Quantum States of the Quantized Field

Amplitude and Phase

— Key characteristics of classical fields
— Need equivalents for quantum fields

Classical Field IT
Elst)= & W4 ce.c o
A

Quantum Field

El)s E,& iU PETYCS

T_ Non-Hermitian!
Separate in amplitude & phase?

Consider operators

Q= (N+1)2eXp(ig) * eptip) = (R+1)"La
0= ep(-ig) (N 1) expl-9)= GF(R+1Y%A

“phase” “amplitude”

“Phase operators”
expliflexpl-#)=1  eXplip)= ekpl-ipy*
N i ) . A . -1
expl-iglexplin) = 1 = [eXot-i)]
— Analogous to classical phases

— Non-Hermitian, NOT observables

Quadrature operators?

cosqP = i[e)'ép(; +6€p(-:q>)]

(m-t) 264+ 0 [N+1) ”?-]
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Simg =
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— Hermitian -> observables
— but ultimately too cumbersome

Let’s rewind and try again...
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« ” Quadratures of the Classical Field — Take Two
Phase operators

A a . ~ . -1
expl~plexplif) = { = [@cp[-:q))] T
) hi
complex amplitude for mode €

— Analogous to classical phases
— Non-Hermitian, NOT observables

Define
Quadrature operators? X () = Rﬁloﬁg('ﬂ]‘-‘i[d&‘ﬂ*dﬂ{)] = QOK)
cosq = i[e}P(; )+ exp(-i¢)] Vi) = Tm [ 8)] = L {ag oo 1) ] = Pl#)
_ 1 "l A I} N .
"2l it -+ 0 T+ L] Quantization: X 0, x*= At
Sing = L[ &pciryu—c%p(:ap)] Xi) = 3 [ g )+ ] :?;m} o S
A - Q ~ t 0 =
— Hermitian -> observables E(2,t) =£3(X[€)+7'Y(~m e'&%j H.C
— but ultimately too cumbersome 2 &[X(-é)cos(&ﬂ —-Y(-L)s;n(%a)]

Let’s rewind and try again... — same info, easier to work with -
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Quadratures of the Classical Field — Take Two

E(24) =& 0, lt)e ebticc. X
W—/ :
4 iy :
complex amplitude for mode €  Re
X. /

Define
X(t) = Re [g4)] =7 [ W)+t ()] = QH)
Vi) = Tm[Ag 4] = L [wg 0o 14)] = Pl

A
Quantization: X-> 0, ¥ a*

XM= 7 [Ag 8 +0gk) ] = Qit)

X, Y] =
Y(-&)*,}[a&[ﬂ—agu]-f)[{)} ! 1%

é[%l{:) * g&(%(ﬂ'ﬁ%{-ﬂ) e;&%f{- HC‘
- Eg[ Bitycos () -Set)sin{re]]

— same info, easier to work with —

Quantum States of the Field in Modexe

Number States (Foch states)

ota [nd = ninS

P

MIXIn> =gy =o
KNy = Ty = 3 neth)

P

AXAY =5 (n+h)

A
— HIGHLY non-classical, {E) =0
— VERY hard to make for large n
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Quantum States of the Field in Mode/?e

Number States (Foch states)

0o [nD =ninS

-

XD =nTnd =0
<A1 KMNY = Ty = L lnelh)

— -

AXAY =5 (ne4)

'y
— HIGHLY non-classical, {E) =0
— VERY hard to make for large n

Coherent States  (Quasi-classical states)

— Closest approximation to classical field
— See Cohen-Tannoudj, complement Gy

Definition: [2}> is coherent (quasiclassical) iff

> = R @) |2> = K(8), <Y = V)

CHEY = e (Ix )1+ 14 )

noting > Ay A ~iE
that XH) <« alE) = a(0)e

- V(L) o Oft) = Oto) eI WE

equivalently

Definition: [% > is coherent (quasiclassical) iff
@ <80V = <AL = «L[0)
@) <Aoo = L) x (o)
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Coherent States  (Quasi-classical states)

— Closest approximation to classical field
— See Cohen-Tannoudj, complement G

Definition: [2}> is coherent (quasiclassical) iff

K> = R 2S = X(8), <Y A =YH)

