Quantized Light — Matter Interactions

General Problem:

Quantum Quantized Modes

Atom ‘ T ' Of EM Field

Electric Dipole
Interaction

Starting Point: System Hamiltonian

H o= He Hyt By (1)
He= %’BWR (0 Oe'h) Field
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H&P =" 3" E(F,-b\ ED interaction

E: , [1) :energies, energy levels of the atom

Dipole Operator:
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Dipole Operator:
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Field Operator:
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2 polarization modes implicit

Pin down atom where /UL@CF) = 4
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Combining (2) & (3):

where ;@Lg(j‘é) = Tis-Eaéa

)

Rabi Freq., same signh convention as when
we first looked at the Rabi problem

2-level atom ® (1,3)=(1,2) :

Har: B % (940,+ 25 Sh) (g + o)

Define: Pauli matrices
Ty = G5, = [2X 4] T =+ (T3 +6)
T = Gy s 11X2] . Ty * (G;-(rx
t?%rﬁ'\;,—ﬁ:“ = [LXef - 11X1] | %
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Combining (2) & (3):

Har=2 %“’ﬁzg'gﬁﬁz Gy, (g + )

- (1 5
Z Zﬂhg 6y (Gy+03)
where ;ﬁg(‘ﬁih J(—(".-é"é‘:;gﬁﬁ

t

Rabi Freq., same sigh convention as when
we first looked at the Rabi problem

2-levelatom 5 (1,3)=(1,2) :

Har* B % (940,+ 25 Sh) (g + o)

Define: Pauli matrices
Ty = G5, = [2X 4] T =+ (T3 +6)
T = Gy s 11X2] . Ty * [G;-ﬁ*}
(?;__?GA;,—(%, = [LXef - 11X1] | %

With this notation (4)

Yoo A a A A a A ay
HAF = 7&% (gzﬁ‘;a]& -I-M’FM"‘ gztaz)
Energy conservation

P
HAF = 7&% (QEC‘\L{.aI "'9:@(\6: 5%\

Putting it all together

" oY A

“f‘H&"f' HAF = (5)

o
%&Nﬁ 63051 ;&w,,vgz&*(g;@w Gyt94- dig)

We changed the zero point for energy by subtracting
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With this notation (4)

~ _ A a A a A A aj
HAF = 7&% (QIG{'QI-FM'FM-’- Sztaz)
Energy conservation?

— -
HAF = 7&% (gz&.{.az "'92(\61 5&%\

Putting it all together

~ Y A

'['Ha"f' HAF = (5)

H=H
Zﬁw’ﬁ a:@a'ﬂ-{. )&,NQ,W}E-{-Z?&(QIW Ayt Szé 5
e

Foundational result for
remainder of course

We changed the zero point for energy by subtracting
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Interaction with Single-mode Fields

Good approx. in small, high-Q Cavity

Gaussian beam mode

L > A
9
® L Y
lap| > A
At)t';m %&‘ ?'“X
(—’loo/u.m—)

Single-mode (Jaynes-Cummings) Hamiltonian

[ = Bro 618 4 oy 6 + g (& 6 ) (At

J/

~~ ~\

Ha HAF'

Paradigm for Qubit coupled to QHO
— Atom in high-Q Cavity *)
— Quantum dot in high-Q Cavity
— Rydberg atom in superconducting pw Cavity

— Superconducting qubit in superconducting
Hw Cavity

— Superconducting qubit in superconducting
uw stripline Cavity (circuit QED)

— Trapped ion with quantized COM motion *)
Nobel Prize in Physics 2012

Important Change in Notation

For the rest of this course we change indices
1 to g (ground state) and 2 to e (excited state).
A g inside a ket refers to a state, a g elsewhere
is a Rabi frequency. This is needed for clarity.
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Paradigm for Qubit coupled to QHO More about Single-mode Cavity QED

— Atom in high-Q Cavity *)

J/

e ato et - A n A o
— Quantum dot in high-Q Cavity H'Z&N A% o+ lﬂ:wi'“_%*—’%(gﬁw# %ﬁms(aﬁﬁmﬁ)

— Rydb tom i ducti Cavit
ydberg atom in superconducting pw Cavity Ho HAF‘
— Superconducting qubit in superconducting For simplicit 7 =0 =nf =
Y Qe ® 93793
uw Cavity T2 = e Cy 92 = G»
— Superconducting qubit in superconducting .
Mw stripline Cavity (circuit QED) Note: H,. conserves excitation number,
couples [e,n) e 19n+1)

