Quantum Electrodynamics — QED

Starting point: Maxwells Equations

Free Fields - Switch to Fourier Domain

(1) V- E(F4) = g—:e(?,ﬂ
2) v.B(F4) = 0
3) vxE(ft)= -2 B

o~ - 1 a =, *__4-_':»..!
@ V< BEL L2 Bt 55 jeip

Implicit: Charges & Fields in Vacuum
No “medium response”

Same issue as with our introductory example:

Maxwells eqgs are non-local

P

We need to put the classical description
in proper form -> Normal Mode expansion

Fourier Transform:

Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different [z
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Free Fields - Switch to Fourier Domain

2 &-Bledt)=0

(3) Bx £(& 4 r‘%@(ﬁt)
-0 =t — _ B - ey —4—_- -
() kxBlet) = 5o EkDT Y
| v ik-L
Fourier Transform: . .
VxG  ihexh

Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different [

Separate into Transverse & Longitudinal Fields
gl t) - 2” B+ & A [y
Bl = Batlk) +B (k4 MEq (2)

(= Entirely Transverse

D~
—

-y
f,” is %: X the projection of € onto K
Note:

b —1'.;'( E"gf is the projection of i’f onto K
‘-V
g ke Riin3 2 3
u- 'ﬁ:g’u —"0;("5 ' g) = E;Etgw,él
Coulomb field from the charges
‘-V

— )
Only £J_and ‘BJ_are new degrees of freedom

beyond the particles -> Free Fields
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Separate into Transverse & Longitudinal Fields
Elt)= &, () + & (B9
Blles = WB—FQ (k4| MEq (2)

(3 Entirely Transverse

= 7 -
£” is % X the projection of € onto E
Note: . R
)
f,”= —i-;'r .£ is the projection of € onto K
P MEq(1)

-—4

e ke %
Ecte =2(-Lik g) - 2 ety
Coulomb field from the charges

g

> i)
Only £Land ‘Br,_are new degrees of freedom

beyond the particles -> Free Fields

Egs for Transverse Fields, from MEqs (3) & (4)

=3

(5a) 2 Bekd) = ~ix E, ()

(62) - 2 (B4 = c*iBExBlke)- 5 5 (B

- inverse FT

(5b) 0% B(*1) -~V E L (78

(66) 2 E (F1)= ctoxB(P4)- 2] (Fd)

combine (5b) & (6b)

Wave Equation for the Free Fields

1_ 10"\ e _i_@."‘—»
(v |E 6= im st Tue
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Egs for Transverse Fields, from MEqs (3) & (4)

L B

sa) & Bkt = - x E, ()

(62) - 2 (B4 = c*iExBlke)- 5. G4

(
]

- inverse FT

(5b) 3% ﬁ(v""ﬂ =—~Vx El(\'r’,f\

60) 2 B, (P\= clOxBIP4)-7 ] (Ft)

Normal Modes ina 1D Cavity

[RTaN

Normal Modes are Standing Waves

Length [
Cross section A
Volume V=LA

fiducial

— -
Let E(2t)=E, E (21) andexpand ™%

l

(7) E, ()24, (b)sin [;2) , Ay= [ 28
)

EoV

combine (5b) & (6b)

Wave Equation for the Free Fields

MEq (4) w/no charges

"-\GM(&%)

Q'
:1(%_%8_;_):-3 %

3 transverse ®» f_?,2 =0
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Normal Modes in a 1D Cavity

Length L

standing wave

Cross section A /\\/%
Volume V= L4

Normal Modes are Standing Waves

— -
Let E(24)=E&, E_(24) andexpand M3

fiducial

(7) E (24): §A 0,(b)sin &2}, Ay 1‘2‘\/

l

o

MEq (4) w/no charges

-2 £ (P4) = gxl'E'LZA q.[4) sin eyt )

]

3 transverse ) F_?,2 =0

From Eq. (5a) we see that

BELEE » Bat)-E, 8,(24)

Putting this together we get

2 A; .
- —Zézig g (£) Sin (4;2)

-

(8) B%(Q--D Z i?dc-‘ é_a-(UCOS('%%)
J

Hamiltonian (Energy) for the Classical Field

. A fd%(ra R

¢ gt
2.
_e,,TI ZIA a.(1) Qm‘(%d%.)-!'i‘. (\‘0039‘(%%)]
o 4 b

d
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From Eq. (5a) we see that

BELEE » Buai)-§, 8, 2)

