Quantized Light — Matter Interactions

General Problem:

Quantum Quantized Modes

Atom ‘ ’ Of EM Field

T

Electric Dipole
Interaction

Starting Point: System Hamiltonian

H o= He Hyt By (1)
He= %’BWR (0 Oe'h) Field
Ha=2 E 1iXi[=2E,G;; Atom
H&P =" 3" E(F,-b\ ED interaction

E: , [1) :energies, energy levels of the atom

Dipole Operator:

@) [ 4 2 ANt 2 4T,
wy) 1, o

Field Operator:
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2 polarization modes implicit

Pin down atom where /ULICF) = 4
®

=5

— anywhere if M;@CF)'-‘C'%'-
. 3 . then where
—if /M,ICP = Sin(&R2) sinthal = 1
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Dipole Operator:

(2) | ¢ Z’ﬁ;g“xa’[ "%”ﬁié‘%f&
W) 1, o

Field Operator:

\

2 polarization modes implicit

ﬁcw
g,V

Pin down atom where /UL@CF) 1
®

-

— anywhere if M;z(fzﬁe'h r

then where
- if /UL;;CP) = Gin(h2) SVI()&&\ -

g

(3) | E(Fe)=Elb)= % £2€, (Gy+05)

Combining (2) & (3):

Rabi Freq., note sign convention

2-level atom ®» (7,3} =(1,2) :

Haes 4 % (940,+ 25 Sh) (g + o)

Define: Pauli matrices
Ty = Gy, = [2X1] T = 3 (57 +8)
T = Gy s 11X2] . Ty * (G;-(rx
Ty =65y~ = [0Xal-1gx1 | 1§
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With this notation

(4)

Y’:[AF = 7&% (QIGQ‘+5I+M+%+32&&%)

Energy conservation?

P
HAF = 7&% (92&.{.5(2 +9£€: 5%\

Putting it all together

a " A

+H&+ HAF = (5)
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Interaction with Single-mode Fields

Good approx. in small, high-Q Cavity

Gaussian beam mode

) s
A lapl »> Ay, ¥

Atom

(—100/MM —>

Single-mode (Jaynes-Cummings) Hamiltonian

We changed the zero point for energy by subtracting

H = B bt -,'-_ﬂioo,,ﬁ'z—rigig(ﬁ‘.[.f()‘ 3(&-%*)

Ho HAF‘
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More about Single-mode Cavity QED

Hrlﬁw a*&a«-,'—_%ad,,%—fﬁ(@ﬁ; 9G-)(05+03)

wa;_f D\)Bt

HAF = £g (§:0e

PG te Ot g ate

A A Wyt W)E

«Gate
~4 -x(wu w)-b)

'

For simplicity ;ﬁll =

Ho HAF'
@19. " %I - 3'%

[
Note: H,  conserves excitation number,
couples 'l'ﬂ>€—’>[1(n{-1>

P

Series of 2-level systems, one for each n

All 2-level systems are alike

Rabi problem!

Switch to Interaction Picture:

Sakurai page

318-319

H

[Ule)> > [ D = € Iy )> |

iwarat A

show i GEA SiEGE_ A
G, e =T,
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More about Single-mode Cavity QED

Hiﬁw Ath+ -,'-_:%w,,ﬁzi—f-ﬁ(gz%; oG- ) (aytay)

A i t A A ‘l( N)'b
HAF =g (G0 F a2 ™
+W._0\'€, x(qucw)t{_%_ &4. — Wy~ w)i—)

'

H, Har
For simplicity ’ﬁzl = ’d—?l,g_ » %2252

[}
Note: HAF conserves excitation number,
couples 12 n>e[1netd

P

Series of 2-level systems, one for each n

All 2-level systems are alike

Rabi problem!
Switch : ion Pi ] Sakurai page
witch to Interaction Picture: 318-319
n IH"-L"‘ ~l§:’-b

H

[Ule)> > [ D = € Iy )> |

RWA and resonant approximation

P

Jaynes-Cummings Hamiltonian

Hy Hm: 7&%(?4.0\2'01'_4—6‘ ote _'r
4=y -W

Important: Change in notation

For the remainder of this course we change indices

1 to g (ground state) and 2 to e (excited state). Thus a
g appearing inside a ket refers to a state, elsewhere
g is a Rabi frequency. This is needed for clarity.

