Quantum States of the Quantized Field

Odds and Ends — Quantum-Classical
Correspondence

Define a Translation Operator

o EA  SiEAL :
Tult) = X & *7xe 0. ploxemivt)
This translates a coherent state to the vacuum

S

KLY
We can use the relation

.o

A 2 AN DA ~Wwt
[Q,To&] - &TO‘-- | O\ = —XQ T

[, F(@H)] = dF(a")/dGh

to show that

We can rearrange and show that
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—

L, 0= 0T, toe ' VET,

ot [»S
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5\7;4- - 0\+o(e~lw‘f:

X

C-valued dimensionless
Field Observable field amplitude
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From this we get

T & T =1 (E aeﬂﬁ Hc)’r+
\_ﬁf_J

A

New Field CL Classical
Observable L EJ_ (o, ) Field

Overall, the unitary transformation 7, [4)
implements the map

N "

T E, T W* = E,+E% (1)

1% (4)) = Tt X)) = 16D

-

We can work with
"N

B, 1¢(#)7 or é_,_-\- Ef_l((x[-t) , 109

Validates Semiclassical Optics

for strong Coherent Fields!
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Quantized Light — Matter Interactions

General Problem:

Quantum Quantized Modes

Atom ‘ T ' Of EM Field

Electric Dipole
Interaction

Starting Point: System Hamiltonian

H o= He Hyt By (1)
He= %’BWR (0 Oe'h) Field
Ha=2 E 1iXi[=2E,G;; Atom
H&P =" 3" E(F,-b\ ED interaction

E: , [1) :energies, energy levels of the atom

Dipole Operator:

@) [ 4 2 ANt 2 4T,
wy) 1, o

Field Operator:

>, > "
Elr‘£\=Zeﬁ£Iazmz(P)+H.c,, £y= ﬁ“’@
L 0

2 polarization modes implicit

Pin down atom where /ULICF) = 4
®

=5

— anywhere if M;@CF)'-‘C'%'-
_ 3 . then where
—_ |f MICP - Sm(&%\ S;V'[/gl-‘l-\ - 1

P

(3) | E(Fe)=El4) = % E2€, (Gy+as)
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Dipole Operator:

(2) | 4= Z’F;J“Xé[ "%”ﬁié‘%f&
W) 1, o

Field Operator:

Et) zﬁﬁxz%”\z“’)*H ¢, &=
‘\

ﬁcw
g,V

2 polarization modes implicit

Pin down atom where /UL@CF) = 4
®

-

— anywhere if M;z(fzﬁe'h r

then where
- if /UL;;CP) = Gin(h2) SVI()&&\ -

g

(3) | E(Fe)=Elb)= % £2€, (Gy+05)

Combining (2) & (3):

where ;@Lg(j‘é) = Ti5Exéy

Rabi Freq., same signh convention as when
we first looked at the Rabi problem

2-level atom ® (1,3)=(1,2) :

Har: B % (940,+ 25 Sh) (g + o)

Define: Pauli matrices
Ty = G5, = [2X 4] T =+ (T3 +6)
T = Gy s 11X2] . Ty * (G;-(rx
t?%rﬁ'\;,—ﬁ:“ = [LXef - 11X1] | %
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Combining (2) & (3):

QAP =_Z %"ﬁq £y s Gt‘e‘ (0 * dg)
"2 S,

(04 +az\

where ;ﬁg(a T g:zgz

Rabi Freq., same sigh convention as when
we first looked at the Rabi problem

2-levelatom 5 (1,3)=(1,2) :

Har* B % (940,+ 25 Sh) (g + o)

Define: Pauli matrices
Ty = G5, = [2X 4] T =+ (T3 +6)
T = Gy s 11X2] . Ty * [G;-ﬁ*}
(?;__?GA;,—(%, = [LXef - 11X1] | %

With this notation (4)

Yoo A a A A a A ay
Hae = 7&% (9I®+02+M+M+ 949-03)
Energy conservation?

