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Introduction

This report is a tutorial on the mathematics behind parallax as seen in systems with two sensors with separate apertures that have their images fused electronically on a single display.  This produces degradation in image quality due to a double image or a blurred image.  The impact of this effect can be calculated based on the configuration of the sensors, the position of the object of interest in relation to them and their point of convergence.

This tutorial will explain the mathematics behind this in a way suitable to enter into a spreadsheet or similar computer program for simple calculation.  

Background
Parallax is a phenomenon that can be observed easily using the eyes, which are a natural separate aperture system.  Focus them at an object a long distance away and then extend your arm, holding one finger up in your line of sight.  You will see a double image of the finger.  This is due to fact that the finger forms a different angle with respect to the line of sight of each eye.  As the finger is imaged on the retinas, it is imaged in a different position on each eye’s focal plane.  As the two images are fused together, an image of the finger will show up at both locations, forming a double image.  

Figure 1 illustrates this concept.  Figure 1a demonstrates where the images of the arrow form on the retina of each eye with respect to the center of the line of sight.  Figure 1b demonstrates the image created by the brain by fusing the images from both eyes together.
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Any two separate, displaced sensors that have their images overlaid on a single display will display the same effect.  Depending on the amount of parallax present, the resulting display image could prove to be very difficult and disorienting to use even for very simple tasks.

The form of parallax discussed in this paper is sensor-to-sensor parallax.  Sensor-to-sensor parallax is what is seen when two separate images from sensors with differing points of view are fused together.  The previous eye and finger example demonstrates this form of parallax.  The result is a double or blurred image at some ranges that degrades image quality.

There is a second form of parallax, which is not discussed here, is sensor-to-eye parallax.  This is present in systems where the display is in front of the eye, but the sensor is displaced from the viewer’s normal line of sight.  The display then shows the user the scene through a point of view unfamiliar to the user.  The result of this can be confusion and a loss of spatial awareness.

Calculation of Parallax

The calculation of parallax is only valid in the region of space where the fields of view of the two sensors overlap.  In figure 2, position 1 is located in this region.  Parallax will be present at this position.  At position 2, the object is only in the field of view of the right hand sensor.  The left hand sensor will not image the object, and therefore there will be no parallax present for this object and it will form only a single image on the fused display.

The following mathematic calculations are based on the 

angles subtended between the directions of each
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sensors’ line of sight and the direction to the point   

of interest.  The characteristics of the two sensors

and the display of the system are also necessary for 

these calculations.

Figure 3 illustrates a sample setup showing the positions

of the significant items relative to each other.  Position

C marks the convergence point of the two sensors, 

which is where the lines of sight of the two sensors 

cross.   The assumption is made that the lines of sight 

are normal to the sensor plane.  In a system where the 

sensors’ lines of sight are parallel to each other, 

position C is simply located at infinity.  Position O

indicates the location of the object, or what will be the 

point of interest when looking at the display.  Sn                                                                               Figure 2
represents the sensors of the system.  
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OCn is the angle 

formed between the directions to points C and O as seen from the perspective of sensor Sn .  This is the angle that will enter the optics of the system.
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Figure 3

After passing through the optical component of the system, the angle OCn will form a new angle, 
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n.  Theta is related to the angle OC through the equation:
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where Mn is the optical magnification of system n. 

Now we will find the placement of the image of O on the image plane (the sensor chip).  Using the focal length, fn, we can use simple trigonometry to find the paraxial image height on the detector.  Using figure 4 we can see that the distance, 
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, from the image of C, the center of the sensor, to the image of O, is a simple relationship:
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Figure 4

This equation will give us the paraxial image height of the object on the image plane.  In order to calculate the real image height, an extra term must be added to the equation that accounts for the effect of optical distortion in the system.  In one dimension, the equation will become: 
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where 
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n is the distortion coefficient of system n.  After finding the real image height on the sensor, we can find the number of pixels the image lies from the center of the sensor.  The equation for this is simply:
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where 
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= the number of pixels between the pixel the image occupies and the center of the

                         sensor, 
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= the pixel pitch of sensor n.  
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will be rounded up to the nearest integer, as the image will fill the entire pixel it occupies.  For example, if the image lands 24.3 pixels from the center, it will occupy the entire 25th pixel.  

In order to relate the distance of the image on the display to its distance on the sensor, we use the equation:
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where 
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= the distance from the center of the display of the image from sensor n,
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= the ratio of the display pixel count and the pixel count of sensor n,
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= the pixel pitch of the display.  

In order to find the observed parallax on the display, simply subtract one of the resulting distances from the other and take the absolute value of the answer.  This gives the observed parallax (OP) of:
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A word must be said about sign convention here.  For equation 6 to be valid, the sign convention must be the same for both sensors.  That is, if the image of the object falls to the right of the center of the sensor, it must be considered a positive distance for both sensors.  Likewise, an image to the left of center would have to be considered a negative distance for both sensors.