Eigenstates of Qo = {?4,_. -+ ﬁ[ "
State Energy

le,n) Boton + 3 Broug,
19n+1> Lo (n+1) - ';:’&Nz;




Quantized Light — Matter Interactions

Heogs ~0)E 6}. &1— ef (Wt )E

—i(wyt)E QD A+ —r(wu w)-L—)

HAF = £g (Tz0e

4 W,_ﬂu +%-4 2
RWA and resonant approximation
- -
Jaynes-Cummings Hamiltonian
Hy =, = ﬁgtmo\e"’tar—w Ote _'r
A=Wy~

Important: Change in notation

For the remainder of this course we change indices

1 to g (ground state) and 2 to e (excited state). Thus a
g appearing inside a ket refers to a state, elsewhere
g is a Rabi frequency. This is needed for clarity.

Cavity QED version of the Rabi Problem

[Y(0)> = [e,n)
%) > = 8”“ [g nt> +Cp 0 le, N7

Matrix elements
<en] QA-plg,MO = ﬁ%WZ;At
<g, VH"[HAP e ny = 7&@\174? ~ 18t

P

Eigenstates of Qo = {:\4,_. + ﬁ[ "
State Energy

le,n Boton + 3 Brovy,

g n+1> Loo (1) - l,_igtwl,

Schrodinger Equation

4 & (‘%-WH) =

odt \ Cen
Byl (fae < )(30)
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Cavity QED version of the Rabi Problem

[%(0YS = le.nS
(%) = Co, net [q,ut7 +Cy , le N>

Matrix elements

<e.,wlﬁpfplg,n+z> = ﬁcéme;&b
{g,nel| ﬁp,p[e-,"o = ﬁgmef“%

— -
Schrodinger Equation
4 A (C%.wﬂ) :
ot \ Cen
D ~ (Dt ¢
Byl (o, (o)
g\fﬂ\: o Co

: : -0t
Cgmer =—QNatte Gy

ée'n =- ig\i"lﬂ Q,lA-bC%(y]-[:‘[

1ot
Substitute C8 a1 > Cer Copn > Coe

Looks exactly like Semiclassical Rabi problem

Solve for Cglo)=0, ColO) =1

——
" A 1At
Ce'm['é):[c S(S}j,) "___(T 'VI('“"”'L_)]Q /2
. 20Wm¢ Naty -~
Coneq=—v "%'5%:"3 (";:)Q 5L

Q= (Ugtm) ¢ a2)A
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‘ Rabi Oscillations
-1 DL

C%,V\'H = “"l% ne1 e Ce.n

: ’ o (Rt o
Ce,m';“lgmeta-bcgmu Toln)= cos ( )+ ( SSnl( "”)

Lfg (VH"I o (Nut
ot GDC 20 ( )

Substitute C%.,,H1 - C,%, Con— Ce

Looks exactly like Semiclassical Rabi problem

Solve for c%(o\=o y GoY=1 Example: A=0
i 1
B
I A 1AL
Co nlb)= [c s 1&) i m(-“"*)]e' 2
29WEr . Qb —iOEf) [@M'
¢ =-i S —sin(==)e 0 | | > 5.
Q1™ T, ( 2% ) n 27 i
Q= (Ughm) ¢ ax)
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Vacuum Rabi Oscillations

If 1%(0)> = [e,0> W no photons in field
yet [e 0> evolvesinto 9,4

Uniquely QED phenomenon!

{ le,n=0>—> 13 n=1>
Asymmetry
g n=0>—Ig n=1>

holds germ of Spontaneous Decay!
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Next: More Cavity QED

Vacuum Rabi Oscillations

If 1(0)> = [e,0> ®» no photons in field
yet le 0> evolvesinto [9,41>

Uniquely QED phenomenon!

le,n=0> —> 13 h=1>

Asymmetry {
g n=0> > Ig n=1>

holds germ of Spontaneous Decay!

What happens with a Coherent State

(Quantum-Classical correspondence)

2-level atom

Single cavity mode

in the Cavity mode?

