Density Matrix Description of 2-Level Atoms

More about the Density Matrix
Let ) =ch ;> , where {1%7] is a basis and
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Example: 2-level atom w/random perturbations
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Perturbing events cause
random phase shifts 2'©
between states.
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is reduced by the randomly fluctuating phase

115 W 11>

The ensemble average

Dipole Radiation: B
d-rigi1 =T el 5]

= gn:ﬁtu'{' Qg_,’-f\n,:: ﬁ-RQ[@ll;ﬁ‘Ll‘—l

n

-

For an ensemble of pure states w/different ©
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Oscillating dipole w/phase that varies between
atoms with different perturbation history

1



Density Matrix Description of 2-Level Atoms

Example: 2-level atom w/random perturbations
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random phase shifts
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For an ensemble of pure states w/different ©
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Oscillating dipole w/phase that varies between
atoms with different perturbation history

Time Evolution of the Density Matrix

Challenge: We need “equations of motion” that
combine the Schrédinger Equation
with the effect of processes that can
change Tr € (measure of purity)

Approach: We do not have time for a rigorous

derivation, so will rely on plausible
arguments to justify the equations

Schrédinger Evolution: In general, we have
g =-+He] =1 (hg-gH)
matrix elements —J—
Qnm - —N z (H"L Qﬁm w& H& \
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2 populations
2-Level Atom &) { Pop 85 ( } Sy
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Density Matrix Description of 2-Level Atoms

Time Evolution of the Density Matrix

Challenge: We need “equations of motion” that
combine the Schrédinger Equation
with the effect of processes that can
change “Ir gz (measure of purity)

Approach: We do not have time for a rigorous

derivation, so will rely on plausible
arguments to justify the equations

Schrédinger Evolution: In general, we have

g =-+lHe] =-L(Hg-gH)
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Consider the 2-Level Rabi problem with

H=HV & V,=7kX,e & ee

#
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Set W, =X, X, =X", substitute Q, =g, e
ATslow variable
*® ~¢
(Pure state B Q=4 Gy =C, (¢, & we))

Substitute in (%), make RWA, and drop ~

s * Rabi Eqgs. for
&= ,{(X@!‘L"x ?21B pure and

. . . mixed states
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End 02-13-2024 3



Density Matrix Description of 2-Level Atoms

Consider the 2-Level Rabi problem:

H=H,+V & vu=-'z-,9,;xu_e"'“* +e.c

P
H % o i(xwe:io.n‘,+ X,:@'ué)
5‘_()(,_‘0 e + X, G’MLB Wy

Set X, =X, Xj,= X7, substitute Q,, = g, e"”

ATslow variable
s ~
(Pure state ® Q,=q, Qg =C, (¢, & wi))

Substitute in (%), make RWA, and drop ~

P
; ‘ + Rabi Egs. f
8=-x ( XQy =X QN3 E::n:req::'ndor
O = £(%g,-Xg,)

mixed states
° - .X'!* _ e
Q=18 iy (&-2) =8y

End 02-13-2024

Next: Non-Hamiltonian evolution

Types of events

(i)  Elastic collisions: No change in energy

(ii)  Inelastic collisions: Atom loss

(iii) Spontaneous decay: Transition [3) <> [¢>

Simple Model of Elastic Collisions

Two atoms near N energy levels shift,
each other free evol. of @, changed

E A

I —rv
R
w r"'b Wy,
g L
1) ~——" 1
> ¢

Paradigm for perturbations that do
not lead to net change in energy
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Density Matrix Description of 2-Level Atoms

Next: Non-Hamiltonian evolution

Types of events

(i)  Elastic collisions: No change in energy

(ii)  Inelastic collisions: Atom loss

(iii) Spontaneous decay: Transition [3) <> [¢>

Simple Model of Elastic Collisions

Two atoms near N energy levels shift,

each other free evol. of Q,, changed
EN oy . — 1
T B
Wy Wytd Wy
VIR R I
iy "~ 1

Paradigm for perturbations that do
not lead to net change in energy

Evolution of coherence (fast variables)

: Ilisi 1
Gu= -iwyrduin]g, sy
t ¥

.t Y

=> Q)= g, 0\ e [ cter doaee)

We need the ensemble average of @ (+)

Assumptions:

—  From atom to atom 2w () isa
Gaussian Random Variable

— Averaged over the ensemble 45&1(;5'}?&=0

— Collisions have no memory over time,

<Dute) dwey, > 35-5(»&-03

R

Can show that,
averaged over time
and the ensemble

-~ f:dé’ me) %
&



Density Matrix Description of 2-Level Atoms

Evolution of coherence (fast variables)

collisional

QH_ = =\ [Nu +30) (£\] Q, ) history

=> Qult)= ”_(o\é;“’u"‘e_"" C,Owéco(—c'\

We need the ensemble average of @, ()

Assumptions:

—  From atom to atom AW () isa
Gaussian Random Variable

— Averaged over the ensemble <5CJC:L»']?Q"-O

— Collisions have no memory over time,

<Dute) dween > %5&-03

P

Can show that, —‘f+d£'5w(‘t‘3 iy
averaged over time <e Jo > —g YT
and the ensemble &

It follows that: G, (¢) = @, (& ™" e tT

Add this decay to the equation of motion to get

ém = L‘5;1‘1)8.!5, + C'éu)e.c,: B Go‘).u - 1/'5)?)9.