Another consideration in this calculation is that an object in space will image on the focal plane on the opposite side of the center of the sensor’s line of sight.  In order to represent the scene from the user’s point of view, an image on one side of the sensor will appear on the opposite side of the display.

Evaluation of Parallax

The mathematical formulas derived in the previous section can easily be entered into a variety of computer programs.  These allow the calculation of parallax in a system to be a simple matter after the initial work of inputting the formulas into the program.  It also gives one the ability to graph the effects of parallax over a range of a value of interest, such as the separation between the two sensors.  This is potentially a very important tool during the design phase of a system.

Figure 5 is an example of this type of a graph.  It represents the observed parallax on a display in millimeters versus the difference between the angular separations of the two sensors.  The angular separation in this case is defined as the 

angle between the sensor’s line of sight and the direction to the object of interest.

The system characterized in the graph is a system with two identical sensors.  Their optical components have a focal length of 7.85 millimeters and angular magnifications of 1.44.  The detector chips have a pixel count of 2272 pixels with a 4.97 micrometer pixel pitch.  The display is a 21.75 cm screen with a pixel count of 2272 and a pixel pitch of 95.73 micrometers.
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Figure 5

The graph shows that there is roughly a linear relationship between these two values if all other parameters are held at a constant value.  The steps formed on the graph are due to the fact that 
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is rounded up to the nearest integer and that gives us the same amount of observed parallax at more than one angular separation value.  Another fact conveyed by the graph is that even a small angular difference (less than one degree) produces noticeable parallax on the display.

Examples of Parallax

The following photographs were taken to show what parallax looks like.  The images were combined via the computer software used to view the images obtained by the cameras.  Figure 6 shows the fused image obtained with the sensors placed one inch apart, with the aiming point at infinity.  Figure 7 is a fused image produced by the sensors nine inches apart, which is roughly the distance that two sensors placed on opposite sides of the head would be separated.  The targets are located at 12 feet, which limits the change in focal length that automatic focus features incur.  In both of 

these cases the sensors are in parallel.
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Figure 6
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Figure 7

Conclusion

When using a dual sensor system in order to utilize the best attributes of each sensor, parallax is an issue that will need to be addressed.  The mathematics contained in this tutorial provides a starting point to effectively deal with this phenomenon.  
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		Angle Difference				0		0.01		0.02		0.03		0.04		0.05		0.06		0.07		0.08		0.09		0.1		0.11		0.12		0.13		0.14		0.15		0.16		0.17		0.18		0.19		0.2		0.21		0.22		0.23		0.24		0.25		0.26		0.27		0.28		0.29		0.3		0.31		0.32		0.33		0.34		0.35		0.36		0.37		0.38		0.39		0.4		0.41		0.42		0.43		0.44		0.45		0.46		0.47		0.48		0.49		0.5		0.51		0.52		0.53		0.54		0.55		0.56		0.57		0.58		0.59		0.6		0.61		0.62		0.63		0.64		0.65		0.66		0.67		0.68		0.69		0.7		0.71		0.72		0.73		0.74		0.75		0.76		0.77		0.78		0.79		0.8		0.81

		Paraxial Heights on Sensors:

		Hp Sensor 1				0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838

		Hp Sensor 2				0.0038558838		0.0038583276		0.003860772		0.003863217		0.0038656626		0.0038681089		0.0038705557		0.0038730031		0.0038754512		0.0038778998		0.0038803491		0.0038827989		0.0038852494		0.0038877005		0.0038901522		0.0038926045		0.0038950574		0.0038975109		0.003899965		0.0039024198		0.0039048751		0.0039073311		0.0039097877		0.0039122448		0.0039147027		0.0039171611		0.0039196201		0.0039220798		0.00392454		0.0039270009		0.0039294624		0.0039319245		0.0039343873		0.0039368506		0.0039393146		0.0039417792		0.0039442444		0.0039467103		0.0039491767		0.0039516438		0.0039541115		0.0039565799		0.0039590488		0.0039615184		0.0039639886		0.0039664594		0.0039689309		0.003971403		0.0039738757		0.003976349		0.003978823		0.0039812976		0.0039837728		0.0039862487		0.0039887252		0.0039912023		0.00399368		0.0039961584		0.0039986374		0.0040011171		0.0040035974		0.0040060783		0.0040085598		0.004011042		0.0040135248		0.0040160083		0.0040184924		0.0040209771		0.0040234625		0.0040259485		0.0040284352		0.0040309225		0.0040334104		0.004035899		0.0040383882		0.0040408781		0.0040433686		0.0040458597		0.0040483515		0.0040508439		0.004053337		0.0040558307

