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Atom-Light Interaction: Multi-Level Atoms

Starting point — the Hydrogen atom
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Note: Frequencies for transitions n=>n', n"-=n"

are very different = near-resonant approx.
with a single transition frequency Wew,

Levels {1 ) are generally degenerate with
respect to the quantum numberm , so we
cannot isolate a 2-level system only through
its transition frequency.

We must therefore consider Selection Rules

Interaction matrix element
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Wavefunction parity is even/odd depending on £

q)vnﬂm(ﬂ = [~ ”Z EPVIQW\(__F)

© {|V| )can be non-zero only if (£- £2') is odd.
This is the Parity Selection Rule !

(*) This is not strictly true due to spin-orbit coupling.
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Atom-Light Interaction: Multi-Level Atoms

Note: Frequencies for transitions n=>n', n"-=n"

are very different = near-resonant approx.
with a single transition frequency Wew,

Levels [v2) are generally degenerate with
respect to the quantum numberm , so we
cannot isolate a 2-level system only through
its transition frequency.

We must therefore consider Selection Rules

Interaction matrix element

A
dn'g'n'| v, C(+!n£M> oC Jlo:” CPV"*;:M(“\‘)F CFWQM(P

Wavefunction parity is even/odd depending on £

(- 136 va,em(“‘":)

q)mﬂwn(m -

© {|V| Ycan be non-zero only if (Z- 2') is odd.

This is the Parity Selection Rule !

(*) This is not strictly true due to spin-orbit coupling.

Next: We will find selection rules that derive from

the angular symmetry of the matrix element

We need to develop the proper math language
© spherical basis vectors and harmonics

Consider an arbitrary set of orthonormal basis

> a4 o .
Vectors é&., & - We can always write

r=(rg) 3."*(“‘%\%* (r.a&) &,

. b . - - ) [ )
Cartesian basis:  £,=€&,, &;=2¢&,, & =&,
(real-valued)

A - L) _ .L - -~
£,28,=- g (&rigy)
. . I ) Lo
Spherical basis: | £, 5 (£~ aa)
(complex-valued) -« - -
2&:50 = 2_&

Reminder: Scalar products of complex vectors

Dirac notation Regular notation

flay +11b>, 1c7) (G+B)-C
= (<al-i<pl) Iy =3.C-ibc
= <ale)-i<blc?y (anti-linear in 1% factor)
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Atom-Light Interaction: Multi-Level Atoms

Math Preamble: The Spherical Basis

(1) Prove the relations (Homework)

.-.,;— 9 —4|.-n= A-F’:.-Q
Ea=()*8,, B By=dy. G- 5relaf'dy,

(2) Show that

.-)_ S o L _ q_ q_-—>
r-z_(reg\sg— i{E Y, &g
Q:=0,f]

@=0%I

%”(Qt?)ﬂ/%cose

(Spherical Harmonics)

Example:

) =B - — -y — =S .
£, (Etig,) » FE =~ (TEriPE,)

Substitute: (Spherical Coordinates)

2 < o . .
Y-8.=VsmecosP T-s,a=rsmeem4>
P

i

F.8y =¥ 5 [Sinocosd+isinasing)

~—
p)_ > -5 _ q. 4-—9
Pe2 (PENE=r[4r 5 vPE,
Q_—O,ﬁl q-:olt,

End Math Preamble
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Atom-Light Interaction: Multi-Level Atoms

Example:

"\,..l". .= -4.-4._-_:_ — = s
£,° 5 (Ectig) > ME =~ (NErile,)
Substitute: (Spherical Coordinates)

il < i . .
V-8c=¥YsmecosP Y-&,= r<$ingsing
=

e = r—\,’-s-_ (sinBcos®+iSinesing)
=vLle: P _ 4 1
V'\EQ.MGQ. —r\fg—x [er(P)

Relations for g = 0, -1 follow similarly.

End Math Preamble

Back to the Dipole Matrix Elements. First:

Vexe= e E(£) < Hermitian
E(t) = El E, (&, e+ ZZGE;“*)
l t
= I Eo ((SQC “"LT (-1)qu_€'m )
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electric field polarization
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Atom-Light Interaction: Multi-Level Atoms

Back to the Matrix Elements. First: The matrix element = overlap integral
- - 1/ \
V(_,(.L_:“'QF"EHA V’-| <'\£ m IVCX,I,_IYIKW\)

Y

E(t) = E’ED( “"’h«.g,,‘L e 'vt)

( S o a)
=1 E, (& Wty (-1)98,46'”),
A where @, (¥)=R,p(r) }{Zm(aﬂm

electric field polarization

P
- 59 Vy = <l w | Vg [n2MD
Ve:ct— - _ (-) - R« J‘ ola (\/Q?")*(Y?e:;“b+ (~!3Q)§qe;”t} yevn
\’—_CEr(z )(& C:wt (- ')Qag .u-c—) P _ )
9 %r—/ ill;ilég?;l angular integral
Outg
e Thus, to within a constant factor

o, €T ( ytﬁe—iwt+ [_,)&yz—ae?w-é) VT INAL it ‘)QX'ge:wblem)zv,;'_'

16



Atom-Light Interaction: Multi-Level Atoms

The matrix element = overlap integral

= {nLwm' | Veyy [NEMD

v
S AUl VA U A L YN

where @, [7)=R,p(r) }QM(G.LP)

N
= {n'l'm'] \/cx,b_lnILM}

)

7/

~ "

radlal
integral angular integral

Thus, to within a constant factor

V= [V WE (Y4 € omy =V

Resonant terms:

__f— 12> = IQ'W‘.'> -*—)——- 125 IE'M'>
-1t ejwt
' 115 = 12m> ——J‘— f15 = [2m >

Recall from 2-level system:

Gy = =L (X, @79 40 9%) g,

P
PGy = Wy, Ry - 3‘_ [Xl,e““"* +><,’;e"“")a,,
-
ic,m:—-’L(X gt oy X 552[4\

i) = (oog W) Gl 1 (%, + X 24 k)

- (RWA)
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Atom-Light Interaction: Multi-Level Atoms

The matrix element = overlap integral

= {nLwm' | Veyy [NEMD

Y

—

S AUl VA U A L YN

where @, [7)=R,p(r) }QM(G.LP)

N
= {n'l'm'] \/cx,b_lnILM}

)

7/

~ "

radlal
integral angular integral

Thus, to within a constant factor

V= [V WE (Y4 € omy =V

In the RWA we have (YZ‘}*: (-1)" yé'", giving us

Vi o <2m' v e 9 E om Yy
Vi o< <Lm|(=1*Y7H e %% 1oty

- TR ()
G fla O Y < (g tmigm
Vot [ A0 (9 & Ctogs Do)

!

Clebsch-Gordan coefficients

Next: We can understand this as conservation of
angular momentum when a photon is absorbed

or emitted -

Selection Rules for Electric Dipole
Transitions
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Atom-Light Interaction: Multi-Level Atoms

In the RWA we have (Yé")*: (-1 y:", giving us

Vi o <2m' v e “E om Y
V,y o< <Lm|(-1#Y7% " [ pm

dropplng 9
- factor (~1)

Vt,wjdsx(\/g')*ﬁ\/e“ < {195 Lml LM
VuoCJd&(\/&M)*\/{Q\/QT’ " <1'_q_).£|m(|£m>

]

Clebsch-Gordan coefficients

Next: We can understand this as conservation of
angular momentum when a photon is absorbed

or emitted -

Selection Rules for Electric Dipole
Transitions
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