Putting this together we get

oy -Z%’Q 9, (£) Sin (h;2)
&

2%
P

8) By(24) = p £:q. Wicosty)
g d

Hamiltonian (Energy) for the Classical Field

. A fd;}(IEl +?R1?) =
*/ y
L0 cfw“(%éé)-f.—" 9 4 cos ()

o d

Integrating over the Cavity volume
L L
Adzsint (3] = A f g cos*(;2) = V4
Y (v

]
W), M.
and substituting ﬁ;’-’ = -—;ad\-/'d' we finally get

0

- i3 2% L Lol
%—lemawﬂs*z”oqq]
9

Lagrangian for the Classical Field
L
. $A4 LI =L
- -p:-fdz(c 2 18)

0

- Lwmar-Im. wdat

‘Z[Lmaqd 9_vv\dw‘)ard.y
¢

o 02 oF
Check s q'.x~9‘?1-‘, =0 ® q_+ q[, =0

(Vi é&a‘t,\é( t)=0 ® éi;«rw}q&:o

6
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From Eq. (5a) we see that

BELEE » Buai)-§, 8, 2)

Putting this together we get

oy -Z%’Q 9, (£) Sin (h;2)
&

2%
P

8) By(24) = p £:q. Wicosty)
g d

Hamiltonian (Energy) for the Classical Field

. A fd;}(IEl +?R1?) =
*/ y
L0 cfw“(%éé)-f.—" 9 4 cos ()

o d

Integrating over the Cavity volume
L L
Adzsint (3] = A f g cos*(;2) = V4
Y (v

]
W), M.
and substituting ﬁ;’-’ = -—;ad\-/'d' we finally get

0

- i3 2% L Lol
%—lemawﬂs*z”oqq]
9

Lagrangian for the Classical Field
L
. $A4 LI =L
- -p:-fdz(c 2 18)

0

- Lwmar-Im. wdat

‘Z[Lmaqd 9_vv\dw‘)ard.y
¢

o 02 oF
Check s q'.x~9‘?1-‘, =0 ® q_+ q[, =0

(Vi é&a‘t,\é( t)=0 ® éi;«rw}q&:o
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From Eq. (5a) we see that

BELEE » Buai)-§, 8, 2)

Putting this together we get

oy -Z%’Q 9, (£) Sin (h;2)
&

2%
P

8) By(24) = p £:q. Wicosty)
g d

Hamiltonian (Energy) for the Classical Field

. %‘3 fo{;}(IEl +CYB1%) =
L \

e,,AJo@Z[A 9.1 cm"(?eée)-f._"qd (€1 cos™(f, Q)]
o 4 %

Integrating over the Cavity volume
L L
Adzsint (3] = A f g cos*(;2) = V4
Y (v

]
W), M.
and substituting ﬁ;’-’ = -—;ad\-/'d' we finally get

0

- i3 2% L Lol
%—lemawﬂs*z”oqq]
9

Lagrangian for the Classical Field
L
L= %“-‘-fdz(c‘r@"x*- gy M
0
= > |t m.ar-Im. wiat
-2 [amal - 3meal]
¢

o 02 oF
Check s q'.x~9‘?1-‘, =0 ® q_+ q[, =0

(Vi é&a‘t,\é( t)=0 ® éi;«rw}q&:o

8
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Integrating over the Cavity volume

L L
Adrsint ) = f g2 cos™(8,2) =V
Y (v

)
2_ . M.
and substituting ﬂd- = —d—d we finally get

£,V

_ L 2%, Lo oY
x- Z[’-mawégfé * 1”"0%]
d

Lagrangian for the Classical Field
L
L= -’:gl] dy (c*(@*- 1EIY) |

0

=D |tm.ar-Im. wiat
Z[ﬂ—w'aqd iw'awagq]
¢

A 0% of _
dt 3g; 99,

-Li\g (TH)=0 ® Q-+w'q.-0
crott) —Lt ¢ d 4T

Check

[ X} ’_
O » q_$+wd‘q_i:0

(vt

And Finally:

Conjugate Momentum /rld S— =M.

As before, a collection
of Harmonic Oscillators,
ready for quantization!
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To summarize so far...