		Distortion @ Paraxial Height:

		Sensor 1				0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		Sensor 2				0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		Real Image Heights

		Sensor 1				0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838		0.0038558838

		Sensor 2				0.0038558838		0.0038583276		0.003860772		0.003863217		0.0038656626		0.0038681089		0.0038705557		0.0038730031		0.0038754512		0.0038778998		0.0038803491		0.0038827989		0.0038852494		0.0038877005		0.0038901522		0.0038926045		0.0038950574		0.0038975109		0.003899965		0.0039024198		0.0039048751		0.0039073311		0.0039097877		0.0039122448		0.0039147027		0.0039171611		0.0039196201		0.0039220798		0.00392454		0.0039270009		0.0039294624		0.0039319245		0.0039343873		0.0039368506		0.0039393146		0.0039417792		0.0039442444		0.0039467103		0.0039491767		0.0039516438		0.0039541115		0.0039565799		0.0039590488		0.0039615184		0.0039639886		0.0039664594		0.0039689309		0.003971403		0.0039738757		0.003976349		0.003978823		0.0039812976		0.0039837728		0.0039862487		0.0039887252		0.0039912023		0.00399368		0.0039961584		0.0039986374		0.0040011171		0.0040035974		0.0040060783		0.0040085598		0.004011042		0.0040135248		0.0040160083		0.0040184924		0.0040209771		0.0040234625		0.0040259485		0.0040284352		0.0040309225		0.0040334104		0.004035899		0.0040383882		0.0040408781		0.0040433686		0.0040458597		0.0040483515		0.0040508439		0.004053337		0.0040558307

		#P

		Sensor 1				775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702		775.9878755702

		Sensor 2				775.9878755702		776.4796875631		776.9716208083		777.4636754125		777.9558514824		778.4481491251		778.9405684475		779.4331095566		779.9257725597		780.418557564		780.9114646767		781.4044940054		781.8976456574		782.3909197405		782.8843163622		783.3778356302		783.8714776525		784.3652425369		784.8591303915		785.3531413242		785.8472754434		786.3415328572		786.8359136739		787.3304180021		787.8250459502		788.3197976267		788.8146731405		789.3096726002		789.8047961147		790.300043793		790.795415744		791.2909120769		791.7865329009		792.2822783252		792.7781484592		793.2741434124		793.7702632943		794.2665082146		794.7628782829		795.259373609		795.7559943029		796.2527404746		796.749612234		797.2466096913		797.7437329568		798.2409821408		798.7383573537		799.2358587059		799.7334863082		800.2312402711		800.7291207055		801.2271277221		801.725261432		802.2235219461		802.7219093756		803.2204238316		803.7190654255		804.2178342686		804.7167304724		805.2157541485		805.7149054086		806.2141843643		806.7135911274		807.21312581		807.712788524		808.2125793815		808.7124984947		809.2125459758		809.7127219373		810.2130264916		810.7134597512		811.2140218288		811.7147128371		812.2155328889		812.7164820972		813.2175605748		813.718768435		814.2201057908		814.7215727557		815.2231694428		815.7248959657		816.226752438

		Sensor 1				776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776		776

		Sensor 2				776		777		777		778		778		779		779		780		780		781		781		782		782		783		783		784		784		785		785		786		786		787		787		788		788		789		789		790		790		791		791		792		792		793		793		794		794		795		795		796		796		797		797		798		798		799		799		800		800		801		801		802		802		803		803		804		804		805		805		806		806		807		807		808		808		809		809		810		810		811		811		812		812		813		813		814		814		815		815		816		816		817

		Pixel Separation (Display)

						0		1		1		2		2		3		3		4		4		5		5		6		6		7		7		8		8		9		9		10		10		11		11		12		12		13		13		14		14		15		15		16		16		17		17		18		18		19		19		20		20		21		21		22		22		23		23		24		24		25		25		26		26		27		27		28		28		29		29		30		30		31		31		32		32		33		33		34		34		35		35		36		36		37		37		38		38		39		39		40		40		41

		Distance On Display

		Sensor 1				0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256		0.074287256