Initial atom-field state:

[Y(0Y)= |

/

atom

field

From Rabi solutions: A=0 ®»

C

"

= cos(

St

2

s

10

%>®[p(> =2Cnlglm)’ cn = e‘;‘,luu%
"
) ’ C%'n-i = 'igfm (&;'t)
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Today: More Cavity QED
2-level atom
®
A Single cavity mode

What happens with a Coherent State
in the Cavity mode?

(Quantum-Classical correspondence)

Initial atom-field state:

s

(20 = 19> (&> => ¢, lg,u>,C, = e—%‘m"%‘,
"
atofv Y>e|d
From Rabi solutions: A=0 %
Cqun = c°§(‘&;,—t) % Cyn-g° ‘fgf”(&;,t)

Therefore uncoupled

Y)Y =C, 19,05+

f Cy [cos (&,ﬁt)lg,n% BN (—Jli;"—t) le,m-o]
n=l

Consider the Atomic Excited State Population

<
@eh’:) = o(%_',,, 2 Z [<e,n 1t S>I
n=o

11
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— Poisson weighted average of sinusoids
— Sinusoids gradually dephase over time

e

Collapse of oscillation amplitude

P(n) Frequency domain

A
—> «— 3N
 — — A
|l|| £ | I il )—Q-n
n
r% Time domain
1-1‘6 + >
— <« %,
4/,_..
> 1

Py(1)

0.8 ¢

0.6 :

04 i Il

0.2 H

0.8

0.2

Numerical examples

10 15 20 25 30

12
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— Poisson weighted average of sinusoids
— Sinusoids gradually dephase over time

e

Collapse of oscillation amplitude

P(n) Frequency domain

A
—> <50
—)\ <« AR
o1 Il £ | I il S —Q-Vl
n
r% Time domain
1-1‘6 + >
— <« %,
4/,_..

Use An=Jn ®» Af~ AN =805 &

*’tc‘:'.aj:—nev 1 fv'-/]‘

1gVa Vs ~ 29Va -5 Ti?x
for n » i
Rephasing: when (5 .~-0 5 )t = 1Twm

Similar arguments -> Revival time

L AT, 2w
LY q

13
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— Poisson weighted average of sinusoids
— Sinusoids gradually dephase over time

e

Collapse of oscillation amplitude

P(n) Frequency domain

A
—> <50
—)\ <« AR
o1 Il £ | I il S —Q-Vl
n
r% Time domain
1-1‘6 + >
— <« %,
4/,_..

Use An=Jn ®» Af~ AN =805 &

S | 1 1
Te*An" 0

1gVa Vs ~ 29Va -5 T‘L‘Zx
for n » i
Rephasing: when (5 .~-0 5 )t = 1Twm

Similar arguments -> Revival time

L AT, 2w
LY q
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Use An=ln ®» Af~ AQp =805

G~

rt - .—1'_ - fv-i
an 1gVa s ~ 19Va V& Ti‘a

for n » @
Rephasing: when (5 .-0 5 )t = 1Twm

Similar arguments -> Revival time

L Ur 2w
T sn q

Collapse & Revival Dynamics

- .
Pure Quantum Phenomenon

(“graininess” of photons)

Classical limit 1 2%~ © t. >0
A_é)-m >0 B Nz%O
~ well defined

e

= 2q07 - Tutfebelm | Ak

£ /&A

Classical Rabi frequency

mean field {KE)(E LD

15




“Bare” states (=0, eigenstates of Ho)

Quantized Light — Matter Interactions

State

Ig,n>

e, n-1>

Fon™"

Ee,w ol

Energy

i’rwu
%w.u

+ ngw

& (n-1) Ared

Imagine we can tune ¢,

Energy level diagram

E
I\

le,1>

le, 0>
\g,2>
19,17
» (o,
19,0>
(n=p  13,0>
Crossings @ (v = Wy, N=1 5‘%‘1% [e,o)}
are degeneracies of n=y {l > fe 1}
pairs with VI shared - 347, 1€,
excitations
Wl {19,n> le,n-17]

16
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“Bare” states (g =0, eigenstates of ;) eigenstates of