E,(24)= Z A; 9 FOSin(;2)

By 2= Z ,,;"5; Q(¢)CosCh;2)

A‘- w s
\V 3 ie,,v

Classical Fields

Dimensionless Field Variables:
Q‘ = Qg/qgo.; qoé"' \/.‘2%/%&)-
Py =4y Mo; 0 Aey= \/.‘UEZM w;

P

O HY =@ [R)+; £:(E) =

P

oc3(0)e,"'“df

Ec(2t)= 2 A;0.05m(k2), 27A0, \/%"‘\’/o
d

field
“per photon”

By 26 = Z () Cos(he;2)

-
=

Edc'f‘ grs
é- Zﬁ [ ) -t [cos (st

10
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Classical Fields

Dimensionless Field Variables:
Q' = Q. /%, , D= \/.‘Z%/M&)-
Py =4 M0 o= \/.‘Lilcm w;

P

;1) = Q1)+ Pild) = &, (0) ¢ Wit

P

Ec(2t)= 2 A;0.05m(k2), 2740, \/e‘w\if.
d

= Z & Lo+ (6) ] Sinfl;2) i

field

“per photon”

Byl26)= Z g‘g_ 0, (t) CosCl;2)
&l

:.é_z

o4 - o(;‘[i,\}cos {!&é-l:)

Standard Quantization Procedure

%~Q

i " s .
7~ ,?,é , [%.’K‘ﬂ =”“33'
ds(‘ﬁ\""ﬂj & "+]__5

% ng? KRt BT
“cim""aj

E,[2)= 255 (0,2 )sin(&;2)

é ~——§£ a —at) cos(&;2)

Total Field

11
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Standard Quantization Procedure

A
%9 A
O RV
5= 1 % 3
o (1) = Q;
J J o ~ 4
[QJ\ J'] = 5&'

* at’
0 (€)= a;

A

Exl2)= D £ (a;+4])Sin4;2)
5

Byle)=-L S ; (4,-45) cos(y2)

Total Field

Note:

These are the Field Operators in the
Schrodinger Picture (f-dependence in states)

Often advantageous to use Heisenberg Picture
(t-dependence in operators)

P

o (L) —> O;(H) = Aoy tokt

Field Quantization in Free Space:

Normal . » /= _7 ""fw*t—z*?)
A ()= g8

Modes L] +COC.

A: polarization index

Finite quantization volume: &= \/W
()
L large -> nature of O LxLxL

boundary conditions
not important

= . » (Tl =wam/L

Periodic boundary
conditions J

12
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Note: Classical Fields (Fourier Sum):
These are the Field Operators in the
Schrodinger Picture (f-dependence in states) = cilwat-BF
E(Fa) =2 £ &, i@ ET R 00
Often advantageous to use Heisenberg Picture Uy
(t-dependence in operators) . - , -
iy &Xsﬂ)‘ —l(w ',:—-&")
- —_— - A
BT = 2 TEAEL o tee.
- A
a:[L) = A: (4 = o loye Lokt L
oY) J §© Quantlzatlon:
Xen™ %z [OLE'\‘ RA] és. 4

Field Quantization in Free Space:
L - &% ~»at , Ta,, 4. =[oh. a4 ]=0
Normal . /(_A’:-‘ (?) - ‘Q'ZAZ“I‘N’R"'E"&~Y)+C‘C. ,QQA (Y% [ b N Kr,)«] [ E‘(\l E,A]

Modes ~ “&> -
\: polarization index -

Finite quantization volume: f’f;: V Bw; 16,V N
=5 - - A ,:(w.-\ 'L-"-.~H
t E_L(ru'” = sﬁ‘;g/ﬁxag,\ e &) + H.C.
L large -> nature of " LxLxL 2P .
boundary conditions A BxE . "
— ™ A IR D)
not important . B(rt) = ;ﬁ"\ g’z‘x ) SR R H.C.
- > B [Bl=van/L & Re TEAE
Periodic boundary ] _
conditions ) — Heisenberg Picture —

13
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Classical Fields (Fourier Sum):

> > -t -
= A
E (F4) %smzﬁtxag(ke tee,

< E E" -1 "E"-"—.
th =Y TR o T e

(
1t o e
Quantization:
Xon™ [O‘zu 2yl = S50
* n+ - 2+ +
0(’% \ -» && 5 2 [Q,g‘xla&.,l)(r] = [a&‘(h a-ﬁrlx] =0
':\" - - A ’:(Wj*'Af“E.F')
E.L( ('U =L aﬁ')‘gzﬁlk 7 c + H.C.
I3
A e BxEx A wp s t-BF)
B(Fgl=y =il e g, A AT
= e B RA

— Heisenberg Picture —

Positive & Negative Frequency Components:

E (Ft) = EP@EH+ED (R4
- = A —i(wg s t+.7)
(), - .
E +f‘",4;\ = £ S'g,;g/‘a)‘ T, €
P
2‘(-) = =% op At HWp t-R.7)
~ r = - A
(vt Z miu Me.

