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Quantum Electrodynamics — Intro to Field Theory

(*) Primary goal of OPTI 544: Classical Simple Harmonic Oscillator (SHO)
Quantum description of EM field

Particle on K wm
(%) Challenge: 1st semester Grad level QM a spring ¢ AENEA
(OPTI 570) does not tell how to do this > q 4
4 osc freq.

(*) Warm-up: Quantum field theory for dynamical coordinate.

vibrations (sound) in elastic rod

(%) This is in part a review of the classical Kinetic Energy: T=1 mé}
Lagrange/Hamilton-Jacobi description ?‘
of continuous systems Potential Energy: V= zkg} =imw1g1

(%) Here we present the formalism as a
Cookbook Recipe for how we get from
Classical to Quantum Physics

ian: = T-V =4Lmo -+ Lg%
Lagrangian: ¢ - T-V 5 MY~ 5 mwtg’

See, e. g., Cohen-Tannoudji Vol. 2, ga—t g—‘t’t- ~ —Bag =0 ®» §+ w19r=°
Appendix lll, Sections 1-3. 9 q T

usual eq. of motion
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Classical Simple Harmonic Oscillator (SHO)

Particle on k wm
a spring % @

0= [
> q A

4§ osc freq.

dynamical coordinate.

Conjugate
momentum ff‘

ox

qu‘

Hamiltonian

Kinetic Energy: T= _5’__ mé_?.
Potential Energy: V= ';'kﬂ} =I'\Mw19"-
Lagrangian: ¢ - T-V = émgr - ,_fiw,wxq_':.
0 28 a2 _ g
Dt d4 g ® grwig=o

usual eq. of motion

. L
R=T(4=Tm)+ VI9) = LT 15 meq?
4 2% ..1
. % » g+wg=o0
M- ==- mw‘lgr

29
Phase plane
Scaled variables solution 2P

az afa,, Paq/r. /.

dhy

Q= Relx] >
X=Q+ 0L P= Imlal \ \/
X=E, a*x ~— K(¢)
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Quantum Harmonic Oscillator
Conjugate 0%
momentum = 3 \mq: Formal Quantization Procedure:

>4, p>1, 1[4, 4]=ik

Hamiltonian

_TE I GRS
X=T3=0)+ V(g) = T+ Smurg choose Eo”%‘“ N 9°=,/%, PN P
. 2R /6,\ natural scale
4 55 Vm s Gritaco =
Y Frwg=
/(":—5__. —vvnw‘lql_ 0(,—’:6\'-‘-&2*'fs= M(A+;iﬁ_)

Q‘ : 18 W
L 8- 1
Phase plane

Scaled variables solution AP

Rewrite:
Q= q/qo’ p""(‘/’(’o/ /\
Q= Rel«] >Q H= B[ A+52) = Buw(a*h + 1h)
X=Q+iPq P Inlal \ \/ N=0*&  (number operator)

X=E,a*x
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Quantum Harmonic Oscillator Commutator [H,0]=0
Formal Quantization Procedure: ¥ joint energy/number states v
9>4, q- i, 13§k Ay = s (41510
NIy = nind

Choose E,,:i%‘co » Qo=\l%; /xl,=\/2wtco

natural scale ‘-V Commutators
. e ainS=1nm-15
“ :\,— 44 ——— [M' Ol ] - aJ. A
o ro® Q¥INY = v+t [n+rD
N G| =-a -
L 5, 4] ios = 0
Rewrite: Generating excited states
H= (@ +62) = Fw(a*d+h)

A M)—r (3 10>
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Commutator U':(,':J] =0

®» joint energy/number states |

Hiny = fico (M+lh )

NS = nnd

Commutators

alnS=9nm-1>

0] = G ]
% 41 - } o | &y =fwriney
Ml -Q

[N

al0> =0

Generating excited states

iny= F (@*)" 10

Expectation values for c'a: and /fl in number states
{nlginy = (nlqilnd =0
2
(NIGnD = =2 (Nt %0
P /rl!
(niptiny = = (M+14) + 0
AL RAY (B % GEUA —.,&(mr/,\

Phase space visualization n=0

of number states /

Quasi-classical AP
(coherent) state
x>
~lx1Y/y Q"
x> =¢ — In> / >\

Moqp=4/, sQ=ap
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Lagrange formulation of 1D Scalar Field