— Trapped ion with quantized COM motion *)

e

*) Nobel Prize in Physics 2012
Series of 2-level systems, one for each n

All 2-level systems are alike

Rabi problem!
Important Change in Notation -
. . . Sak
Switch to Interaction Picture: a;{?_';';gge
For the rest of this course we change indices : _ -
1to round state) and 2 to e (excited state). g 1 - ot -t
gl(g ) ( ) Ho~ H. = e® H.e'®

A g in a ket or a subscript refers to a state, a
. . M o_b
g elsewhere is a Rabi frequency. Ws['ﬁ» > [y B)> = e'® 4> |

X

L
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More about Single-mode Cavity QED

H —:&b\)a O+5 %w’_ﬁl—z"’j&(gzw*gﬁ@\(“ ;;)

J/

Vo V

Ha HAF‘
For simplicity ’ﬁmz'(ﬁm_ . %I=5§=%E

[ )

Note: H,  conserves excitation number,
couples [e,n) &> 19n+1)

P

Series of 2-level systems, one for each n

All 2-level systems are alike

Rabi problem!
Switch to | ion Pi | Sakurai page
witch to Interaction Picture: 318-319
'y H H A
N _ ,._.-L"‘ _,__‘.L. " A _. ~gh
Hs —> HT_ =@ % Hpee ¢ Can eswaaéa, enwaae

ok show iZL Gt A

YYD = 4 H)D = e'€" 4,08)> | e * *qare T
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More about Single-mode Cavity QED

H —:&Na Oh+vq %w!,qz""ﬁ(gzw*gz@\(“ ;;)

J/

N V"

Ha HAF‘
fie ® 92°92°%

For simplicity /ﬁll =

)

Note: HAF conserves excitation number,
couples [e,n) &> 19n+1)

P

Series of 2-level systems, one for each n

All 2-level systems are alike
Rabi problem!

Switch to Interaction Picture:

H

[Ule)> > [ D = € Iy )> |

A fcw,, )t UA]_ at Zi(wuwoji

HAF = fig (§10e

(wytw)t & ~4 -r(wu w)-l;—)

+W,_0be, +0-.4

RWA and resonant approximation

=

Jaynes-Cummings Hamiltonian

oY
Hy= Hm: Jﬁ%tv+oxe'°t+ S_te "F)
A —"-001"-00

Eigenstates of

n A N
HO= H’:+ HA

State Energy
le,nd Bown + £ icoy,
lgm+1)> %N(wm - ;.,'-_ﬁwy_,
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e = 43 (G B, § g e
. W 0\, :(wu+w)’b+ %‘. &4- —-I(Wu"bO)'I:‘)
RWA and resonant approximation
— —-—
Jaynes-Cummings Hamiltonian
= Hye = 331@(%:,0\2"‘*4- s ote "?’5)

Eigenstates of Qo = {-I:‘F + f-[ A
State Energy

le,n) Bown + £ icoy,
19m+1> Fovo (n41) - £ Hicoy,

Cavity QED version of the Rabi Problem

[%(0Y> = [e,n)
YYD = Coueg 19M+1> +Cepn le,n)

Matrix elements
<e mﬁ“:g ne1y = Fig s €'
@ n+1lGigg o,y = g fuel & nlia

-

Schrodinger Equation
i A (CS‘"“) =
d \ Co g

o (e 2

v Ce,n
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Cavity QED version of the Rabi Problem

[%(0Y> = [e,n)
%)Y = Cgmeg 190+1)> +Ce,nle,nd

Matrix elements
en ||"'\fap|5,Vl+1> = ﬁ%\fml Z'At
(%, V|+1l-aap len)= %@Wd‘“‘

—_—

Schrédinger Equation
l’??\ Q_ (Cs,m-i) -
it \ Cp

o e

v Ce,n

: - ~10t
C%‘m-}-i:“‘l% nt1e C?,n

Cop= -ig{iw+l elA‘ng,mi

Substitute Cqun.1—> C; , Co = cle/'At

Looks exactly like Semiclassical Rabi problem

Solve for Co(0V=0, Cylo)=1

g

Ce, )= [C S(Sln'f;) :% m(.ﬂ.,fl:)] QIA'?E/Q

2l n(%)e";w’i
2

Coneq=—1
qn+1 Y

Q= (ughm+) ¢ a2 )2
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: . -ibt
C%(V)+1:°‘l% nt1 e C?.ﬂ

