Quantized Light — Matter Interactions

General Problem:
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Dipole Operator:
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Rabi Freq., note sign convention
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Combining (2) & (3):
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"2 2 Hg3{ 0y (8 +03)
o Bk
where %,(:E):_"/ﬁ—”

Rabi Freq., note sign convention

2-level atom » U,;\—"(I,Z):
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Define: Pauli matrices
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= Gy = 11X B T 6D
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With this notation (4)
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Energy conservation?
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Putting it all together

LY " A

'f'H&"I‘ HAF = (5)

H-H
Z&Nz azaz"'—/ﬁwzfvé-l'Zk(ng az"'gz@ 023
e

We changed the zero point for energy by subtracting
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With this notation

(4)
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Energy conservation?
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Putting it all together
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Foundational result for
remainder of course

We changed the zero point for energy by subtracting
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With this notation

(4)

ﬁa; = :@L% (QIE@%*M*%*%&%)

Energy conservation?

o —
HAF = 7%% (gﬁ&.{.az +gz€1 6%5

Putting it all together
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Begin 04-10-2023

Interaction with Single-mode Fields

Good approx. in small, high-Q Cavity

Gaussian beam mode

Cloy >> A
2
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€100 um —>»

Single-mode (Jaynes-Cummings) Hamiltonian

We changed the zero point for energy by subtracting
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Interaction with Single-mode Fields

Good approx. in small, high-Q Cavity

Gaussian beam mode

Sl > A
2
® L %y
l » A, X
At’ct;m %z?l U
<100 /u.m—)

Single-mode (Jaynes-Cummings) Hamiltonian

[ = i e g oy, S + g (€, 46 ) (A2

J/

Vv V

Ho HAF‘

Paradigm for spin-1/2 coupled to QHO
— Atom in high-Q Cavity *)
— Quantum dot in high-Q Cavity
— Rydberg atom in superconducting pw Cavity

— Superconducting qubit in superconducting
nw Cavity

— Superconducting qubit in superconducting
puw stripline Cavity (circuit QED)

— Trapped ion with quantized COM motion *)

*) Nobel Prize in Physics 2012
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Paradigm for spin-1/2 coupled to QHO
— Atom in high-Q Cavity *)
— Quantum dot in high-Q Cavity
— Rydberg atom in superconducting pw Cavity

— Superconducting qubit in superconducting
pw Cavity

— Superconducting qubit in superconducting
uw stripline Cavity (circuit QED)

— Trapped ion with quantized COM motion *)

*) Nobel Prize in Physics 2012

More about Single-mode Cavity QED

H=%w Ot G+ 3y Oy £ (0,8 + 4G ) (A #03)
Ho HAF'

For simplicity ;ﬁll mflm_ L %7323%:%2

[
Note: H,. conserves excitation number,
couples 12 n> e[t ne1d

P

Series of 2-level systems, one for each n

All 2-level systems are alike
Rabi problem!

Switch to Interaction Picture, p. 6-7 in Notes:

0,
%)) = [0 /) = e"‘f* 148> |
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More about Single-mode Cavity QED

H= ﬁwa beg ﬂcwz,%*ﬁ( ;W*%ﬂ(%*“z)
H, Hap
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For simplicity ;ﬁll =
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Note: H,. conserves excitation number,
couples 2 n> e[ ne1d

o —

Series of 2-level systems, one for each n

All 2-level systems are alike
Rabi problem!

Switch to Interaction Picture, p. 6-7 in Notes:
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RWA and resonant approximation

P

Jaynes-Cummings Hamiltonian
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More about Single-mode Cavity QED

H 'ﬁwﬂ bty &w,,%w&(gﬁwqﬁﬂ(a;@*ﬂz)
H HAp
'(ﬁiﬂ_ r’ %32325%@

For simplicity ;ﬁll =

[}
Note: H,. conserves excitation number,
couples 2 n> e[ ne1d

o —

Series of 2-level systems, one for each 7

All 2-level systems are alike
Rabi problem!