KWmMXmKwmK

—— (L, == (\,—H—

Xici X Xy

“vibronium”

Configuration space = { x;z (set of N osc. positions)

Lagrangian, equations of motion

Continuum limit ® Elastic rod

N = O m/a - ¢ linear mass
/ M density
0~ olx Y& = Y < Youngs modulus

displacement field

gxi} > X} e (sound)

Rewrite
v 0"
— L
T"bﬂg%( = Jaa )
Ve L.mza a(Ze ) (1)’
N-e0 i=
Lagrangian:

— Not yet ready for Quantization —
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Rewrite
N
T i,-;tzZ,“ (205 = fega (5"
Ve L,mza a(Zee ) ()’
N~ i=
Lagrangian:
L=-T-V-= J&Xz/" de ‘7’( )

Notes, Homework ® Scalar wave equation

am._b_za“l—o
>tr  m Oxt

— Not yet ready for Quantization —

Normal Mode Decomposition

Field in cavity: g E
0 L

Solutions to wave eq.

et ixt)= GEMK) =9, e™uix) B

"ﬂ. —/U-"lﬂ'l - "Wzﬁf'é\M[K)—M’-Q)(-E\M" (X\ =0

o

ah(xy = — E.J'M(&]l Ke = 0y,

Solutions in cavity:

-
M&DC\ \’ Sin(% x) , VILI

These standing waves are a set of Normal Modes
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Normal Mode Decomposition

Field in cavity: % E
0 L

Solutions to wave eq.
Let 7(xt) = GEMMI) ':%oQ:WtM(’C) »
W -arty" = -\ mlx)-vlgtilm" (x\ = 0

P

afxy = — '@."M(&}l Ke = 6%qy

Solutions in cavity:

- (2 nir
A N sintleny , R=

These standing waves are a set of Normal Modes

These modes are orthonormal and complete

P

(x3) =L %%H\ g (X)

Normal mode expansion of '(](X‘ﬂ in basis M&CK\

Lagrangian for the acoustic field:

T (B 3 i s

—

~—

St w o A

&

Ve {axgy (382 Lyig g (&x(%)(g)
=D 3 Mgy
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The rest now follows from the Lagrangian

5(=T—V=};(§Mé,;—-imw&‘a;) r%é?,&
-

Canonical _ 3_@_ M
Momentum Nk = iy =2

Hamiltonian

... we get solutions

0(&[{':\ = Q&['£S+; Pb[b) = 0(,,(03 e i“ﬁ"?

This finally gives us

. | 2
X(e,0) = Tev > 2 (Lo fmenge})

( collection of SHO'’s, one for each normal mode )

Following the standard recipe...

Eqk:/ﬁwh ) q'o:&; Uﬂ;ﬁ/f/\w& ’/(ID.&: M&Wh
Q&: Q&/qo,&' p&""’K’&/’Y’qf, » g = &gn‘&

X- 2;_ i, (Q +6) --%_grw&o(,fo(g
lx, ) =L %q&a)a&m

= 5 3VLg3, (A0 o) 4 ()

A=Q+iP  Q=flata®) =% (xeo)
oF2QiP  Pege(d-at) =l (o)

11
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... we get solutions

0‘&“‘1\ = Q&('f,\"'. Pb({_’) = o(‘[DJ e” (Wt

Formal Quantization Procedure:

This finally gives us

%% » Me>0e » A0

Ié‘),ﬁ@‘]: ‘ﬁa&&u [_ﬁ(olaz-}: 3“/&' , [a&lau]:

o

K- % B, (O, +6) --%wa&o(;‘o(g
nx, e\ =L 29, (¢l ng x)

= 53183, (A0 o) 4 ()

Note: XQ *4@' ¥ operators commute
( normal modes = independent degs. of freedom )

Hamiltonian & Quantized fields

|:| = %ﬁw&(%&pvﬂ
N =L D3 M, ()= Lat, [a At g (%)
" \1—2&, e %ﬁ;( witg () + 8 4 ()

A l 'S o " A _
)= \TL: %'{\hﬂl&bc) == %@ (Q&M&(X\’qz,u& (XJ)

!

field ;j(x) and canonical momentum field T (x)
® [5L,T00) = T S(x-x)

12
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Formal Quantization Procedure:

