Begin 03-13-2023

So far in the Semiclassical Description

(%) Classical light acting on quantum atoms

(*) Next: Close the loop

Self-Consistent Description

Electric Field =—» 2-Level Atom
A ]

We need to set up and solve a set of workable
simultaneous equations for the atoms and field.

(1) The electric field. We write

Elx4)=2 E(27t) ot -4

wavepacket envelope

- Plane wave propagating in the +# direction,
the real part is the physical field

Maxwell-Bloch Equations

Slowly Varying Envelope Approximation (SVEA)
- -

We require that the envelope 567‘:,-15) is smooth in
space and time compared to the plane wave part.
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This is not particularly restrictive, unless working
with ultrafast lasers.

(2) The Macroscopic Polarization Density.

- a
We use the quantum expectation value £(2 1) = N<AL

Of this, we need the complex part that goes with

-
E(2-t) and can be plugged into the wave equation.



Maxwell-Bloch Equations

Slowly Varying Envelope Approximation (SVEA)
-

We require that the envelope £(+) is smooth in
space and time compared to the plane wave part.
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This is not particularly restrictive, unless working
with ultrafast lasers.

(2) The Macroscopic Polarization Density.

- -
We use the quantum expectation value £(2 1) =NALY

Of this, we need the complex part that goes with

-
E(2-t) and can be plugged into the wave equation.

Thus, of
<'ﬁ )= ’6—‘»:2“.\5?{ >t }f;&{(a'laf >

- ~i(wt L) |
Dy Sy € )¢ 1B
~ slow variables

(wt-5g)

we need the part that goes as &~ (0t —le2)

The physical fieldis e [E & (24)e Sty

The physical dipole is

ql
Relliiy g, A, g, e
Note factor of 2 =» = |)x ‘QZ[V'W?Q, -([&97‘: ZQY]

t(W"L &%‘]

Note: The coherence Q, depends on Z £ because
the field depends on Z,£ through the envelope
£(2,+)® implicit SVEA on Q-

Note: In a real, multilevel atom Jf\',L need not be
parallel to the field. However, only the part that
is parallel to the field can emit radiation that
interferes with it and lead to absorption and
dispersion.



Thus, of

Maxwell-Bloch Equations

L = Fudanagy « Phia,al>

=y, &y, €

~1 (0t -£e3)

~ slow variables

we need the part that goes as ¢~

t Iy 8 C

(-5

100t —£e2)

The physical fieldis NelE &2 4)e Si(We-Rg) ]

The physical dipole is

R‘i[{’f‘.u e, o [wt—fe%)] + ’?"u g, Z}(M’&%l]

Note factor of 2 = =

LX

M[’VH‘L?Q{

—([w‘b 2&}’]

Note: The coherence €, depends on 2+ because
the field depends on 2+ through the envelope
E(2t)® implicit SVEAon g, .

Note: In a real, multilevel atom /ﬁ,,_ need not be
parallel to the field. However, only the part that
is parallel to the field can emit radiation that
interferes with it and lead to absorption and

dispersion.

The complex dipole parallel to 2 is

Bret = 2aN(f, ) g, (2rt) & Wt 4D

g >
(lﬁ.X'él)l'{D» ’Klw_ ( 3( E*)( c.o\) (’M‘Q*)
A

Milloni & Eberly notation
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Maxwell-Bloch Equations

Thus, of
L = Fudanagy « Phia,al>

o (0t L) |, =
=My € )¢ 182
~ slow variables

(-5

we need the part that goes as e"&aﬂu&a)

The physical fieldis  Re [E & (24) e’_,‘(w,&,—ﬁ%} ]

The physical dipole is
ot — i (Wt-%2), 2 (ot -fe2)
Re.ﬂ:/(\,,_ghe, [ )}‘"ﬂu A ]

Note factor of 2 > =|)x ;Q@[ﬁwgz{e-i[wl:- ZQY]

Note: The coherence €, depends on 2+ because
the field depends on 2+ through the envelope
E(2t)® implicit SVEAon g, .

Note: In a real, multilevel atom /ﬁ,,_ need not be
parallel to the field. However, only the part that
is parallel to the field can emit radiation that
interferes with it and lead to absorption and
dispersion.

The complex dipole parallel to Z is

Pre ) = SIN(fl,- E*) @, (370 & (Wt AD)
H_J

A
= EaN u¥g, [24)e (Wb 62)

Final Note: Because of the RWA we have

0 2%,
1R «elg,] |, [2SH] «w |

(3) Maxwells eqs. ® Wave Equation

L _1ar )\ g O L
(%L ‘Z:“fézz) E@£)- &,Ct D> Pes)

We plug in the complex E(;‘ﬂ andﬁ(&,ﬁ) , use
the SVEA conditions on the derivatives to
eliminate all but the leading terms, and finally
take the scalar product with £ to get a scalar
equation. (Home Work Problem)



Maxwell-Bloch Equations

The complex dipole parallel to 2 is

W_/
A

= £N /A*‘gq_,[—z(—é)e"i (4G

Pleh) = SN, E*) @, (30 & (W40

Note: Because of the RWA we have

18 <orlg,] |, [28) «w] %

(3) Maxwells eqs. » Wave Equation

L _1ar\g N L
(%L -2, , ) EG£) =5 a5, Pad)

We plug in the complex g[;;‘-b) andB(&,U , use
the SVEA conditions on the derivatives to
eliminate all but the leading terms, and finally
take the scalar product with Z to get a scalar
equation. (Home Work Problem)

This gives us our final equation for the envelope:

L

)
(Foes3) El) = e Nuv gy 13,2)

where /u."‘ = /ﬁ‘z-?}’"

Write &, in terms of the Bloch variables to get the

Maxwell-Bloch Equations

3 .
(+ 5 2)El3:8)= 2% 0 pu-iv)

*

M"—"/’.M/L'l‘ Tm[‘?(?(w + AV

ll

B + A & Re] X T4

M=~ ’? (ttw)~ Re[XJo~ImIXTm

Note: The Maxwell-Bloch Equations are a key result.

