Wigner-Weisskopf Theory of Spontaneous Decay

Today: Decay of atomic excited state
due to interaction with the
quantum electromagnetic field

Setup

Hamiltonian: (Schrodinger Picture)
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Hamiltonian: (Interaction Pict., Res. Approx.)
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Expand
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P Time Dep. Perturbation Theory:
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Formal Solution:

No good for this problem!
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Quantization in a box w/periodic B. C.
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Convert sum to integral over modes:
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Thus, in the Continuum Limit
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We define the “polarization average”
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Thus, in the Continuum Limit
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We define the “polarization average”

Convert sum to integral over modes:
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Thus, in the Continuum Limit
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We define the “polarization average”
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Putting it together:
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Regular Perturbation Theory

Validity is limited to short times, such that
the probability amplitude of the initial
state does not change much. That allows

us to approximate ¢, , )~ G, 4(0). That does
not work here.

Wigner-Weisskopf approximation:

The integral over time reduces to
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Regular Perturbation Theory

Validity is limited to short times, such that
the probability amplitude of the initial
state does not change much. That allows
us to approximate ¢, ;) (, 4(0). That does
not work here.

Wigner-Weisskopf approximation:

The integral over time reduces to
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Rest of Lecture: Work with this Equation

First: This eq. is of the form éz,o‘ﬁ) = (3Cs,0(£)
solutions oscillate at freq. Im[{z]
and grow or decay at rate  Re[f]

Next: Atoms couple weakly to the vacuum

Cy p(t) changes slowly on timescale w{ti,
evolving at a rate I to be determined.

That means we can let + - -0 on timescale «w,;*
while still keeping 1« -

0

Defining —',‘g(wz._wu) - ‘(‘0!‘7',' e;(o\hl“b‘)i:\('t~.él)
(v]
We can then rewrite

o
Cy o183 ~ | duog 191 D o [- 8w tanY] ¢, o8
] .

7




Wigner-Weisskopf Theory of Spontaneous Decay

Math Details: Consider the function
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Thus,
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This is the value used earlier!

Frequency shift:
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Integral is not well behaved!

Further development by Willis Lamb
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Hydrogen 2P lifetime:
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Integral is not well behaved!

Further development by Willis Lamb
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