Wrap Up:
Read page 13 in handwritten Note Set for brief
discussion of different, equivalent ways to put
the QED formalism together, e. g.

A ~ h_,_ A " A_,_
Eco [+07) & Byee [4-07)
VS

A "~ ~r A "~ AL

14
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Positive & Negative Frequency Components:

E (Ft) = EPRDO+ED(F4)

2 - A Wyt F)
EF L = Sﬁ,)gf’.x i

(=)0 =% o At Hwp t-R.F)
- r = " A &, A
(Fit) AP g’&,x a&,AQ‘

Wrap Up:

Read page 13 in handwritten Note Set for brief

discussion of different, equivalent ways to put
the QED formalism together, e. g.

A r'S A A ) h_’_
E.o [+07) & By e [4-07)
VS

"

A "~ A~y A ~ L

Other Normal Modes Sets

Atom in Cavity: .

paraxial modes

free space modes

. (Milloni & Eberly,\ [(QED lecture
WavepaCkets' ( Sec. 12.8, p 381) ( notes, p 16)

Classical field pulse envelope

=, (08,2 00,1t
E(v,%}:g,éo./u(%wt}e'm‘& @ ).x-c.c,
Mode volume \/= fdsr |M(><,Y,%'-C-£\'2

N
Quantization £ _—> £,0p = &R,  etc.
o £

Wave-Particle Duality similar for
Photons and Phonons

15



Application: Classical & Quantum Beamsplitters

Classical Beamsplitter

Ey
A Coupled H & V modes
Linear symmetric
El S N E3 input-output map
J\ E,=tE+rE,

Energy conservation requires

|E,IL+16)) = |E, [ X< IE, |*
Choose E1=1’ E.f—D B

IE3[1+IE¥LLocItLL+lrlz=j_
Choose Ef:\l—%’ El;‘f—%. ¥

By [+ ]E, P g 144v[ L=

[£lte (vt r by ®ere® = 1

From this it follows that

[tit+yt =1
tr¥evlt®t=0

Classical input-output map
E,] \r t/(B

Quantum Beamsplitter

Heisenberg $ Field Operators obey
Picture Maxwells Eqs

Classical field Quantum equivalent

E (F) < at) BV < AH)

16
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From this it follows that

[tit+]v* =1
trfevi®t=0

Classical input-output map
Eq] \r t/(B

Quantum Beamsplitter

Heisenberg Field Operators obey
Picture Maxwells Eqs

Classical field

E, (F4) ¢ «()

Quantum equivalent

l%(:\(v"'fé) < G )

Quantum Beamsplitter

EN Jt v
E,| \r +
e

Quantum input-output map

G, + r
ﬁ\,_r-(,—

Invert Map

&,

> S

i)

~ A " A ~
Qy =20yt 7Ry » 4, = £y +Y ¥4,

=

A ~ A A ~n A
R, =T € thy Oy =Y 0t £74,

. A+ _ A’F "+
SWItC.h to Af =403 £ G,
creation . ns "y
operators 0(; = \fa& waq

17



Application: Classical & Quantum Beamsplitters

Quantum Beamsplitter

EN 4 vy (B
éq)~(v— Ja)(
- —-—

Quantum input-output map

HEEMIN

Invert Map

m>

My

Switch to Schréodinger Picture

2-mode vacuum

l

%= 24, =0Ig. S B 05

General input state:

The BS maps a,,, % to linear combinations of aj, a*

P

General output state:  (Schrodinger Picture)

'S V'S 4] 1 A "~
n;wg:wzméj,. \,—%(wfﬂa; ) G = [y £46.)" 0%

~ A A
Q, =T, + th,y Ay =r Qg+ E78,
. A a ~d
SWItC.h to Af =+ ai" £,
creation

operators 5\; = rajwaj

Example: One-photon input state
[, 5 = 113,105, =G lo>
[Youe? = [E05+60G ) [0 = £1310% +r[p), [,