Switch to Interaction Picture, p. 6-7 in Notes:
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RWA and resonant approximation
B
Jaynes-Cummings Hamiltonian
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A = Wl‘-—w

Eigenstates of
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State Energy
[2,np e AND) —l-;.;:?&wy_,
[, ne1) Fovo (n41) - + Hicoy,




Quantized Light — Matter Interactions

réwu DJW:-‘_ “'.\_.'_ a:f‘z“ [W'L(‘l' D\),)i
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Hae = 7%5 (S3be
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RWA and resonant approximation

P

Jaynes-Cummings Hamiltonian

HAF 531% (¢+o\e.'bt+v ote -'?&)
A'—‘-W“-OJ

n

A
Eigenstatesof H = H_+ QH

State Energy
121> Bown + + Ficoy,
11 ne1) Lo (n+1) - 3;-_3&1»1,

Cavity QED version of the Rabi Problem

[%(0Y> = 14,1
LYV = Cy peq MO +Cy 0 12,07

Matrix elements

aAnl If{;,ph n+1y = ﬁgme;&_
A et Flgpla,n) = g T o7\ 8F

— -
Schrédinger Equation
TN (C‘I,MH) -
dt \ Cyn
D e ~ Dt C
7&@\)/\1— ( )( 1."'“)
o Co,n
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Cavity QED version of the Rabi Problem
- . it
[ (0Y> = 14,0 Comtr = —9vitt e Co,n
YYD = Cy peq [ MED +Cy 4 12,05 Cym=- ig(fw«:u e b Cyntd
Matrix elements Substitute C,,,, > C, , Cy, Cle,mt
(&Vl QM:H Vl+1> = ﬁ(é\jnf e'At Looks exactly like Semiclassical Rabi problem
{A,n¢ | HAF‘ L= ;%@\‘Wt’ -4t Solve for C,(0)=0, ¢ (0)= 1
—~_— -
Schrodinger Equation q A | AL
Cy nl¥)= [c s "'J’) W sm(ﬂ"*]e' 2
A (C‘I,MH) -
c . , —
o\ Caym Coneq=—1 -—-———2%{;;' s:n(-‘lri’)e Ot/
D @BE [ Lyt l An X
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‘ Rabi Oscillations
-0t

C{,VH"I < "‘l% nt1 e Co

: - Dt Dt
Cyn=- l%m o ot Cuvl-l:‘l KP(M] Cos"( (&“3 Sm"(

4 Y (n-+1)
//)C ) : ml(&"—b)
: it n
Substitute C, ., =~ C, , ¢, ,~ C,e

Looks exactly like Semiclassical Rabi problem

Solve for C,(0)=0, ((0Y=1 Example: A=0
—~ 1 7
Bn)
D A 1AL
)= [C (%) sm(.ﬁ.,.—b)]ef )
. P tn)
C1,q+1=-fo EE'—SM(%)Q_'MQ 0 | | > Dt
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Rabi Oscillations

Vacuum Rabi Oscillations

If 1%(0)> = [2,0> ®» no photons in field

yet |12 0> evolvesinto 11,1

Uniquely QED phenomenon!

12,n=0Y — 11 n=1>
Asymmetry
111=0> — 11 h=1>

holds germ of Spontaneous Decay

13
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Vacuum Rabi Oscillations Next: More Cavity QED
If 1%(0)> = [2,0> ® no photons in field (><) 7-level atom
o
yet |12 0> evolvesinto 11,1 Atﬁm Single cavity mode
Uniquely QED phenomenon!
12 N=0> = 11 n=1> What happens with a Coherent State
) [}
Asymmetry in the Cavity mode?
[11=0> — 11 n=1>

(Quantum-Classical correspondence)

holds germ of Spontaneous Decay
Initial atom-field state:

]
Lo X

(Y0 =158 (XD =ZC,,. Mu>, C,=e

7 N

atom field

From Rabi solutions: A=0 ©

C,,,-:Cos(:‘%t) , C;,n-1=‘5§f”(

=)
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Today: More Cavity QED

-

Atom

2-level atom

Single cavity mode

What happens with a Coherent State
in the Cavity mode?

(Quantum-Classical correspondence)

Initial atom-field state:

[0y = 11>@ 1K) = Zc uy, C,=e -zl G
atom field

A=0

From Rabi solutions:

C1 COQ(-Qnt) E CJ n-4 = -1 S (J)‘;'t)

Therefore uncoupled

(Y)Y =C, 11,05+

f Cn | CoS (&_{t)l'l,vn Y- 1< (J)'_;"t) IQ,w—1>]
=1

Consider the Atomic Excited State Population

o0 Gl
HACEDRLH =Zl<2,mr‘zwé\>l"
P i " Dt
[, [ gin™ (=2
A

= f locrj"" IKILQM (_Qn'l':)
n=o " 2
Use [x(*=i and 0, = 2%\)—_'
—_.
® (@) "
Ry = > —— sin'(gTt)

15
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— Poisson weighted average of sinusoids

— Sinusoids gradually dephase over time

P

Collapse of oscillation amplitude

P(n) Frequency domain

A
> < OS5
—)* «— AN
o || X | l | I S J)_n
n
r,?l Time domain
1 -E 4 >
— <« ¢,
4/,_..

