Quantum States of the Quantized Field

Squeezed States

Minimum uncertainty states w/assymmetry

ARAY =y, DAXUW) FAY)

JdbY
N
I
L

Phase Squeezing

Amplitude Squeezing

Requires interaction with Nonlinear medium

Odds and Ends — Thermal States

- SPmimxn= 1S o T inxn
n n
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Quantum States of the Quantized Field

Odds and Ends — Thermal States

Z="Tr[e” ﬁ/"'eT]

/.
2= > Pminxn| = E'L/Ze‘ En kg 10 Xn |
n n

=(1-9) D> a"InXnl, Q=¢"

Boo/ kgt

Mean Photon Number:

n=Tr(gN) = kilt-g)ahInXnIN &>
fe,n

= (4-9;)qu"'=-9'—
n

1-g

Photon Number Uncertainty:

(,:)L> = (1-9) anqm - 91_[_9

(1-4)

»

P?+q 9t 9

» Ant = (N -<RYE

(1-9)  (t-9)*  (1-a)

n= __?'___ Coherent State

4.._q Iimitl
An-= Ve =Vt 2R

Optical Frequencies, Room Temperature:
A=A wm T=%0K
Q:=65x%10"" H~1p=6
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Quantum States of the Quantized Field

Odds and Ends — Quantum-Classical
Correspondence

Define a Translation Operator

A > _IEN ~Wta .
“ - + "~ o
-r;‘['t) € "h-xe 7 A D("KQ :wi)

i
Q

Use [6\, ﬁ(0'1")] = dF (&™) /da" to show

[6,T,] = 6T T = —ae™ ™t T

From this we get
(1) Field Observable

\ .
- A A A A i h¥
EL=TuB, T = T80 Tre )T
! ' 1.—-
= £,00®F Hc goxe "t e
X

C
= E_L"' EJ_LU’C,-I:) (2) Classical Field

(3) Field Observable

We also have [4'(4)) = '!10( (&) =07

Action of the unitary transformation T [4)

A r'S ~ n

B, =T WE T = ﬁf B (x4)

1% (£)) = T () 1K) = 16D

P

We can work with

A\

E, 1> or é_,_-—l-Ef_l(o(‘-t), 0>

Validates Semiclassical Optics
for strong Coherent Fields!
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Quantized Light — Matter Interactions

General Problem:

Quantized Modes
Of EM Field

Quantum

Atom H

T

Electric Dipole
Interaction

Starting Point: System Hamiltonian

(= HeaH,+Hy, (1)
e 2 A, (O azf ' Field
2

Ha=Y ELiXi[=2€,G;, Atom

E.' , |1 :energies, energy levels of the atom

Dipole Operator:

@) [ 4 2 ANl 2 4TS,
wy) 1, o

Field Operator:

- -> > "
E“‘(’“X-'Zarzéz%wl?)*H.C. e ﬁdf
R -~ 0

2 polarization modes implicit

Pin down atom where /ULICF) =4
®

— anywhere if /ULICF) =gl

then where

- if MgCF)= Sin(R) ) por. g

P

(3) | E(F) = Et)= %zﬁgz (Gy*G5)
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Quantized Light — Matter Interactions

Dipole Operator:

(2) | 4= Z’ﬁ;g“xé[ =%/ﬁié€~i&
wy) l, o

Field Operator:

ElFt) Zaﬁzazmﬁmm C,, &=
\

2 polarization modes implicit

Pin down atom where M;@CF) 1
®

-

— anywhere if M;QCFFC'&‘ r

then where

- if AglP)= Sin(R2) o rpor o g

ﬁ

ey

28,V

(3) | EF) =ER = % £4€4 (Gy+a5%)

Combining (2) & (3):

Har =Z_ %"Rg 'Z‘ﬁé;@ 6‘?,,‘ (5\:@ +&%\
"2 23’0y (8 + o)

where gg) /{p"’;—:ﬁé:ﬁ

Rabi Freq., note sign convention

2-level atom ®» CQ;\—*(!,Z):

Har B % (9384 94 S5 (03+053)