“Dressed” states { N A

State Energy H=Hot Hye

i’fw A
13N> By n=- ¥t nho Structure of H

5%00 1x1 block
e -1y By =5 JUIEN i Ko

o}
A -~ )
Energy level diagram H= H ~
E o1 H" > 2x2 blocks
[

Can write this on the form

——————————————————————

~ |10 ‘ -hak &gin
Hw_[o JM'Q%‘)'F[:&%W» ﬂA/ﬂ]

f

17
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“Bare” states (g =0, eigenstates of ;) eigenstates of

“Dressed” states { N A

State Energy H=Hot Hye

i’fw A
13N> By n=- ¥t nho Structure of H

5%00 1x1 block
e -1y E, =2 +(-1)de rgl "

o}
A -~ )
Energy level diagram H= H ~
E o1 H" > 2x2 blocks
[

2 avoided
i%w """"""" "€~ ‘rossing

) le.0>
83> Can write this on the form

~ |10 ‘ -hak &gin
Hw_[o JMTB)&WF[:&%W» 76\,6/9_]

f
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“Bare” states (=0, eigenstates of Ho)

State Energy
3> Eyn™" g‘—""" + ey
-1y K, = %“‘” JEEDE N

Energy level diagram

E
A

2 avoided
i%w """"""" - ‘rossing

C
19,27
t avoi '
:T_’%W - ..'.“‘(—'c'rvfs'sc}fl%“

eigenstates of

“Dressed” states { N o~ A
H = H0+ HAP

Structure of

7N
H
l 1x1 block

i

)

T>
M
=

AN

Hy

> 2x2 blocks

Can write this on the form

~ |10 ‘ -hak &gin
Hw_[o JMTB)&WF[:&%W» 76\,6/9_]

f

19
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eigenstates of

“Dressed” states { N A A
H= Hyt Hyp

Structure of

A
H :

1x1 block
"4

i

o)

T>
n
=

A
H‘L
> 2x2 blocks

Can write this on the form

Eigenvalues E, = (ﬂ-—i)?ﬁwt%\fqumm‘l

Eigenstates

> =g (%) > + 84(8 )25

=== o Sog a4 ur (g ety

ALo
L for ASO —T

Mixing angle  +ny O, = ~ 29

A

~ |10 ‘ -hak kgin
”"’[o J(”’iwwlﬁgw mxz]

!

Energy Spectrum?

20




The Jaynes-Cummings Ladder

nerey e ang
hf ) —— WD —_—
1,3),12,2) 12,2)
—h@ -------- Attt ettt et ettt ettt ittt
13) ——
EAY -_— )  —
hao \/_
2\2hg 2\/3hg
hA 3
oD ; |+’1> ; |+,1>
11,2),12,1) ;
f— a) ———————— + ————————————————————————————————————————————————————————————————————
11,2)
’ ' DT D) ——
ho
hA 2hg 22hg
. I N S —
1h 11,1,12,0 12,00 I+,
J— a) ————————————————————————————————————————————————————————————————————————————
2 LD - 1)
A) =—— A =D —_—
0 b— ho
AA/2 hA/2
Ay, o ek i S
2 1,0 = 11,07 1,0) ——
g=0,A=0 g=0,A>0 2>0,A=0 g>0,A=2g




Vacuum Rabi Splitting

Consider the following experiments

empty Cavity

—

Cavity + Atom, A =0,

one collective exciation

Cbp»{\_'/)»'l— wp»(\g_/)»’r 2hg

transmission

|
JL

I

A

\/\ I+, J—K

transmission

2>0,A=0

L

(\)
0Q
5

] > (9
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Fluorescence - Mollow Triplet

For the coherent state () let the mode volume \/. and mean photon number {§ go to infinity
s.t. Vx n ~ constant. Then g ~ constant, and thus = L‘SQ (Wv%ﬁ)-f- At~ LFQLW"* a* .

|+,1)
|_>n>
|+,n—1)
|_’n_1>
ho
1719)
Y 4,n—2)
B
A
* |_>n_2>

23



Vacuum Rabi Splitting

Consider the following experiments

empty Cavity

—

Cavity + Atom, A =0,

one collective exciation

Cbp»{\_'/)»'l— wp»(\g_/)»’r 2hg

transmission

|
JL

I

A

\/\ I+, J—K

transmission

2>0,A=0

L

(\)
0Q
5

] > (9
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