		Sensor 2				0.074287256		0.074382987		0.074382987		0.074478718		0.074478718		0.074574449		0.074574449		0.07467018		0.07467018		0.074765911		0.074765911		0.074861642		0.074861642		0.074957373		0.074957373		0.075053104		0.075053104		0.075148835		0.075148835		0.075244566		0.075244566		0.075340297		0.075340297		0.075436028		0.075436028		0.075531759		0.075531759		0.07562749		0.07562749		0.075723221		0.075723221		0.075818952		0.075818952		0.075914683		0.075914683		0.076010414		0.076010414		0.076106145		0.076106145		0.076201876		0.076201876		0.076297607		0.076297607		0.076393338		0.076393338		0.076489069		0.076489069		0.0765848		0.0765848		0.076680531		0.076680531		0.076776262		0.076776262		0.076871993		0.076871993		0.076967724		0.076967724		0.077063455		0.077063455		0.077159186		0.077159186		0.077254917		0.077254917		0.077350648		0.077350648		0.077446379		0.077446379		0.07754211		0.07754211		0.077637841		0.077637841		0.077733572		0.077733572		0.077829303		0.077829303		0.077925034		0.077925034		0.078020765		0.078020765		0.078116496		0.078116496		0.078212227

		Observed Parallax (m)

						0		0.000095731		0.000095731		0.000191462		0.000191462		0.000287193		0.000287193		0.000382924		0.000382924		0.000478655		0.000478655		0.000574386		0.000574386		0.000670117		0.000670117		0.000765848		0.000765848		0.000861579		0.000861579		0.00095731		0.00095731		0.001053041		0.001053041		0.001148772		0.001148772		0.001244503		0.001244503		0.001340234		0.001340234		0.001435965		0.001435965		0.001531696		0.001531696		0.001627427		0.001627427		0.001723158		0.001723158		0.001818889		0.001818889		0.00191462		0.00191462		0.002010351		0.002010351		0.002106082		0.002106082		0.002201813		0.002201813		0.002297544		0.002297544		0.002393275		0.002393275		0.002489006		0.002489006		0.002584737		0.002584737		0.002680468		0.002680468		0.002776199		0.002776199		0.00287193		0.00287193		0.002967661		0.002967661		0.003063392		0.003063392		0.003159123		0.003159123		0.003254854		0.003254854		0.003350585		0.003350585		0.003446316		0.003446316		0.003542047		0.003542047		0.003637778		0.003637778		0.003733509		0.003733509		0.00382924		0.00382924		0.003924971

		Observed Parallax (mm)				0		0.095731		0.095731		0.191462		0.191462		0.287193		0.287193		0.382924		0.382924		0.478655		0.478655		0.574386		0.574386		0.670117		0.670117		0.765848		0.765848		0.861579		0.861579		0.95731		0.95731		1.053041		1.053041		1.148772		1.148772		1.244503		1.244503		1.340234		1.340234		1.435965		1.435965		1.531696		1.531696		1.627427		1.627427		1.723158		1.723158		1.818889		1.818889		1.91462		1.91462		2.010351		2.010351		2.106082		2.106082		2.201813		2.201813		2.297544		2.297544		2.393275		2.393275		2.489006		2.489006		2.584737		2.584737		2.680468		2.680468		2.776199		2.776199		2.87193		2.87193		2.967661		2.967661		3.063392		3.063392		3.159123		3.159123		3.254854		3.254854		3.350585		3.350585		3.446316		3.446316		3.542047		3.542047		3.637778		3.637778		3.733509		3.733509		3.82924		3.82924		3.924971
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						degrees		radians				from specifications below (half FOV):								in degrees

		Sensor 1 FOV				60		1.0471975512				0.2938667717								30

		Sensor 2 FOV				60		1.0471975512				0.1780929382								30

		d=		5

		b (to right)=		0.2				a (to left)=		0.2

		x=		1										define x as positive if it falls to right of F perpendicular, negative to the left

		z=		5

		angle F		1.5308176397						1.5308176397						87.7093899574

		angle P		-1.4121410646						1.3352513461

		1								1

								in degrees				in radians				from side dimensions

		angle E (right hand sensor)										0				1.5308176397

		angle D (left hand sensor)										0				1.5308176397

				radians				degrees

		Theta		-0.1955662936				-11.2051232382														-1

		Phi		0.1986339493				11.3808869635														-1

		Do these angles fall within both fields of view:										0

										sensor 1						sensor 2

		Angle Between Focal Point

		and Object Position (Radians)								-0.1955662936						0.1986339493

		Focal Length (m)								0.25						0.3

		Magnification (angular)								0.5						1

		Distortion at Max Field Height								0						0

		Max Field Height (m)								0.037						0.054

		Pixel Pitch (m)								0.00005						0.00005						0.00002

		# of Pixels								740						1080						1240

		Paraxial  Image Height on Detector (m)								-0.0244068487						0.0591990976

		Distortion at Paraxial Image Height								0						0

		Real Image Height on Detector (m)								-0.0244068487						0.0591990976

		# P								488.1369748602						1183.9819513104

										489						1184

		Distance on Display (m)								0.0163881081						0.0271881481

		Observed Parallax (m)								0.0435762563

		Viewing Distance (m)								0.25

		Angle Subtended (radians)								0.1745675846

		Angle Subtended (degrees)								10.0019858396
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