z&w
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Since U(N) can be decomposed in sequence of beam splitters and
phases, the general Hamiltonian of U(N) can be decomposed as:

H=h Z il B, Z Ui

n,m=1

Where U,,,,, = Vann’;n and b are the normal modes
Where B is a Hermitian matrix and U,,,,, are the matrix elements of U(N).
For some unitary matrix V:

/\

N
VHVT =h Z V}n&TV*V B Vin i Vimlm Vi, _thT jgb

n'ny Jn
J,n,m=1

Note that in this way, beam splitters can be transformed away. Therefore
beam splitters do not constitute a “real” interaction between modes, it
can be viewed as a frame choice.



Active transformations Z&w
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So far we didn’t mix annihilation and creation operators. i.e, we covered
passive transformations. If the Hamiltonian mixes annihilation and creation

operators, we get active (non energy conserving) transformations.

Single-mode squeezer H = hirei®a2 + hre*al*, r > 0

Using the BCH relations: /b, B cosh 2r —ie"®sinh 21\ (a1
n = cosh r ZA)J{ o ’i@w sinh 2r cosh 2r CALJ{
v =Y sinhr (I;l> B (,uz + |v|? —2iuv* > <A1>
b 2ipiv p?+vf? ) \al

Two-mode squeezer H = h&eaq o + hée ®alal

b1 cosh ¢ 0 0 —ie?sinh &\ /a1
IA)]; B 0 cosh & ie~"? sinh ¢ 0 &I
by | 0 ie'? sinh & cosh & 0 a9
f,; —ie *?sinh & 0 0 cosh & &;

Now we have all the essential ingredients to generalize—>



General linear transformation which
respects commutation relations:
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Ageneral Bogollubov transformation is

Z Aijay, +Bw j

_ « ot
z_ZjB +A7,jj
* « 71

=, Az;b; — Bb!

— >, Bjibj + Azib!

Using singular value decomposition:

given by
6], b:] =1 AB' = (AB")!
[bi,b;] = [b], 6] =0 AAT = BB 1
G, a1) =1 ATB = (ATB)T
a;,a5) = [a],al] = 0 ATA = (BIB)T +1
A=UApVY B=UBpWI

From the “commutation relations” for Aand B, we find V* =W

)(

A=UApV' B=UBpVT

b\ (U 0

pt ] —\0 U"
\

)

\

Ap
Bp

Bp
A*

) (o

] |\

o)

0

a
ot

I

|

Beam splitter and phases

Squeezers

Beam splitter and phases



Displacement operator Z&w
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Displacement operator
D(a) = exp (aa’ — a*a) D(a)t = D(~a) = D~*(a)

USing: eAeB — 6A+B+%[A,B]a [Av [Aa B]] — [Ba [Av B]] =0 Problem 46:
Prove this

2
D(a) = exp (—%) exp (a&T) exp (—a*a)[ |expression.

J

o) & 0" (o an
= exp (—T T;)FCL |O>—€Xp —T 7;)\/—”7|n>—|a>

Problem 47: Prove that DT(a)aD(a) = @ + «



Displacement operator Z&w
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Problem 48: Prove that D(a)D(53) = exp |2 (aB* — a*3)| D(a + B)

Displacement op. on a coherent state
D(B)|e) = D(a)D(B)|0) = exp [5(af* —a*B)] la+ B)

Physical implementation by = v/Tas + V1 — T —
&1 |Bl> %\/F&l—#\/ﬁOdQ:

o)
. >< = /71 + a
Ao —
2: 2 |B2) o
I
v

|Oé2> where we chose o = T

Treated as classical field, since the coherent state is chosen to be very bright.

by = \/Ti1 + o — |B1) = |[VToq + @)

It implements the displacement operator for T — 1 but in this limit the bright coherent state diverges.
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We show that the single-mode squeezer Hamiltonian is
H = hret?a? + hre_w&P, r > 0 U(s) =exp (—1Hs) = S(s)

Setting s = 2ire™ Y | the squeezing unitary is written:
Al

S(s)-exp( s—+s*a’7) S(—s) = ST( ) = S_l(s)
Acting on vacuum state:

Advanced Problem 4: Derive the expression:
2

S(s) = exp ( ;2) exp [ (aT& + %)] exp (T*%)
Where: 7 = 1% tanh |s|, v = In(cosh |s|)

S(s)|0) = exp (—TAT) exp |—v (a'a+ 3)] exp (T*ﬁ> 0) =

= exp (—r 2 ) exp [~ (@t + )] |0) = exp (207 ) exp [-4] |0) =

Problem 48: .._finish up 1 — (2n)! ( s )” " _
= ——— | tanh" s|2n) = |0; s)
> |

this calculation... \/cosh [s] =, n! 2|s
n—




Single-mode squeezing le
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ST(s)aS(s) = acosh|s| — af e Sinh |s| ST(s)a’S(s) = a' cosh |s| — a7y — sinh ||

S(s)aST(s) = acosh|s| + aTI J sinh ||

By substituting s —» —s:
y J S(s)a'ST(s) = a' cosh |s| + a|s| sinh ||

—S(S)D(Oz)ST() (8)]0) = S(s)D(x)S T(S)IO'8>
2 —_

=

&z

S

£

2
|

—eXp s)exp (aal) ST(s)S(s) exp (—a*a) ST(S)
eteB = eAtB+3[AB] = [B,[A, B]] =

W) S(5)D(a)[0) = D(a cosh |s| — a* 2 sinh |s])]0; s) = D(5)S(s)|0)



Upcoming topics Aw
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Two-mode squeezing and entanglement

Introduction to symplectic transformations and
phase space approach (covariance matrices,
first moments).

Number basis and coherent basis
Application to continuous variable teleportation
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