Simple Model of Inelastic Collisions

As modeled by, e. g., Milloni & Eberly,
this is a steady loss of atoms

. — 17

é'u = (éu}S.E, - r*]' Qﬂ ¥>E
Qi = (@y)se ~ 180 —Qiri

This is strange because Tr @ (L) is not preserved

Convenient when working with quantities

N Qﬁ) o N (/ﬁw.gtr f {ﬁ‘ll@l‘l)



Density Matrix Description of 2-Level Atoms
It follows that: g,()= Q,(le it /T Effect on probability amplitudes

Populations are ensemble averages of the type
g, [4) = <(,802> =<lg (ot ye T
~-Lt
Q= (@gg t (By)g = — (iw, ~"'T)g, 0y, ) = 18,12 = L[ (0D e F

Add this decay to the equation of motion to get

When the populations decay, the averages of the

i . . s robability amplitudes must decay accordingly,
Simple Model of Inelastic Collisions P yamp y gly

. A
As modeled by, e. g., Milloni & Eberly, {la, By )=<Lla,0l>e” 2
this is a steady loss of atoms <[Q;_(6\[>=<M,_[é)(7@'- :_6'&
— ()
944 (e)se — 17 @ 4N Thus, for the coherences
Q - (6,.).. -he 5 B ()= L 0,4\, &Y > =<4, [0)0,@)*>e” at e "t
19 _—
1. /5E. Nt
1
This is strange because Tr @(t) is not preserved This gives us elaitic ineliStic
Convenient when working with quantities
i '('Pp_

N> o N (7,8, # Thuiy) 2= (@) 0~V G- = Gy,




Density Matrix Description of 2-Level Atoms

Effect on probability amplitudes
Populations are ensemble averages of the type
g, )= 10,602 =< [ lorye T
0y, 1) = <10, = a0y e E

When the populations decay, the averages of the
probability amplitudes must decay accordingly,

{ayey=d0,@ > e 4t
Llogely=((aane e

Thus, for the coherences

This gives us elastic inelastic
\’ v
P +h 9
Qrs." [91‘1\3 a. /f L Sy

Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field

125
Ay H
117

atom- field
interaction

Warm-up: A Bayesian recipe for Mixed States

Alice has two 2-level atoms in the ground state.

Step (1) She applies a Hamiltonian that drives
the evolution

(194 1105 = @, 110,117 4 4, 113,125,
Step (2) She gives atom B to Bob and asks him to

measure if it is in [Oeor l2>3 and keep
the result secret forever.

Result: Alice now has a 2-level atom in the state

§= [0, 12 112,4¢]+ 10| 2>g 421
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Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field

125
- O
117

.atom-figld
interaction

Warm-up: A Bayesian recipe for Mixed States

Alice has two 2-level atoms in the ground state.

Step (1) She applies a Hamiltonian that drives
the evolution

119,117 = 0, 113,117, + 4, 125,125,
Step (2) She gives atom B to Bob and asks him to

measure if it is in [1>Gor |2>8 and keep
the result secret forever.

Result: Alice now has a 2-level atom in the state

9= 10, 15,1+ [y [ F1255 <2

Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field

D (o)

atom-field
interaction

125
Ay
117

Final OPTI 544 Lectures:

[y (0)> = 2%, Ivae

®» evolution over time ¢
QEF

[ [£)>=C, 1) li.)a IVac >aE,+%c,|mm 13, 1= 1er

photon “in the atom” photon in field mode &

Cannot recover info in continuum of field modes

g

Probability |C, o (£)|*> of having no decay
Probability Zlchu(é)l" of having decay
®

No Coherence established between states |17 [2)
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Density Matrix Description of 2-Level Atoms

Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field

125
SO
117

atom-field
interaction

Final OPTI 544 Lectures:

[ (0)D =19 >ﬂ Ve >62EI-' ®» evolution over time ¢

(5 (6)D=C, 51) I::)A[Vac >a,5,-«—%c,'1 1D, In= Ve

photon ““in the atom” photon in field mode &

Cannot recover info in continuum of field modes

P

Probability |C, o (£)|* of having no decay
Probability Zlctu(é)lz of having decay
=

No Coherence established between states |17 [2)

Conclusion: Decay moves population [2) <> 11>
at rate A,,, damps coherence at rate A,,/ﬂ

914 = Ay_, Ql‘l ,

g:u '_A‘LI Q’H
Q) = ézf

Putting it all together:
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These are our desired

