Quantum Electrodynamics — QED

Starting point: Maxwells Equations

Free Fields - Switch to Fourier Domain
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Implicit: Charges & Fields in Vacuum
No “medium response”

Same issue as with our introductory example:

Maxwells eqgs are non-local
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We need to put the classical description
in proper form -> Normal Mode expansion
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Fourier Transform: - - em
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Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different [z
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Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different [

Separate into Transverse & Longitudinal Fields
gl t) - 2” B+ & A [y
Bl = Batlk) +B (k4 MEq (2)

(= Entirely Transverse
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Note:

b —1'.;'( E"gf is the projection of i’f onto K
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Coulomb field from the charges
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Only £J_and ‘BJ_are new degrees of freedom

beyond the particles -> Free Fields
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Separate into Transverse & Longitudinal Fields
Elt)= &, () + & (B9
Blles = WB—FQ (k4| MEq (2)

(3 Entirely Transverse

= 7 -
£” is % X the projection of € onto E
Note: . R
)
f,”=—~é;'r .£ is the projection of € onto K
P MEq (1)

e . ke _% 2
Ll p(-1i% g)- Ly on

Coulomb field from the charges

g

> i)
Only £Land ‘Br,_are new degrees of freedom

beyond the particles -> Free Fields

Egs for Transverse Fields, from MEqs (3) & (4)

=3

(5a) 2 Bekd) = ~ix E, ()

(62) - 2 (B4 = c*iBExBlke)- 5 5 (B

- inverse FT

(5b) 0% B(*1) -~V E L (78

(66) 2 E (F1)= ctoxB(P4)- 2] (Fd)

combine (5b) & (6b)

Wave Equation for the Free Fields
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Normal Modes in a 1D Cavity

standing wave

Normal Modes are Standing Waves

Length L
Cross section A
Volume V=LA

fiducial
mass

Let E[%(-L) = a E_(24) and expand

-

9.t.7~

(7) E (24): §A Q,#)Sin (42}, Ay
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Generalized coordinate

MEq (4) w/no charges

£ (P4) = £x|az A; G [6) Sin (et )
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From Eq. (5a) we see that

BELEE » Bat)-E, 8,(24)

Putting this together we get

2 A; .
- —Zézig g (£) Sin (4;2)

-

(8) By(24) = Z £ 3 9 ) cos(d;2)

Generalized velocity

Hamiltonian (Energy) for the Classical Field

- b Ld%(r&l +@)1%) =

1.
Z[qu;(a‘c;n‘(%d;_)qt%ég 9, (H‘cos*(&ﬁ)]

o Jd
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From Eq. (5a) we see that Integrating over the Cavity volume

L L
.2 _ 9 -V
g__ _,82_ £ 8(2"5) :)(.2{) HL{J’ZQM [/Bj}_) —ALd%COS ['QJQ\ = /2
Putting this together we get and substituting /A, = -—;ad\-/'d' we finally get
. 0
% - -Z-A—"Q a. (1) Sin(k.2)
2 &.C_ ) J %_Z[mea l-l-'LWl'é_l]
=22 MO MR
P 2
Lagrangian for the Classical Field
(8) By(24) = —é-g, [4)Cos(%;2)
Y " L -
i Z- %“-‘-f dy (c*@- 1EIY) M
Generalized velocity v
- L A I | L9
Hamiltonian (Energy) for the Classical Field - Z [1_ W'a‘grj - '9:""5 wj Q-d‘.]
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= 22 a2 (IE +2)?) =
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dt 39; 9%,

€0 J@}IA 9.4 \2cind (. ;)-r,_oq (£)* cog* (fy2) :
: o J ] (v& é-q_'a_'t,_\E( .E =0 9 Q;*W}QJSO
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Integrating over the Cavity volume

L L
Adrsint ) = f g2 cos™(8,2) =V
Y (v

)
2_ . M.
and substituting ﬂd- = —d—d we finally get

£,V

_ L 2%, Lo oY
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Lagrangian for the Classical Field
L
L= -’:gl] dy (c*(@*- 1EIY) |
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A 0% of _
dt 3g; 99,

-Li\g (TH)=0 ® Q-+w'q.-0
crott) —Lt ¢ d 4T
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[ X} ’_
O » q_$+wd‘q_i:0

(vt

And Finally:

Conjugate Momentum /rld S— =M.

As before, a collection
of Harmonic Oscillators,
ready for quantization!
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To summarize so far...

E,(24)= Z A; 9 FOSin(;2)

By 2= Z ,,;"5; Q(¢)CosCh;2)

A‘- w s
\V 3 ie,,v

Classical Fields

Dimensionless Field Variables:
Q‘ = Qg/qgo.; qoé"' \/.‘2%/%&)-
Py =4y Mo; 0 Aey= \/.‘UEZM w;

P

O HY =@ [R)+; £:(E) =

P

oc3(0)e,"'“df

Ec(2t)= 2 A;0.05m(k2), 27A0, \/%"‘\’/o
d

field
“per photon”

By 26 = Z () Cos(he;2)

-
=

Edc'f‘ grs
é- Zﬁ [ ) -t [cos (st
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Classical Fields

Standard Quantization Procedure

Dimensionless Field Variables: A
L% 3. 2.7 =ihd
5,24, qafdz%/m-w T LT
J A ng
’ Q.—‘ 0 5«
- &) G il = %
01 = Q1)+ Bilh) = &, (0) ¢ Wit
— E, )= _Zz‘; (0,2 )sin(&;2)
By(2)=-L S €. (&, ~GF) cos(%;2)
Ex(%nf)=2@9,@3:%&2), 8.2 A 00" \/8“‘\’;- E
d
=Z &, [ ()05 (8| sintl;2) ! Total Field
“per ;Le;(tion” 5 o5~ - A
By 2= Z g‘c} 0, () CosCh;2) E2) = EER+EHE,(2)
- é— 5 & [o-ai et B(2) = £,8,r2)+£, By
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Standard Quantization Procedure