Define: Pauli matrices
Ty = Ty, = [2X1] ] Ty = + (05 +52)
T =G, = 11X2] . Ty : (51—“‘3
A;f 6% = [LXef - [1X1] | i
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Quantized Light — Matter Interactions

Combining (2) & (3):

"Z 2 Hg3{ 0y (8 +03)

. &
where %EE) :lp"/ﬁ—z&z

f

Rabi Freq., note sign convention

2-level atom ®» U,;\—"(l,Z):

Har A3 (98,4646, ) (340

Define: Pauli matrices
Ty = Ty, = [2X1] Ty = + (05 +G2)
T = Gy = 11X > T ¢ (00
,3_ 619 == [1Xal - 11X1] | 6'&

With this notation (4)

A _ A A A A A a A A
a3 (g3 640q+ gyt gy r gy
Energy conservation?

~—
HAF = ’&% (gzei.az "'qu‘: 5%3

Putting it all together

LY " A

'f'H&"I‘ HAF = (5)

H-H
Z&Nz azaz"'—/ﬁwzfvé-l'Zk(ng az"'gz@ 023
e

We changed the zero point for energy by subtracting

Z.;-_-%cw;; and - (E,-E,)

fe field atom
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Quantized Light — Matter Interactions

Combining (2) & (3):

"Z 2 Hg3{ 0y (8 +03)

. &
where %EE) :lp"/ﬁ—z&z

f

Rabi Freq., note sign convention

2-level atom ®» U,;\—"(l,Z):

Har A3 (98,4646, ) (340

Define: Pauli matrices
Ty = Ty, = [2X1] Ty = + (05 +G2)
T = Gy = 11X > T ¢ (00
,3_ 619 == [1Xal - 11X1] | 6'&

With this notation (4)

A _ A A A A A a A A
a3 (g3 640q+ gyt gy r gy
Energy conservation?

~—
HAF = ’&% (gzei.az "'qu‘: 5%3

Putting it all together

LY " A

'f'H&"I‘ HAF = (5)

H-H
Z&Nz azaz"'—/ﬁwzfvé-l'Zk(ng az"'gz@ 023
e

We changed the zero point for energy by subtracting

L 59[
I - 5 MRy,
> Lhug and L (E,-E,) %:
Lo field atom o My

75




Quantized Light — Matter Interactions

Interaction with Single-mode Fields

Good approx. in small, high-Q Cavity
Gaussian beam mode
Sl > A
9
ﬁ-ﬁ -
lap| > A,,, &
At,gm %& U
(—100/440\4—)

Single-mode (Jaynes-Cummings) Hamiltonian

[ = i e g oy, S + g (€, 46 ) (A2

J/

~N"

Ho HAF‘

Foundational result for
remainder of the course
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Quantized Light — Matter Interactions

More about Single-mode Cavity QED

e O O]
H, Har
For simplicity /ﬁl, = 'fl;g. " %" 3?&

[}
Note: H,. conserves excitation number,
couples 12 n>e[1nt1)

-

Series of 2-level systems, one for each n

All 2-level systems are alike

Rabi problem!
switch to Int tion Pict . Sakurai page
witch to Interaction Picture: 318-319
n i A )
" i=2t A -i=2t

H
1=2

[Bt)> > I i) =€ ¥ iy >

Can
show

e

IWaE A _-iwdtat
QA e =
- [A)u a M' "
i GtA -i— 0
2 z 2 z
G e
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Quantized Light — Matter Interactions

More about Single-mode Cavity QED

7&0\) 0Fh+ 3 gf‘*’u%*'ﬁ(%w * %ggﬁ‘ \(%m;@)

TR A W = W+ W) E
l IAF ;&ﬁ(ti.[.& e H:-I- U{_OL 122 wt )
+W 0\. i) PR AL (0] )

H, Har
For simplicity /—{l‘\zl"'flyg_ » %z=3§

[}
Note: H,. conserves excitation number,
couples 12 n>e[1nt1)

-

Series of 2-level systems, one for each n

All 2-level systems are alike

Rabi problem!
tch . ) . Sakurai page
Switch to Interaction Picture: 318-319
A iE—H: ” iPey |
Hs—=> Hy.=e® Hpee ' ®

H,
[Bt)> > I i) =€ ¥ iy >

RWA and resonant approximation

R

Jaynes-Cummings Hamiltonian

He Hm: il%(w+oxe'°t+v ote "?’E
4 =Wy -W

Important: Change in notation

For the remainder of this course we change indices

1 to g (ground state) and 2 to e (excited state). Thus a
g appearing inside a ket refers to a state, elsewhere
g is a Rabi frequency. This is needed for clarity.