C n = -‘lg\‘i"l‘l‘l Q,lA-bC%'m.,.i

Substitute Cg,mij-" C.1 y Con—> Cle/'At

Looks exactly like Semiclassical Rabi problem

Solve for C,(0)=0, Cyl0)=1

-

" 1AL
Co nh)= [c 3(5”'") .% vw(“"f)]e 7

_ogWnen Oy —iAEfg
C%MHL"—” TSM(T)Q

Q,= [‘—lg" (m+1) + A%

Rabi Oscillations

(P(l/\‘] Cos (&"'L_) ( SSnl(‘““"b)

@Cw) N '-rg (w+1 (31..4,-)

al,

Example: A=0
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Rabi Oscillations Vacuum Rabi Oscillations

If 1¢(0)> = [e,0> ® no photons in field
Rin)= cot(TF) 4 (&Y sint (2t

" yet [e 0> evolvesinto [1,1)

@[w) = Lfg (”'{-1 (-“'n't) Uniquely QED phenomenon!

al,

lew=0>—]qn=17

Asymmetry
{ g n=0>—>[g,1=0)

Example: A=0

Schrodinger evolution

/8_(“) holds germ of Spontaneous Decay

12
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Vacuum Rabi Oscillations

If 1%(0)> = [¢,0> W no photons in field

yet (2,07 evolvesinto |g.1%

Uniquely QED phenomenon!
lew=0>—]qn=17

Asymmetry
jg‘m-_o)——a Ig‘m'—O)

Schrodinger evolution

holds germ of Spontaneous Decay

Next: More Cavity QED
2-level atom
-
A Single cavity mode

What happens with a Coherent State
in the Cavity mode?

(Quantum-Classical correspondence)

Initial atom-field state:

s

L e
—%lw

[0y = 19> @[> =) Cylg,n3, C, = e
7]

3R

atom field

From Rabi solutions: A= =

C%Jy] = COS (-J-):%t)

Nt
2

’ Ce‘n-l"z ';gfm(

13



Quantized Light — Matter Interactions

Today: More Cavity QED

2-level atom

Single cavity mode

What happens with a Coherent State
in the Cavity mode?

(Quantum-Classical correspondence)

Initial atom-field state:

s

[yl0=13>@ [ =%: Calym, C, = e—%‘m"%‘,
From Rabi solutions: E
Ca,n= Cos(Z4E) | Cqnoge -isin (L)

Therefore

uncoupled

Y)Y =C, 19,05+

f Cy [cos (J)‘D'it)l%,m— i Sim ('D'_;"t)le,n-o]
n=i

Consider the Atomic Excited State Population
o0

)
Pz B, = > Kenlpesd*
¢ nzo e %
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— Poisson weighted average of sinusoids

— Sinusoids gradually dephase over time
B

Collapse of oscillation amplitude

Pw) Frequency domain
A
—>» «— >N
—>‘ — ASL
n

Time domain

R
3
-

4/2 -

+

<« %,

Numerical examples

15
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— Poisson weighted average of sinusoids
— Sinusoids gradually dephase over time

e

Collapse of oscillation amplitude

P(n) Frequency domain

A
—> <350
—)‘ «— AQ
o1 Il £ | I il S —Q-Vl
n
r% Time domain
1-1‘6 + >
— <« %,
4/2-

*’tc‘:'.aj:—nev 1 fv'i

1gVa Vs ~ 29Va -5 T 2
for n » i
Rephasing: when (5 .~-0 5 )t = 1Twm

Similar arguments -> Revival time

L AT, 2w
LY q

16
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Use An=Vm ® Al ~ AQp =80 &

1 A
1gVa s ~ 19Va V& Ti‘a

o4
te=An "

for n » @
Rephasing: when (5 .-0 5 )t = 1Twm

Similar arguments -> Revival time

L Ur 2w
T sn q

Collapse & Revival Dynamics

g

Pure Quantum Phenomenon
(“graininess” of photons)

Classical limit:

Let the mode volume V> 06 and thus both
2&»‘0 and 9 >0 .Then let N = o0 such
that the total field strength remains constant.