Use An=ln & AL~ A0 ~AD;

1
te = 55 - 30

19¥a+¥g ~ 29Va -5 Ti‘a
for n >
Rephasing: when (-0 )£, = 1Twm

Similar arguments -> Revival time

+ ~ T, Lmria
LS q

16
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Use An=Vn ®» Af~ A —~A8D; &

-

Rephasing: when (-0 )t = 1Twm

Similar arguments -> Revival time

Eo o T, Urda
r~ 30 a

Collapse & Revival Dynamics

- .
Pure Quantum Phenomenon

(“graininess” of photons)

% »O»W%oo
t, > o0

%—50 »

Classical limit < as

=
P

>0 B Ny%O0

well defined

:2gﬁ: /??9-"9'2&2‘3!\’-% = ,n;___&,-E

A / &
Classical Rabi frequency

mean field <X (E[X(£)D

17
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More Cavity QED — Dressed States

Gaussian beam mode

&-ﬁ e

l » A
At‘gm %'g;l U g
(—100/MM —>

Energy levels of the atom-cavity system

Bare & Dressed States

Return to single - mode result

~ [, »

HzHee Hye Hyp =
ﬁwafa""'i""u% ® H,

+79r<3(v;ae & At 4) ®Har

“Bare” states (=0, eigenstates of Ho)

State Energy
[1,n> E,,=- &"‘)“ +nhe
_ :%wu
20-1y  E,, = (-1

18
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“Bare” states (g =0, eigenstates of Hy) Imagine we can tune ¢,
E Energy level diagram
State nergy £
;&‘Wu A |2,1>
11> E.n>" % + ke
[2,n-1% E. . = iy el N
t 0=t~ '_z_'_ ) fi,O)
11,2
1,17
> (g,
(1,07
(n=0 11,07
Crossings @ ) = (W, n=1 §H_,1>/ f9.,o>}
are degeneracies ot ney l "
pairs with N shared B { 122 11}
excitations :
" {11,n> 12,n-17]

19
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“Bare” states (g =0, eigenstates of Hy)

State Energy

10> E, =" %""” YN

20-1y .= "%“”«v(w—')ﬂmo

Energy level diagram

E
A

[2,1>

9 ided
'D_.%w -------------- - 3:(;);Slflg
[9,0>
" avoided H' 2 >
;&w S “crossing” ~

« ” eigenStates of
Dressed” states .

~ n
Structure of

H
- n ‘( 1x1 block
HD

T>
"
=

)
2

> 2x2 blocks

Can write this on the form

~ |10 l -fhalo #aIn
ey S oken 2ot 0

!

A =wg_“‘w

20
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eigenstates of

(Y

“Dressed” states { A

Structure of

A
H :
‘( 1x1 block

i

0

T»>
n
=

AN

H‘L
> 2x2 blocks

Can write this on the form

Eigenvalues E, = (“‘—i)&lw’:%\,%gzm—m"-

Eigenstates

[+, :éo:(e%) 1,05+ 5(On/ ) 19,01

Y Cos (6
=== conl &% S+ () 122>
A . A A
for Ao
Mixing angle  £qn ©, = - 292_';

~ |10 ‘ -haly &g
oo oot [0

!

A =wg_“‘w

Energy Spectrum?
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The Jaynes-Cummings Ladder

Enirgy 2 Jhg 4hg
hA l+,1) + [+,1 ;
5 11,3),12,2) 12,2) —
—hw -------- ettt
11,3) E w—
how
2\/§hg 2«/§hg
hA !
11,2),12,1) ) ’
J— a) ———————— + ————————————————————————————————————————————————————————————————————
11,2)
’ 3 =D . -1 —_—
hw
hA 2hg 2+2hg
2.0) —— 4 ]) —— D —
1 11,12,12,0) > +,
Eha) ———————— e T CICEEEEE
W—— S ) —
0 p— ha
hA/2 hA/2
Ay, e ek e
1,0 = 11,07 1,00 ——
g=0,A=0 2=0,A>0 g>0,A=0 g>0,A=2g
Q,=0 Q,=A Q,=2gJn Q,=.4gn+A2
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Vacuum Rabi splitting

Consider the following experiments

Cavity + Atom, A =0,
one collective exciation

L e e N

empty Cavity

transmission T transmission

A A

|
_ I\
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Fluorescence - Mollow Triplet

Coherent state with N =00, A—:‘;‘"— >0, 3"0 E o= ‘—%f(ﬁ«-\ﬁ ) + At Lsg’*ﬁ"b A

70
- [+,1)
_ Mollow Triplet
3 mm o Pl P
A
ho ﬂ
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