(AW > B ()14 )

noting sy o Gitg) = (o)Wt

that
- V)« Gfct) = o) e WE
equivalently

Definition: [% > is coherent (quasiclassical) iff
1) {80Y> = <AL = o[0)
2)  (GT)&lo)) = oY (o)

Cohen-Tannoudji, Lecture Notes

e

equivalently

Definition: a state |x is coherent iff

O ALY

Finally, one can show

JX> = e

Physical properties

(X)) = Re [alo)emi %]
(&[—A)) = Tm [alo) e’“"“*] /\.\
®
DAY = YT =1 \ y}&t
DX DY = '/q
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Cohen-Tannoudji, Lecture Notes

e

equivalently

Definition: a state |x) is coherent iff

O ALY

Finally, one can show

~ /9 o
JX>= e %, T In>

Physical properties
TR IRED

s
\ yxu)

(X)) = Re | c(o) e“‘“”‘]
(YI4)>= Tm|xio) e vt

AX ) =AY ) =%
AX DY = '/g

Photon statistics

N outcomes "
Measure N ® K gt
Pln)={xlnXnlxYy = LVTL e
B
mean I =[a&l%

Poisson distribution w/
variance An*= x|t

-

— Shot Noise

an =&
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Photon statistics

outcomes )

K
Measure N ® {O[Vl') &X[nXnlxy= —~——

e

Poisson distribution w/ {

.

lou""

variance Anh*=

- L
e

mean N =[«&l%

ks

AN = \rv“T — Shot Noise

More about Coherent States

TR IRED

/ \/.\ Coherent States
\. > as translated

Vacuum States?
Generating Coherent States from the Vacuum

Definition: D(_DO— X~ *

]

Unitary, equals translation

Glaubers formula (from BCH formula)

A A a A A
A+R B i[4R]

Q =
for [A[A8]]=[&1A8]]=0

N.'b >
[\V)
®
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More about Coherent States

YR TR(E)D

/ \/.\ Coherent States
‘ > as translated
\ 0> /i)

Vacuum States?
Generating Coherent States from the Vacuum

Definition: DUM" xot ——0("‘0

!

Unitary, equals translation

Glaubers formula (from BCH formula)

Apply to f_ oLa"" —-oc*a] = & *X
"t A A

A B [AR]

et ne _xn
Q D(o<§" l12/s. d&ema

Remember: 5\!0) =0 ®»

~n #\1
YD t”;_fi)-—lo>=lo>
v N

—
', At
D io> = &7 X455

_1 ) H
&'/‘%cm 10>

- ol A X

= = It
%\LT: ?

e

D) 10> = 1&
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Apply to ) oL(“X", '-0(*0':] = X *x
AR T A
A & [AR]

& ) oF X a
[> Dixs = & 1A L0 - a

Remember: Q0> =0 ®»

~n =2 n
X 00y = 5 X s - o)
) 5

n

S

'S - S A‘f‘
D)o = ™7t X2 55

PN at
221&1 ZCKG‘)" l,0>
n h

-l

1Y X"
= In> = 1ot
%\W 7= Ta>

o —

D) 10> = 1a>

OK - l'j(o(B generates (x> from the vacuum!

Rewrite:
X0F - x* G = (K-x*) X + 1 [K+aF)Y
29V 49Xy

where X=—(o(l§'\(|0(>, VERCALS,
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Apply to ) DL&"-' —m*&] = X *x
AR T A
A & [ABR]

» D(NB“ ~ 112/ om’f ~o<*a

Remember: QIO =0 ®
~n =2 n
X0y = > (L”%tﬂ)_ o> = [0
v .

e

-l ¥/g ¢>(a"'I

D(m} 0> = e o>

—mt Cxa

-l

=e

-r

D) 10> = 1a>

OK - l'j(o(B generates (x> from the vacuum!
Rewrite:
KO- = (x-o*) X+ 1 (+aF)Y
N SR
where X'—'—(o(l)'\(lo(% VERCALS,

Glaubers formula again:

2y +.2xy _ 9YY 10Xy
B) = ' X XY/qewxer}’