P
HAF = 7&% (QEC‘\L{.aI "'9:@(\6: 5%\

Putting it all together

" oY A

“f‘H&"f' HAF = (5)

o
%&Nﬁ 63051 ;&w,,vgz&*(g;@w Gyt94- dig)

We changed the zero point for energy by subtracting

1 79[
E I&W& and *—(El- E,) %2[' I
e field atom y Ny
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With this notation (4)

~ _ A a A a A A aj
HAF = 7&% (QIG{'QI-FM'FM-’- Sztaz)
Energy conservation?

— -
HAF = 7&% (gz&.{.az "'92(\61 5&%\

Putting it all together

~ Y A

'['Ha"f' HAF = (5)

H=H
Zﬁw’ﬁ a:@a'ﬂ-{. )&,NQ,W}E-{-Z?&(QIW Ayt Szé 5
e

Foundational result for
remainder of course

We changed the zero point for energy by subtracting
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Interaction with Single-mode Fields

Good approx. in small, high-Q Cavity

Gaussian beam mode

L > A
9
® L Y
lap| > A
At)t';m %&‘ ?'“X
(—’loo/u.m—>

Single-mode (Jaynes-Cummings) Hamiltonian

[ = Bro 618 4 oy 6 + g (& 6 ) (At

J/

~~ ~\

Har

°

Paradigm for spin-1/2 coupled to QHO
— Atom in high-Q cavity *)
— Quantum dot in high-Q
— Rydberg atom in superconducting pw Cavity

— Superconducting qubit in superconducting
MW cavity

— Superconducting qubit in superconducting
uw stripline cavity (circuit QED)

— Trapped ion with quantized COM motion *)

*) Nobel Prize in Physics 2012
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Paradigm for spin-1/2 coupled to QHO More about Single-mode Cavity QED

— Atom in high-Q Cavity * ~ A a s A a\ A a
) H:-ﬁb\) a.,-c\."":;'_%h’uqz""ﬁ(gzw_'_" %%Gf_\)(az'f'a;j)

Ho HAP

For simplicity zﬁllzflm_ . %z*ﬁ% ‘-.-.%2

— Quantum dot in high-Q Cavity

— Rydberg atom in superconducting pw Cavity

— Superconducting qubit in superconducting

Hw Cavity .
Note: HAF conserves excitation number,

couples 2 n> e[ net)

e

Series of 2-level systems, one for each n

— Superconducting qubit in superconducting
puw stripline Cavity (circuit QED)

— Trapped ion with quantized COM motion *)

All 2-level systems are alike
*) Nobel Prize in Physics 2012 Rabi problem!

Switch to Interaction Picture:

Y 2)D —> (1 B)) = et Y Le)>
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More about Single-mode Cavity QED

H —:&b\)a O+5 %w’_ﬁl—z"’j&(gzw*gﬁ@\(“ ;;)

J/

Vo V

Ha HAF‘
For simplicity ’ﬁmz'(ﬁm_ . %I=5§=%E

[
Note: H,  conserves excitation number,
couples 'l'ﬂ>€—’>[1(n{-1>

P

Series of 2-level systems, one for each n

All 2-level systems are alike
Rabi problem!

Switch to Interaction Picture:

Can 4 ae
ok show iZL Gt A

YYD = 4 H)D = e'€" 4,08)> | e * *qare T

ot A _-iwdtat _
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More about Single-mode Cavity QED

H —:&Na O+5 %w!,qz""ﬁ(gzw*gz@\(“ ;;)

J/

Vo V

Ha HAF‘
fie ® 92°92°%

For simplicity /ﬁll =

[}
Note: HAF conserves excitation number,
couples 12 n>e[1netd

P

Series of 2-level systems, one for each n

All 2-level systems are alike
Rabi problem!

Switch to Interaction Picture:

H

[Ule)> > [ D = € Iy )> |

N A I\.f 1 'k
HA;: 5&5 (W-I-O“ 'C"”” t"%+ LA z‘(""*‘*m
A -~ —1 —
+ ’ z(oo,,m){:{_E + 1{ Wy w)i—)

