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Note: This problem covers the generation of coherent states based on the radiation from a
classical dipole. Completing it is voluntary; you are encouraged to attempt it and should at least
check out the 'official" solution set below. Whatever you choose to do, the problem will not count
towards your homework score.

Consider a single mode of the electromagnetic field, coupled to a classical dipole d(r) located at

z=0. As discussed in class, the Hamiltonian for this system can be written as
) d(t)E
A (1) = hao(aa+1/2) + hA()a+a*), Ar) = _%

In the following, work in the Schrodinger picture.
(a) Calculate the commutators of @ and a* with H(z).

(b) Let a(t)=(y(t)|a|y(t)), where |y(z)) is the normalized state vector for the field. Show
from the results of (a) that

%a(i) =—iwa(t) —iA(t)

Integrate this differential equation. At time ¢, what are the mean values of the quadrature
operators X(r) and Y (¢)?

(¢) Let |@(t))=[a-a)]|y(t)), where a(t) has the value calculated in (b). Using the results
from (a) and (b), show that

ih%l(p(t)} =[H(@)+ho] )

How does the norm of |¢(z)) vary with time?

(d) Assuming that [y(0)) is an eigenvector of @ with eigenvalue a(0), show that |y(z)) is also
an eigenvector of a, and calculate its eigenvalue.

(e) Assume that at =0 the field is in the vacuum state. The dipole radiates between times 0
and T and is then removed. When ¢>7, what is the evolution of the mean values

(W)X (@) [y(1)) and (y()|Y () |[y(1))?

(f)  Assume that between 0 and T the dipole oscillates so that A(f) = A, cos(w't). Derive an
expression for a(T') as a function of Aw=w —. Sketch the variation of |a(T) versus
Aw. Discuss.

(Adapted from Cohen-Tannoudji’s “Quantum Mechanics”, Problem 6, p. 636)



A bit of helpful math for Problem III

The linear first-order differential equation

% + p(x)y = q(x)

has the solution
y(x) = e‘””[f CePtg(x')dx' + y(xo)e”““)]

where P(x)= f p(x)dx is the indefinite integral and y(x,) is the boundary value required to
uniquely specify the solution y. The factor e”*) ensures proper behavior for g(x)=0. That

this solution is valid is easy to check. For a derivation, see e. g. Arfken, Mathematical Methods
for Physicists.

In problem III, substitute x =17, y(x) = a(t), p(x) = iw= e "™ = ¢ and g(x) —iA(t) to get

alt)= e [ e ia(e)de' + ety e |