Eigenstates of l:\-‘o = {tf,: + l?{ﬂ
State Energy

le,n Ton + i?&wz,
19.m+1) Lo (n+1) - —;;ﬁwy_,
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Quantized Light — Matter Interactions

1 [Wq_('l- D\)j 'b

l"[Ap ;&_5 (m& iy - w\-!:+ 6‘;_&*2

—i(wyt)E D A+ —-l(wu~w)-l,—)

+W0\, + Q-4

RWA and resonant approximation

-

Jaynes-Cummings Hamiltonian

4 =Wy~

Important: Change in notation

For the remainder of this course we change indices

g appearing inside a ket refers to a state, elsewhere
g is a Rabi frequency. This is needed for clarity.

1 to g (ground state) and 2 to e (excited state). Thus a

Cavity QED version of the Rabi Problem

[%(0Y> = [e,n)
(%) > = Cg.wﬁ [g, nt> +Ce 0 le,nD

Matrix elements
<enl If{p,plg,mo = ﬁzéme;&_
L et Hyele,nd = ;&gW alis

P

Eigenstates of Qo = {:\{F + ﬁIA
State Energy

le,nd Bown + £ By,
19.n+1> Fovo (141} - £ Hicoy,

Schrédinger Equation

4 & (‘a.w'«') =

ot \ Cen
D Bt ‘
hgdnrl ( ¢ )(C%""“)
0] Ce N
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Quantized Light — Matter Interactions

Cavity QED version of the Rabi Problem

[Y(0)> = le.nS
(%> = Co,net [qnt>+C, , len?

Matrix elements

eI Haelg, n+1> = ﬁg\)’n‘?e;&b
{3, net | Hyple, > = 7%@\17/? nlis

‘
Schrodinger Equation
g O Cg,m-l):
! OH:(C‘—e,n
D -t C
Byl (o )0
gm o Ce

: . oy
Cgmtr = “‘%\‘”“ e G

ée!n =- i%\‘i'/"l'l Q,lA-bC%(yl-H

ot
Substitute C8 a1 > Ce v Con Coe

Looks exactly like Semiclassical Rabi problem

Solve for Cglo)=0, Celo)=1

s

_“m‘t') IASHA

Centd)" [c N (.u.d,- ] o Ath

rl -ﬂm'b ‘-;
gm+1"" b i S"(";:)Q &2

Q= (ugtm+) + A% )2
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Quantized Light — Matter Interactions

- . -int
Camer =—10Nuei e "° Gy

ée_!m = - ‘l%\""lﬂ Ql ot C%(Vl'l:‘l

Substitute Cg,ku —> C,%, Con™ Ce.e/mt

Looks exactly like Semiclassical Rabi problem

Solve for C%(OS =0, GY=1

o —

Rabi Oscillations

/P (n)= Cos"(ﬁ"t (Jl SSml(&“"”

//)C ’-[9 (n+1) mg_(.ﬂm'f?)

n?

Conlb)= [C s(&"t) ,A $IM (‘““”’L_)] Q’M:/Q
Coneq=—1 ﬂ?“"({}{f) &AL

Q= (ug () £ A2

Example: A=0

B

Gg[n)'
0 | | > Ot
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Quantized Light — Matter Interactions

Vacuum Rabi Oscillations

If 1(0)> = [e,0> ®» no photons in field
yet [e 0> evolvesinto I3, 1>

Uniquely QED phenomenon!

le,n=0> — I3 h=1>
Asymmetry
g n=0> > Ig,n=1>

holds germ of Spontaneous Decay

Next: More Cavity QED
2-level atom
-
A Single cavity mode

What happens with a Coherent State
in the Cavity mode?

(Quantum-Classical correspondence)

Initial atom-field state:

[0 =150 XD
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