Then t, > %‘% -0 and () is well defined

P

=2(3ﬁ /KL% 2z Z&\f— /(leg,

Classical Rabi frequency a
mean field {X(E)E [+

17
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More Cavity QED — Dressed States

Gaussian beam mode

W %L > Ay,

\/$\ [%7;] > AWJA/
Atom

(—100/44014—)

Energy levels of the atom-cavity system

Bare & Dressed States

Return to single - mode result

H= HF+ HA" HAC =
LN | A
Pidt o+ 7 Wy, 03 =H,

+;9f3(v;&e <0 4e A”") =Hap

“Bare” states (=0, eigenstates of Ho)

State Energy

la,n> E%m == Jemu oy
:%w

e -1y Eep & (n-1) Fred

19
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“Bare” states (0 =0, eigenstates of Ho)

State
l9,n% E%J,,,::
[C,ﬂ-i) E‘C‘Vl -

Energy
Y

2
-“Di;:’ﬂrt-(n—l);&w

+ W%w

12,115

le,0> 1g,0> 181> 13,2>

le,0>

lenY

Imagine we can tu

Energy level diagram

ne wil

E
I\

12,17

Crossings @ ) = (WJ,,
are degeneracies of

pairs with 1 shared
excitations

n=0o 19,0>
n=1 {la1> le,0)
n=y  {la,2 e 1]

v fla,n> 1en-1>

20
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“Bare” states (0 =0, eigenstates of Ho)

State Energy

l%)”b E%Jn"" ;a—;ju -E'W%Gd

len-1y Ee, =£;j£ & (n-1) e

Energy level diagram

E
A

3 avoided
i%w """"""" - ‘rossing

C
le,0>
f ided L
— avolae
P R -

eigenstates of

“Dressed” states { N A A
H = H0+ HAP

Structure of H :
A( 1x1 block

rgo

T>
M
=

AN

Hy

> 2x2 blocks

Can write this on the form

~ |10 ‘ -hak &gin
Hw’[o J("'imw[ﬁ%ﬁ 79!,0/2]

!

21




Quantized Light — Matter Interactions

eigenstates of

“Dressed” states { N A A
H= Hyt Hyp

Structure of H :
t 1x1 block

rﬁo

T>
n
=

A
H‘L
> 2x2 blocks

Can write this on the form

Eigenvalues E, = (ﬂ-—i)?ﬁwt%\fqumm‘l

Eigenstates

40> =g (9% ) 10>+ $(8a1 ) 2,0-25

Si cos(d
=1 == a4 )1t (5 1o
A . A A
f
o
Mixing angle  +qauy O, = ~ 2925

~ |10 ‘ -hak kgin
”"’[o J(”’iwwlﬁgw ﬁm]

!

Energy Spectrum?

22




Energy
A hA
5.1 1g.3)le2) €,2) e
SHO oo — w—
|8.3)=—F—
hw
hA
g.2),le.1) €,1) e
|8 2)=——g—
hw
hA
LU lgnleo e.0) —2—
2 &) =——g—
0 p— ho
2.0) hA/2
_%hw _____ S S T
|8,0) ==
g=0,A>0
Q,=A

The Jaynes-Cummings Ladder

E.=(n-

Vi +hQ,

2>0,A=0
Q,=2gJn

12.0)——

g>0,A=2g
Q,=4gn+A?
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Phenomena Rooted in the Jaynes-Cummings Ladder



Vacuum Rabi Splitting
Consider the following experiments

Cavity + Atom, A =0,
one collective exciation

e e L.

empty Cavity

Sl w B
T transmission T transmission
A A
12.0) Yy Vv
2>0,A=0
| > 0o ——F— > 0o

25
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Fluorescence - Mollow Triplet

For the coherent state |X) let the mode volume V' and mean photon number 71 go to infinity
s.t. Vx n ~ constant. Then g ~ constant, and thus = ‘—}5‘1 (Wv%ﬁ)-f- At~ LFQLW"* a* .

|+,1)
|—n)
|+,n—1)
|_>n_1>
ho
hQ
3 4,n—2)
I
A
* |_>n_2>
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Fluorescence - Mollow Triplet

For the coherent state |X) let the mode volume V' and mean photon number 71 go to infinity
s.t. Vx n ~ constant. Then g ~ constant, and thus = L‘SQ (Wv%ﬁ)-f- At~ LFQLW"* a* .

1719)
- +,)
X _________________________________________
B Mollow Triplet
3 | =) Pl ) P

28



