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Quantum Electrodynamics — QED

Starting point: Maxwells Equations

Free Fields - Switch to Fourier Domain

(1) V- E(F4) = g—:e(?,ﬂ
2) v.B(F4) = 0
3) vxE(ft)= -2 B
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2 &-B(Rt)=0
3) ;Bx £k ="%@@1‘:)

r—o =0 Y 1 - -
(4) [k xBllert) =c'%§-t€f&t)+ E—o—é%(z,—é\

Implicit: Charges & Fields in Vacuum
No “medium response”

Same issue as with our introductory example:

Maxwells eqgs are non-local

—_-

We need to put the classical description
in proper form -> Normal Mode expansion

- =  =>

VG k-4

Fourier Transform: - - em
ViG & ikx b

Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different [
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Free Fields - Switch to Fourier Domain
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Fourier Transform:
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Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different [

Separate into Transverse & Longitudinal Fields
gl t) - 2” B+ & A [y
Bl = Batlk) +B (k4 MEq (2)

(= Entirely Transverse

D~
—

-y
f,” is %: X the projection of € onto K
Note:

b —1'.;'( E"gf is the projection of i’f onto K
‘-V
.y kit 2 3
([ 'ﬁ:g’u —"0;("5 : g) = E;Etgw,él
Coulomb field from the charges
‘-V

— )
Only £J_and ‘BJ_are new degrees of freedom

beyond the particles -> Free Fields




Quantum Electrodynamics — QED

Separate into Transverse & Longitudinal Fields
Elt)= &, () + & (B9
Blles = WB—FQ (k4| MEq (2)

(= Entirely Transverse

= 7 -
£” is % X the projection of € onto E
Note: . R
)
f,”=—~é;'r .£ is the projection of € onto K
P MEq (1)

e . ke _% 2
Ll p(-1i% g)- Ly on

Coulomb field from the charges

g

> i)
Only £Land ‘Br,_are new degrees of freedom

beyond the particles -> Free Fields

Egs for Transverse Fields, from MEqs (3) & (4)

=3

(5a) 2 Bekd) = ~ix E, ()

(62) - 2 (B4 = c*iBExBlke)- 5 5 (B

- inverse FT

(5b) 0% B(*1) -~V E L (78

(66) 2 E (F1)= ctoxB(P4)- 2] (Fd)

combine (5b) & (6b)

Wave Equation for the Free Fields
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Egs for Transverse Fields, from MEqs (3) & (4)

L B

sa) & Bkt = - x E, ()

(62) - 2 (B4 = c*iExBlke)- 5. G4

(
]

- inverse FT

(5b) 3% ﬁ(v""ﬂ =—~Vx El(\'r’,f\

60) 2 B, (P\= clOxBIP4)-7 ] (Ft)

Normal Modes ina 1D Cavity

[RTaN

Normal Modes are Standing Waves

Length [
Cross section A
Volume V=LA

fiducial

> =
Let E(2t)=E, E (21) andexpand ™%

l

(7) E, ()24, (b)sin ;) , Ay= [ 28
)

£,V

combine (5b) & (6b)

Wave Equation for the Free Fields

MEq (4) w/no charges

vxB-L 2 E(P1)=E C,LZ A;9.6) sin (st )

-2, - %)

£3 transverse B f_?,2 =0
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Normal Modes in a 1D Cavity

Length L

standing wave

Cross section A /\\/%
Volume V= L4

Normal Modes are Standing Waves

— -
Let E(24)=E&, E_(24) andexpand M3

fiducial

(7) E (24): §A 0,(b)sin &2}, Ay 1‘2‘\/

l

o

MEq (4) w/no charges

-2 £ (P4) = gxl'E'LZA q.[4) sin eyt )

]

£3 transverse B F_?,2 =0

From Eq. (5a) we see that

BLEE, » Bri)-& 5 By (20)

Putting this together we get

2 A |
- —Zézig g (£) Sin (4;2)

-

(8) B%(Q--D Z ﬁ?dc-‘ é_a-(UCOS('%%)
J

Hamiltonian (Energy) for the Classical Field

- %’5 Ld%(lEl NRE

L 9 .
8 3 [ 4ot int (a2 (e cost (R

o J )
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From Eq. (5a) we see that Integrating over the Cavity volume

L L
. 2 - Q -V
BLEE » Bz)-E ) Bn (2) Hfod%m (£;2) —/-\Ld%cos (8:2) =Y
. . 2 ‘).w?m
Putting this together we get and substituting ﬁd' - —?{/—& we finally get
0y A; . 0
—)—1— E 'Z-C—')Q %('ﬁ) Snnl}hd-%)
¢

_ L3 20% L Lo Q)
%‘2[1"’4%%*1’”0%]
9

P

Lagrangian for the Classical Field

L
g- %“-‘-f ds (cMBI*- IET)
(v)

8) By(24) = p £:q. Wicosty)
g d

- L A I | S h
Hamiltonian (Energy) for the Classical Field - Z [1_ W'J‘er - '9:""5 W Q-d‘.]
ioA ‘( ~A
= 22 {43 (1E* + Y R)?) =
2 o ( | ) Checkdag~age =0 ®» qr+ =0
dt 3g; 9%, %

€0 Jo\}ZlA qté] Sin*( £ ;)-r,_oq (£)* cog* (fy2) :
: o Jd ] (v& é-q_'a_'t,_\E( .E =0 » Q;*W}QJSO
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From Eq. (5a) we see that Integrating over the Cavity volume

L L
. 2 - Q -V
BLEE » Bz)-E ) B (2) F’fod%m (£;2) —/-\Ld%cos (8:2) =Y
. . 2 ').w?m
Putting this together we get and substituting ﬁd' - —?\7& we finally get
0y A; . 0
—.5';— E 'Z-C—; %('&) Sml&d%)
¢

_ L3 20% L Lo Q)
%—lemﬂﬂs*z”o%]
9

P

Lagrangian for the Classical Field

L
g - %:“-‘-f dy (c*(@*- 1EIY) |
0

8) By(24) = p £:q. Wicosty)
g d

- L A I | S h
Hamiltonian (Energy) for the Classical Field - Z [1_ W'a‘grj - '9:""5 W Q-d‘.]
ioA ‘( ~A
= 22 {43 (1E* + Y R)?) =
2 o ( | ) Checkdag~age =0 ®» qr+ =0
dt 3g; 9%, %

£ Jo\}ZlA 9.1 \ein (B ;)-r,_oq (£)* cog* (fy2) :
: o J ] (v& é-q_'a_'t,_\E( .E =0 » Q;*W}QJSO
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Integrating over the Cavity volume

L L
Adrsint ) = f g2 cos™(8,2) =V
Y (v

)
2_ . M.
and substituting ﬂd- = —d—d we finally get

£,V

S limetatedim-qr
X - Z[’-mawégfé N 1mogf<s]
9

Lagrangian for the Classical Field
L
L= -’:gl] dy (c*(@*- 1EIY) |

0

= > e m-ar-Im.aigt
Z[ﬂ—w'aqd iw'awagq]
¢

A 0% of _
dt 3g; 99,

—Li\g (T =0 » Q-+w¥q. =0
crott) —Lt ¢ d 4T

Check

[ X} ’_
O » q_$+wd‘q_i:0

(vt

And Finally:

Conjugate Momentum /rld CE— = M-

As before, a collection

of Harmonic Oscillators,

ready for quantization
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