RWA and resonant approximation

P

Jaynes-Cummings Hamiltonian

H HA,: Jﬁ%(uo\e‘&+v Ote ""f”“)
A:‘w“"w

- n A N
Eigenstatesof H = H_+ Hy

State Energy
[2,n) wn + 3;2;%0\’&
11 ut1) Loco (1) - —,':7%3\,2,

10
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e = 43 (G B, § g e
. W 0\, :(wu+w)’b+ %‘. &4- —-I(Wu"bO)'I:‘)
RWA and resonant approximation
— —-—
Jaynes-Cummings Hamiltonian
= Hye = 331@(%:,0\2"‘*4- s ote "?’5)

n A "
Eigenstatesof  H = H_+ H,
State Energy
[a,n) Hwn + -,':?&cdy_,
L0t Fovo (1) - £ Hicoy,

Cavity QED version of the Rabi Problem

[%(0)Y> = 14,1
YYD = Cy peq [MFD +Cy 12,05

Matrix elements

{adnl QA-;:H n+t) = ﬁtémemt
{1, Mr[HAP Ln)= 7&%\1‘.4? ~18%

—_—
Schrodinger Equation
N (Cuﬂ-l) -
OH;‘ Cg_,l’l
D d ~ Dt C
&gm ( )( 1,mf1)
O Cz"/\

11
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Cavity QED version of the Rabi Problem

[Y(0y> = 14,1
YYD = Cy peq N3O +Cy 12,05

Matrix elements

<3.lVIIQA-P[1,W+'l> = ﬁgmemt
{4 gAP[l/”> = %gmef“&_

.

Schrédinger Equation

4 A (C‘I,M-I) -
OH;‘ Cy_,"l

7&3\)?’: ( D e ‘Af)(cq,mﬂ)

O Cg_‘l/\

-0t

Cf,VH"I '-:“‘{% ne1 e &

wn

Cg_'n = - igd"lﬂ e ot C'!(Vl'(:‘l

1At

Substitute C, nag = C,, , C2m > C,e

Looks exactly like Semiclassical Rabi problem

Solve for C,(0)=0, ((0)=1

-
Cynlb)= [c s(‘“"t)— —% Siw (-““*)] !

C1l'l+1

12
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Cavity QED version of the Rabi Problem

[Y(0y> = 14,1
YYD = Cy peq N3O +Cy 12,05

Matrix elements

<&lmlﬁkp[1,m+1> = ﬁgmemt
{4 QAPfl,W = %Q\WJ@"“M_

.

Schrédinger Equation

4 A (C‘I,M-I) -
OH;‘ Cy_,"l

7&3\)?’: ( D e ‘Af)(cq,mﬂ)

O Cg_‘l/\

-0t

Cf,VH"I '-:“‘{% ne1 e &

wn

Cg_'n = - Igd"lﬂ e ot C'!(Vl'(:‘l

1At

Substitute C, nag = C,, , C2m > C,e

Looks exactly like Semiclassical Rabi problem

Solve for C,(0)=0, ((0)=1

-

sz )= [C S(Sln'f;) :% m(.ﬂ.,fl:)] QIA'?E/Q

. 20 \T—l (.ﬂ-n'f:)

Crneq=—v '—-"“

13
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Cavity QED version of the Rabi Problem

[Y(0y> = 14,1
YYD = Cy peq N3O +Cy 12,05

Matrix elements

<9~¢”/Q;w[1,m+1> = ﬁgme;&_
{1, n#1] gAP[l/”> 3 %gmef“&_

.
Schrédinger Equation
Ma'o_\_ (C‘I,M—l) -
OH;‘ Cy_,"l
D d -t C
7&3\)!\1— ( )( 1."'“)
o) Cg_‘l/\

-0t

Cf,VH"I '-:“‘{% ne1 e &

wn

Cg_'m = - igd"lﬂ e o7 C'!(Vl'(:‘l

1At
1N+ - C1 ’ C2.rn > Ce

Substitute C
Looks exactly like Semiclassical Rabi problem

Solve for C,(0)=0, ¢ (oY= 1

-

sz )= [C S(Sln'f;) :% m(.ﬂ.,fl:)] QIA'?E/Q

2 \Tﬂ—;l . -“—n'b '—;
Crpneq=—y "%'_5;"3”'("{)@ L

Q= (Ugtm) ¢ a2)A

14
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Comtt "““%W@ Com

C == l%\‘]vl‘l'l c A-bC1(M.t1

Substitute C, ,., =~ C, , (), clef&t

Looks exactly like Semiclassical Rabi problem

Solve for C,(0)=0, ((0)=1

S

Cau )= [C S(Sln'f;) :% m(.ﬂ...'l:)] QIA'?E/Q

_e ?-%\Tvl—;l . (at '—;A‘ﬁfz
Copneq=—1 TSM(T)Q

Q= (Ughm) ¢ ax)