A
%9 A
O RV
5= 1 % 3
o (1) = Q;
J J o ~ 4
[QJ\ J'] = 5&'

* at’
0 (€)= a;

A

Exl2)= D £ (a;+4])Sin4;2)
5

Byle)=-L S ; (4,-45) cos(y2)

Total Field

Note:

These are the Field Operators in the
Schrodinger Picture (f-dependence in states)

Often advantageous to use Heisenberg Picture
(t-dependence in operators)

P

o (L) —> O;(H) = Aoy tokt

Field Quantization in Free Space:

Normal . » /= _7 ""fw*t—z*?)
A ()= g8

Modes L] +COC.

A: polarization index

Finite quantization volume: &= \/W
()
L large -> nature of O LxLxL

boundary conditions
not important

= . » (Tl =wam/L

Periodic boundary
conditions J
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Note:
These are the Field Operators in the
Schrodinger Picture (f-dependence in states)

Often advantageous to use Heisenberg Picture
(t-dependence in operators)

P

o [L) > Q8 = G lojetokt

Field Quantization in Free Space:
= é}m e WgE-RT)

Normal = o
: A )=
Modes ° 'Mz,k()
A: polarization index
Finite quantization volume: f,z'-' V hwg/2€3\1<
LxLxL

L large -> nature of )

boundary conditions
not important

g

Periodic boundary
conditions J

> » !'B':l =namw/L

Classical Fields (Fourier Sum):

= -1 ..,:,_")."‘
EL(‘.‘—L) = %gﬁkg’ ! o3 k '") tC.C,
&

BxEx -.(wz-t—i:.?

1{ e EZ &c EA i€

ec.c.

Quantization:

o("“/\ v [aZ,A ‘a%‘:)\'] = éﬁ'—‘, B/\,)\l

):a.x(x'az,l(\r] = [a;\(\' air‘;\r] =0

—_-

Y
K&A (X&x,

- SR TR 2R
% g’ii.x i FHC.
A

A z..
B (r4) P
aa “¢

A —i(wp ‘['--.."')
2.0. ¢ ™ i + HLC.

WP

.

— Heisenberg Picture —
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Classical Fields (Fourier Sum):

> > -t -
- %
E,(Fi) %Ez‘.x NI te.c

> % E” -1 —-—"—.
Eﬂ‘ﬂﬂ :Z’%"_c)xg onye [yt &rhC.C.

Quantization:

Kpa> Oy, (8, 05,0 = &5
* n+ - (At + _
"g, a& v [%xl%g NE [“x?m am] =0
':\" - - A ’:(Wj*'Af“E.F')
E.L( ('U =L aﬁ')‘ Sf‘.k 7 c + H.C.
I3
A e BxEx A wp s t-BF)
B C ('Ll = = &‘A gﬁ a'-‘ 2— ’&‘A ‘& ’ + H\C'
E_ ) kc A kA

— Heisenberg Picture —

Positive & Negative Frequency Components:
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Classical Fields (Fourier Sum):

> > -t -
= A
E (F4) %smzzlxag(ke tee,
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E.A /%C E‘)‘ &(

2 IE E" ~1{w —-0....
"ﬂwc)rZ Tk g K. e Wt “Tlieec.

Quantization:
Xz~ Gz, [O‘gum] Sa O

“Z \ - Q’; N [&g‘xla&.,{)‘r} = [a;?(h a:érlx] = O

— -

5 - - A ’:(WflAf“E.F')
E.L( ('” = & aﬁ')‘ S'Q.X 7 c + H.C.
A e BxEx A wp s t-BF)
B(Fg)=y skt g 6, o "WAXETRF) L0 0

— Heisenberg Picture —

Comment on Quantization Procedure:

Even after a choice of normal modes has been made there
1s no unique way of quantizing the electromagnetic field.
In our treatment we have chosen to associate a normal
coordinate ¢; with the electric field and a conjugate
momentum with the magnetic field in mode j. It is also
common to work with the vector potential A rather than
the fields £ and B. In the Coulomb gauge the transverse
vector field A, describes the free fields , and one typically
uses A, ;and A, ; as coordinate and conjugate momenta
for the field in mode j. Note that this associates the normal
coordinate with the magnetic field and the conjugate
momentum with the electric field. As a consequence, in
the equations for the fields one will get E, o< (a; —a!) and

B, o< (4, +a!). While confusing, these are merely different
ways of putting together the formalism, as is so commonly
seen in quantum mechanics. In the end, all predictions for
physically mesurable quantities are independent of such
internal differences in the formalism.
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Positive & Negative Frequency Components:

Quantum Electrodynamics — QED

E (Ft) = EYREHO+ED ()
2 “ -— A ;(E.F—wj“)i-)
EW ) = L 'S'gl;g/—*)‘ i 2
7o
=) ok ox At (P -wp 1)
- r = ). " A
(Tt z mg&.,x“& .

Other Normal Modes Sets

Atom in Cavity:

paraxial modes
free space modes

Wavepackets: (M'"°"'&Eberlv.) (QED |ecture)

Sec. 12.8, p 381 notes, p 16

Classical field pulse envelope

= - 1 (8,2 (0t
E(v,%l:g,éo./u(%wt}e'm’& @ ).x-c.c,

Mode volume \/= fdsr |M(><,Y,%'-C-£\'2

N
Quantization ’Eo—’ E&O(Q —» g& Ry etc.

Wave-Particle Duality similar for
Photons and Phonons
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