Yo% » Xe™>1e » A

[é&;,ﬁ@‘]= iﬁa&v; [ﬁbﬁf]: a&/a' , [é&law}::o

Quantum States:

Note: XQ i'&' E operators commute
( normal modes = independent degs. of freedom )

Hamiltonian & Quantized fields

The quantum field is a collection of QSHO’s

-

State space = tensor product of SHO spaces

H - PETACHELY
=L D3 at,t)=2\Lgt, (0 O g (%)
nlx \l_gﬂlrﬂaac\ g\}-;;( (,M&(K\'f p Ay )

A , A R " A
ICSE \TL: %’(\M&b‘) T %@ (a&u&(x\ 'qE'ﬂa (x])

|

field ;j(x) and canonical momentum field T (x)

B [6[@]1'1\‘()(')}: (4 B (x-x")

SHO space
Fock

V4
Space 2:£,8 qz @513@ .o .,5&5

Fock _
State , {nx'.') n"“. a -} > - l"&'\ @]n’"2> &. oo Wlad>

A A
Q.&_ , Q,:‘ destroy/create excitations in mode k;

Vacuum _
State [0> €— zero quanta in every mode

Favorite Question: What is a Phonon?

13
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Quantum States:

The quantum field is a collection of QSHO’s

-

State space = tensor product of SHO spaces

SHO space
E::te 2:8,08& 04 ©... 5,5/
SHO state
Fock v
State | {nkp N« « } >= 1"2,'5 @]V’bp ... ]Vlg.j)

~ A
OL&‘ ’ Q,:_ destroy/create excitations in mode k;

Vacuum

State [0> €— zeroquantain every mode

Favorite Question: What is a Phonon?

Vacuum Fluctuations:

Expectation value of the Field
Lol Atx\[D) =

o n at

3 Vg, (<otiylo> a0 +<0ld; 69agix))=0

Zero Point Fluctuations
{01 40
A

G 1 L Oli Byt 1107 g L1t )
=%nghm&<xxll#o

Zkk-<0| (&kuk + &luk )(&k'uk' + &;cr'uk' )| 0> =

Zk <O| (&F&kukuk + &k&zukuk + &;&%”k”k + &;&%-'ukuk )| 0> =

2, (0|a,atuu,|0) =2, (0(@la, +1)|0)uu,

)= i%\ll-qg—,, (ae.M,,(xHﬁE ,u‘,‘(x\)

14
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Quantum States:

The quantum field is a collection of QSHO’s

-

State space = tensor product of SHO spaces

SHO space
E:;te 2:8,08& 04 ©... f—ajl
SHO state
Fock v
State | {nkp N« « } >= mz,} @]V’p.p ... ]Vla.j)

~ A
OL&‘ ’ Q,:_ destroy/create excitations in mode k;

Vacuum

State [0> €— zeroquantain every mode

Favorite Question: What is a Phonon?

Vacuum Fluctuations:

Expectation value of the Field
Lol Atx\[D) =
o n at
3 Vg, (<otiylo> a0 +<0ld; 69agix))=0

Zero Point Fluctuations
{01 40

= & % Lo %k <011 Bt 1107 g [0t ()

= %;’ L9y g COI* £

Thus A%(x) %0 with zero phonons in field

Note the famous divergence:

E\,at=<0[f-':l[0> = % 7@% > o0 Ffor oo

15
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Vacuum Fluctuations:

Expectation value of the Field

ol %(x\ [0S =

%';JL% (¢o18y 10>yt +<01 (05 aigx))=0

Zero Point Fluctuations
{01 {10

- %q_' L% 4%,k <0Gy, Bg + 110> mg, [x) 44y [x)

= %;‘T Loy (g COI* £

Thus A%(X) % 0 with zero phonons in field

Note the famous divergence:

Evac_=<0“:l[0> = % 7@% > o0 for 5o

Are our Phonons waves or particles?

Extended Localized

Particle-like Phonons

] M\ﬂ\l
Classical Wavepacket

() =% L, M)t C.C.

X,
Define A*- %gka; ’ %i&(’“l

g
D ATI10> =gy Mg, 0py oD% Ji 108, 2, D oo

Localized excitation in the field.

These Particle-like Phonons are Bosons

A*A*(0Y = A*A*10d
s N\

1%t particle @ x 15t particle @ x’
2" particle @ x’ 2" particle @ x

16