Rabi Oscillations

Bln)= con [ ZF) (D Ysint (2t

]

736 '-rg (w+1 (31..4,-)

_n_l

Example: A=0

15
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Rabi Oscillations

/P(m) Cos"(&"t) ( SSrnl(‘“""”-)

]

//3£ Lrg (w+1 (51,.4,-)

al,

Example: A=0

Vacuum Rabi Oscillations

If 1(0)> = [2,0> W no photons in field

yet |2 0> evolvesinto 11,1>

Uniquely QED phenomenon!

12,n=0) = 11, n=1>

Asymmetry
[11=0> — 11 n=1>

holds germ of Spontaneous Decay

16
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Vacuum Rabi Oscillations

If 1(0)> = [2,0> ®» no photons in field
yet |2 0> evolvesinto I1,41>

Uniquely QED phenomenon!

12,n=0> — 11 nh=1>
Asymmetry
[1,1=0> — 11 n=1>

holds germ of Spontaneous Decay

Next: More Cavity QED
2-level atom
@
A Single cavity mode

What happens with a Coherent State
in the Cavity mode?

(Quantum-Classical correspondence)

Initial atom-field state:

s

LN 1]
—+lx

(w0 = 115@ x> =D C,u11,u,C, = e
n

3R

atom field

From Rabi solutions: A= =

(—Q—nt‘ Nt

Crn = COS(=E) Cyn-g=-isin | :

17
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Today: More Cavity QED

2-level atom

Single cavity mode

What happens with a Coherent State
in the Cavity mode?

(Quantum-Classical correspondence)

Initial atom-field state:

s

_4 1]
—Llw

3R

[0y = [15@18> => C,11,ud,C, = e

7 N\N"

atom field

From Rabi solutions: A=0 »

Cion cog(&wt) ® Cyn-42 1 gm(&;,t)

Therefore uncoupled

[y =C, 1,05+

S e [cos (2t )i, n>- i sin (2L
n=l

Df} 12:1-13]

Consider the Atomic Excited State Population

o <0
Riz)= D Bz Kunlgedl®
n=0 ne=o
)
a))

= %olcmrlgzwl( ;’t)

= f ‘O;I:M Q_‘-WLQM"(‘D’;’t)
n=o

18
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— Poisson weighted average of sinusoids

— Sinusoids gradually dephase over time
B

Collapse of oscillation amplitude

Pw) Frequency domain
A
—>» «— >N
—>‘ — ASL
n

Time domain

R
3
-

4/2 -

+

<« %,

Numerical examples

19
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— Poisson weighted average of sinusoids Use AN=0n ® AN~ AD_ -AD- =
— Sinusoids gradually dephase over time Wi e
B
g - ~
Collapse of oscillation amplitude c An 2g Va+ig ~ 1g VA g T 29

Pw) Frequency domain
i for n » 7

—> «<— 3N
‘ AQ Rephasing: when (-0 ), = 1Uwm
e || + | s > N, Similar arguments -> Revival time
n
(F‘i Time domain to o~ UT Lmria
‘r ——
1d——+ > or 9
—> | {|<— %,

4/2 -

20
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Use An=Tn ® Af~ A =80, Collapse & Revival Dynamics
g
4 =L 1 1 Pure Quantum Phenomenon
R ORI T 1= £ 29

2gVaia ~ 2gV¥a-Jg T - (“graininess” of photons)

for n ™A@ [ 9->0 » =00

, Classical limit < &0 >0

Rephasing: when (5 .-0 5 )t = 1Twm A—-“&—bo o N0
_ 7]
~ - well defined

Similar arguments -> Revival time

e

T g——n % -.Qii' :?_QW: /r)q“.p—gag'e'\l—v-' = ﬁ-‘—E—

A / &
Classical Rabi frequency

mean field <K& E LD
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