Recall: é(q) = e:ig'p/ﬁ’ ® translationby g

§fp‘) =e""P9f/’& £ translation by ¢

where ﬂ:q"){’ P:Poy
e s . s & 9.p 2K
32%%X, P=RY
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OK — D(«) generates [x> from the vacuum!
Rewrite:
KO- = (B-o%) X+ i (X +0*)Y
= ;Q‘Y}A{ + 123{’\2’
where X = (XX, VY= o] Yo

Glaubers formula again:

. A . . A A A
A BNYX+12XY — \ an
Dix)=e o o KM IVX 1KY

Recall: é(g) = 6~iqp/ﬁ’ ®  translation by q

§[.P‘) = 6-"?9'/;& ® translation by ¢

where q:g"x’ P:Poy
n A ~ A & Q'QPO :2&
429X, P:RY

This gives us

80y = §0%) = Y, Srp1-bey) - Y2

"
D(®) translates
along X then?Y |
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Coherent States from

Classical Dipole Radiation Recall from Semi-Classical Laser Theory

a . E
Classical Dipole d[t) = d coswt) @ £=0 <’76:[ﬂ> drives E[t)

R X
. . _ ~oe
Quantized Field E(2Z)= 5& (G+a™) classical dipole coherent state
+ quantum + quantum
Dipole-Field Interaction fluctuations fluctuations

H = B (878 ) + AN () (B 1)

) == B - et

Drive from T=0 to T

‘-V Homework Problem

(voluntary)
e - ; ! For + )T we have a coherent state
o(m=~'2;:°€ i(w-w)Tl Sinllw ce')T/ﬂ ibe-T)
(-w')/1 KiH)=&(T)e
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Odds and Ends — Thermal States

= Te [e~ kT ]

Squeezed States

Minimum uncertainty states w/assymmetry

Py [mXn| = -/ - EnllegT 10 x
ARAY =Yy, AXU)%DYW) e 2e "

=(1-9) D g"InXnl, Q= e,e‘“u’

Phase Squeezing

A =Tr(QN) = §<w|u-gsghmxnr&m'>
w.n

Amplitude Squeezing
= (4- QﬂZV’QL = ——
1"'9;_

Yabhy
\KHJ Me:n Photon Number:
7Y
L/

Photon Number Uncertainty:

9+4
(1-4)

13

KNS = (1-g) )2 ntq =

Requires interaction with Nonlinear medium




Quantum States of the Quantized Field

Odds and Ends — Thermal States

= Te [e~ g™ ]

- ZP(MMXV\I —/Z ~EnllgT 10 0 |

=(1-9) D> g"InXnl, Q= e~ Hlkal

Ant = (N -<RYE
[

(1-9)  (t-9)*  (1-a)

Mean Photon Number:

n= __?'___ Coherent State

= TR(QNI) = > Lwil1-9)9 In¥nIN [

w.n

Q
0=

Photon Number Uncertainty:

9+4
(1-4)

Ny = (1-0) ;n‘lq” =

¢

4-—q Iimitl
An-= Ve =Vt 27

Optical Frequencies, Room Temperature:
A=A wm T=%0K
Q:=65x%10"" H~1p=6
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Odds and Ends — Quantum-Classical
Correspondence

Define a Translation Operator

A > _IEN ~Wta .
“ - + "~ o
-r;‘['t) - e O~ Xe 7 A D("Ke :wf)

Q

Use [6\, ﬁ(0'1")] = dF (&™) /da" to show

[6,T,] = 6T T = —ae™ ™t T

él_,_‘_‘_ A A4 A :E.\: A4
L= TR E T =T (8,827 T+H.C)T,
= £a0e kT He 4 me‘("t’n‘”—vc,c
= E, + Ef'(x,)

We also have [4'(4)) = 't( (&) =07

Action of the unitary transformation T [4)

A r'S ~ n

B, =T WE T = ﬁf B (x4)

1% (£)) = T () 1K) = 16D

o

We can work with

A\

E, 1> or é_,_-—l-Ef_l(o(;t), 0>

Validates Semiclassical Optics
for strong Coherent Fields!
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