Density Matrix
Equations of Motion

10
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Consider the 2-Level Rabi problem:

H=H,+V & vu=-'z-,9,;xu_e"'“* +e.c
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mixed states
° - .X'!* _ e
Q=18 iy (&-2) =8y

End 02-13-2024

Next: Non-Hamiltonian evolution

Types of events

(i)  Elastic collisions: No change in energy

(ii)  Inelastic collisions: Atom loss

(iii) Spontaneous decay: Transition [3) <> [¢>

Simple Model of Elastic Collisions

Two atoms near N energy levels shift,
each other free evol. of @, changed
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Paradigm for perturbations that do
not lead to net change in energy
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Density Matrix Description of 2-Level Atoms

Next: Non-Hamiltonian evolution

Types of events

(i)  Elastic collisions: No change in energy

(ii)  Inelastic collisions: Atom loss

(iii) Spontaneous decay: Transition [3) <> [¢>

Simple Model of Elastic Collisions

Two atoms near N energy levels shift,

each other free evol. of Q,, changed
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Paradigm for perturbations that do
not lead to net change in energy

Evolution of coherence (fast variables)

: Ilisi 1
Gu= -iwyrduin]g, sy
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=> Q)= g, 0\ e [ cter doaee)

We need the ensemble average of @ (+)

Assumptions:

—  From atom to atom 2w () isa
Gaussian Random Variable

— Averaged over the ensemble 45&1(;5'}?&=0

— Collisions have no memory over time,
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Evolution of coherence (fast variables)

collisional

QH_ = =\ [Nu +30) (£\] Q, ) history

=> Qult)= ”_(o\é;“’u"‘e_"" C,Owéco(—c'\

We need the ensemble average of @, ()
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—  From atom to atom AW () isa
Gaussian Random Variable
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As modeled by, e. g., Milloni & Eberly,
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Density Matrix Description of 2-Level Atoms
It follows that: g,()= Q,(le it /T Effect on probability amplitudes

Populations are ensemble averages of the type
g, [4) = <(,802> =<lg (ot ye T
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Q= (@gg t (By)g = — (iw, ~"'T)g, 0y, ) = 18,12 = L[ (0D e F

Add this decay to the equation of motion to get

When the populations decay, the averages of the

i . . s robability amplitudes must decay accordingly,
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Effect on probability amplitudes
Populations are ensemble averages of the type
g, )= 10,602 =< [ lorye T
0y, 1) = <10, = a0y e E

When the populations decay, the averages of the
probability amplitudes must decay accordingly,
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Llogely=((aane e

Thus, for the coherences

This gives us elastic inelastic
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Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field
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Warm-up: A Bayesian recipe for Mixed States

Alice has two 2-level atoms in the ground state.

Step (1) She applies a Hamiltonian that drives
the evolution

(194 1105 = @, 110,117 4 4, 113,125,

Step (2) She gives atom B to Bob and asks him to
measure if it is in [Oeor l2>3 and keep
the result secret forever.

Result: Alice now has a 2-level atom in the state

§= [0, 12 112,4¢]+ 10| 2>g 421
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Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field
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Warm-up: A Bayesian recipe for Mixed States

Alice has two 2-level atoms in the ground state.

Step (1) She applies a Hamiltonian that drives
the evolution

119,117 = 0, 113,117, + 4, 125,125,
Step (2) She gives atom B to Bob and asks him to

measure if it is in [1>Gor |2>8 and keep
the result secret forever.

Result: Alice now has a 2-level atom in the state

9= 10, 15,1+ [y [ F1255 <2

Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field
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Final OPTI 544 Lectures:
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®» evolution over time ¢
QEF

[ [£)>=C, 1) li.)a IVac >aE,+%c,|mm 13, 1= 1er

photon “in the atom” photon in field mode &

Cannot recover info in continuum of field modes

g

Probability |C, o (£)|*> of having no decay
Probability Zlchu(é)l" of having decay
®

No Coherence established between states |17 [2)
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Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field
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atom-field
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Final OPTI 544 Lectures:

I (0) =12, Iae Yo,
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» evolution over time ¢

excitation in the atom excitation in field mode k&

Cannot recover info in continuum of field modes

P

Probability |C, o (£)|* of having no decay
Probability Zlctu(é)lz of having decay
=

No Coherence established between states |17 [2)

Conclusion: Decay moves population [2) <> 11>
at rate A,,, damps coherence at rate A,,/ﬂ
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Qu = ézf

Putting it all together:
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These are our desired

Density Matrix
Equations of Motion
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Emission and Absorption — Population Rate Equations

Note: The terms remaining after elimination of
Qs , @y, are commonly identified with induced or
stimulated processes. They are proportional to
'X1%, |E, | and thus the intensity of the light field.

Stimulated Emission Rate

Def: Absorption Rate

sl feSe k@l
LA eh (-0 pt

Schematic:

Rl\.gu pla Qu A'll 922

18
End 02-15-2024