18
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Switch to Schrédinger Picture

General input state: 2-mode vacuum

l

%= 28, S8 gn S B 105

The BS maps a,, 0\z to linear combinations of af, 51::

General output state:  (Schrodinger Picture)

o p: 1
o772 = (B0 T G [y ¢ 4007107

Example: One-photon input state
[, 9 = 11310, = Gflod
— LAt S -
[Yfoue? = (B0 +0) [07 = £ la510 +r[p), [0,

50/50 Beamsplitter Ey

= r/\)"z-, = '/E El > > Eq
N
l ;

[yt = = (1103 +1 163112

Note: This is a Mode Entangled State

(%) A coherent superposition of states w/
one photon in port 3 and zero in port 4,
and zero in port 3 and one in port 4.

Can we assign states such as, e. g.

to port 3
|

to port4

Viewed on their own, each portisin a
mixed state

19



Application: Classical & Quantum Beamsplitters

50/50 Beamsplitter Ey

4

t:I/\ﬁ_l V':;/\Jz E1

N
l :

D AL YDA

Note: This is a Mode Entangled State

(%) A coherent superposition of states w/
one photon in port 3 and zero in port 4,
and zero in port 3 and one in port 4.

Can we assign states such as, e. g.

to port3
|

to port4

Viewed on their own, each portisina
mixed state

Example: Two-photon input state, 50/50 BS
4., = 4y 4,7 109

N n
ILPOU.,) -t (ag + 'aﬂ('aj'{'a:-) 10> gestructive

interference

==(i o“\';a_,,-r ala; + aﬁ} - a*a;)h»
i

Experiment: o ]
Coincidence detections

Y < are never seen when
T ™ detectors pulses overlap ->

/\ ; “bunching”.
7‘ Delay between pulses
> leads to Coincidence

detections.

coincidence rate
A

v

< ~ pulse width

> delay

20



Application: Classical & Quantum Beamsplitters

VOLUME 59, NUMBER 18

PHYSICAL REVIEW LETTERS

2 NOVEMBER 1987

Measurement of Subpicosecond Time Intervals between Two Photons by Interference

C. K. Hong, Z. Y. Ou, and L. Mandel

Department of Physics and Astronomy, University of Rochester, Rochester, New York 14627
(Received 10 July 1987)

A fourth-order interference technique has been used to measure the time intervals between two pho-
tons, and by implication the length of the photon wave packet, produced in the process of parametric
down-conversion. The width of the time-interval distribution, which is largely determined by an interfer-
ence filter, is found to be about 100 fs, with an accuracy that could, in principle, be less than 1 fs.

PACS numbers: 42.50.Bs, 42.65.Re

The usual way to determine the duration of a short
pulse of light is to superpose two similar pulses and to
measure the overlap with a device having a nonlinear
response.! The latter might, for example, make use of
the process of harmonic generation in a nonlinear medi-
um. Indeed, such a technique was recently used’ to
determine the coherence length of the light generated in
the process of parametric down-conversion.” The coher-
ence time was found to be of subpicosecond duration, as
predicted theorctically."‘ It is, however, in the nature of
the technique that it requires very intense light pulses
and would be of no use for the measurement of single

1 . ~ PR . | | PR, [ o J . [ [ DR T

phasized that the signal and idler photons have no
definite phase, and are therefore mutually incoherent, in
the sense that they exhibit no second-order interference
when brought together at detector D1 or D2. However,
fourth-order interference effects occur, as demonstrated
by the coincidence counting rate between D1 and D2.6-3
The experiment has some similarities to another, recently
reported, two-photon interference experiment in which
fringes were observed and measured, but without the use
of a beam splitter.

Although the sum frequency w;+w; is very well

defined in the experiment, the individual down-shifted
Conmeccmnmntnn P . e bncemtbinn thné te cmamnn~

21



Application: Classical & Quantum Beamsplitters

Amp.
& » Counter
Disc.
v
uv Coincidence PDP
—— KDP |
Wy K r— Counter 11723+
Iy
Amp.
& +— Counter
Disc.
Pinhote IF1
FIG. 1. Outline of the experimental setup.
c
é 1000
= ;
£ 800
wn
+—
S
(@) 600
O
Q
O
S 400
je.
&)
£
@] 200
(@)
—
(@)
) 0 — T T T T
l
Z 260 280 300 320 340 360

Position of beam splitter (m)



