318 Approximation Methods

The Interaction Picture

Before we discuss the differential equation for ¢,(¢), we discuss the
interaction picture. Suppose we have a physical system such that its state ket
coincides with |a) at z =1,, where ¢, is often taken to be zero. At a later
time, we denote the state ket in the Schrodinger picture by |a, ¢; ¢ ), where
the subscript S reminds us that we are dealing with the state ket of the
Schrodinger picture.

We now define

lo, 13 1y, = ' e, 103 1), (5.5.5)
where | ), stands for a state ket that represents the same physical situation
in the interaction picture. At t =0, | ), evidently coincides with | )¢. For
operators (representing observables) we define observables in the interaction
picture as

A, =ehot/hy e iHot/h, (5.5.6)
In particular,

V, = e'Hot/hye=iHot/h (5.5.7)
where ¥V without a subscript is understood to be the time-dependent
potential in the Schrodinger picture. The reader may recall here the connec-
tion between the Schrodinger picture and the Heisenberg picture:

la)y =e i/ Mo, 1o =05 1)g (5.5.8)

Ay=e/ T agem /P, (5.5.9)
The basic difference between (5.5.8) and (5.5.9) on the one hand and (5.5.6)
and (5.5.7) on the other is that H rather than H, appears in the exponen-
tial.

We now derive the fundamental differential equation that char-

acterizes the time evolution of a state ket in the interaction picture. Let us
take the time derivative of (5.5.5) with the full H given by (5.5.1):

d ., .
ih e, o; t),=ihE(e’”°'/"|a, to; 1)s)
=— Hope'/ Mo 1 t)g+ e/ (Hy+ V)|, 1g; t)s
= e/Mot/ My iHot /Rl /Rl 105 1. (5.5.10)
We thus see
ih%]a,to; 1y =Vila, 1g: 1)), (5.5.11)

which is a Schrodinger-like equation with the total H replaced by V;. In
other words |a, t,; ), would be a ket fixed in time if ¥, were absent. We
can also show for an observable 4 (that does not contain time ¢ explicitly in
the Schrodinger picture) that
dA,
dr
which is a Heisenberg-like equation with H replaced by H,,.
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TABLE 5.2

Heisenberg picture Interaction picture Schrodinger picture

State ket No change Evolution determined Evolution determined

by V; by H
Observable Evolution determined Evolution determined No change
by H by H,

In many respects, the interaction picture, or Dirac picture, is inter-
mediate between the Schrodinger picture and the Heisenberg picture; This
should be evident from Table 5.2.

In the interaction picture we continue using |n) as our base kets.
Thus we expand | ), as follows:

la, tg; ), = 2 ¢, (£)|n). (5.5.13)

With ¢, set equal to 0, we see that the ¢, (¢) appearing here are the same as
the ¢, () introduced earlier in (5.5.4), as can easily be verified by multiply-
ing both sides of (5.5.4) by e "o/* using (5.5.2).

We are finally in a position to write the differential equation for
¢, (¢). Multiplying both sides of (5.5.11) by (n| from the left, we obtain

L d
lhE<n|a, to:t); = 2 AnVyimY{mla,ty; ). (5.5.14)

This can also be written using
<nleiH01/flV(t)e-—iHot/h|m> — I/nm(t)ei(E,,—Em)l/h
and

c, (1) =(nla, to;1),
[from (5.5.13)] as

ih%cn(,) =YV, el (1), (5.5.15)
where :
o, = KFL; E,) __ o (5.5.16)
Explicitly,
f ¢ [ Va Vige™ o ] (1)
i zj _ Vyeont Vn Vi, . Z . (55.17)

) ; : Y
This is the basic coupled differential equation that must be solved to obtain
the probability of finding |n) as a function of z.



