OPTI 544 Solution Set 8, Spring 2024

(a)  The input state to the Beamsplitter is | ¥ ,) = e®%~%%|0), where |0) is the two-mode
vacuum. We use a =ta3 +raj and its H. C. to find the state after the 15 BS:
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Before the 2 BS we have
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Next, for the 2" BS we use a3 = a3 +rdg , a; = ras +tag to get the output state,
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Setting t=1/~2, r=i/~2 we find
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= iate® sin(6p /2 — 1t /4) = —= " [sin(5¢ /2) — cos(5p /2)]

oe=iZ (ez'cul ey =% ~e PP P22 . il =212
= it cos( /2 — 1 /4) = "”O[sm(5q) 12)+cos(6¢p /2)]

(b) We have
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First we compute
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Then, using ()" = (o[ =[5 )’ =| a6 [* +| s [* =2 | o6 [ ot [P, we find
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where 77 =|a [ is the mean photon
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We set | o |2 5(pmin :| 104 | = 5(pmin =

number in a coherent state with amplitude |« |.

This is the shot-noise limited sensitivity of a Mach-Zender interferometer with a coherent
state input. In quantum metrology, this is also referred to as the standard quantum limit.
Improved sensitivity can be achieved with squeezed states or other non-classical states of
light.

Note: This was a very long and fiddly calculation with many opportunities to mess up the math,

especially if not knowing ahead of time how it was supposed to come out. However, the
final result is a very important example of applied quantum optics.