They lead to rich physics, including absorption,
gain, dispersion, solitons, lasers, and much more.
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Maxwell-Bloch Equations

This gives us our final equation for the envelope:

(%*é%ﬁ Eli) = L?;% Nu¥ &, (2:t)

where u*=4, &*

Write €y, in terms of the Bloch variables to get the

Maxwell-Bloch Equations

(/M ~|¢D>

M:—/}MTTM[‘?C?M'PAU
= —/3«)‘ + AM « ‘Q&{XYA")
A=~ (4+0)~ Re[XTo ~Tm[X T
1

Note: The Maxwell-Bloch Equations are a key result.

They lead to rich physics, including absorption,

gain, dispersion, self-induced transparency, solitons,

lasers, and much more.

Steady-State Solutions to MBE’s
Steady state means that

1 9% - "X/2
c 3{:—0 & 99.((%‘{:8 >QS-CC%°0) /.’)'PIA (%QPQM)

Combine with X = -4y £ ¢/ = m&/p

e
DS_ —-,,M& 1
_ &t £-ia

1hE, A-¢pl (921—94432

We can rewrite this as

o - L(a-iBw
_&omt g

0=S3r. Azf/;z‘““_m
&nin* A

0= ThE, Beat I\J(_,,(.T(M
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Maxwell-Bloch Equations

Steady-State Solutions to MBE’s

Steady state means that
1 9% "Xi

-c- 520 & @y (3t)> 8y (20 = (cgn

Combine with X = -4y £ ¢/ = m £/&

R
a_g__ - __ —:M& 1
52 I Npe ( )/3+IA (Su- %)
_ &uin* 2-iA

LHE, A-¢pl (?21"9«)£

We can rewrite this as

%z-é(a—;é)twf,
R -

0=SgF A:.f/gz‘“gm
nuin* A A

0= SBE, At /32_ N'("T()_(A)

")

To compare with our classical theory of dispersion,
we solve for 5[23 and plug into eq. for a plane wave.

Field: E(2) - Era)e &?
(8 i3 [
Envelope: &2)= r AR
Field: E(2) = 56052( ) (1_2&)&"
Compare to: E(2)= mI&i’ e,;““&*
-
Real & Imaginary Index of Refraction
N
Wr_—?-i? T - EWCA)
N
o= 1- Mo 1- & T )

Analogous to results from Electron Oscillator

Nel 3

(w)=
V)l‘ ‘) qeom&w Az'f'ﬁl ’

(e = 1+% )
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Maxwell-Bloch Equations

To compare with our classical theory of dispersion,

we solve for £[g) and plug into eq. for a plane wave.

w

Field: E() = 5["-‘32:&* }9
&)= &o)e( b '( T )

Envelope:

Field: E(2) = é(o)e( ) (1'2&)&*

Compare to: F(2)= Vl"&} ‘m“&&

— -
Real & Imaginary Index of Refraction
Y U B
N = 9 le & TCA)
Ne= 1~ 9% o g & T ()
R 2l ¢ L

Analogous to results from Electron Oscillator

o_Net B e D
)2 T et pay Ngl®) = 145 1y ()

Behavior of the Intensity

D e ;\‘3& 0L™
glefel= 751 55 €

=1 (a-idlw g +,L_M+? dwlglt =awel?
——_—
%% = QWT = &(Qy-C) T
{ a=Ng(4) 20
Note that (
T(2) = T(0) o> 2~ Sl

Exp. Decay of 1 for ¢,~¢ <0

Exp. growth of 1 for ©,-© >0

t

must be maintained by
some external process
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Maxwell-Bloch Equations

Behavior of the Intensity Behavior of the Dispersion:
) QL™
g_%[ﬁ"é] = 2*‘5‘5{ t 55 & Real & Imaginary Index of Refraction
=3 (a-idw eI+ (atid)w]s |t zaw g/
Avw _ N
mr" -E - - EWCA}
- =
= q_ OW A Nw
R~ 1'—?-1"@ L&T[A)
.az\ = AW <~ QA - u) I
¥ aQwT (€€
G=NG(4) 20 W< 1 absorption W>1 gain
Note that (
T(%) = T(o) e %n~S,. )% y I {\
1 1

Exp. Decay of T for ¢,~g <0 l/ \}

Exp. growth of 1 for ©,-© >0

1\ o:Ju —w o:dl —>w

must be maintained b 13-
some external procesg] End 03-13-2023
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Not covered in lectures 2023 Maxwell-Bloch Equations

Self-Induced Transparency & Solitons In the SVEA version of the Wave Eq.
(%) Example of a non-trivial application of the MBE’s (—a%; L )5(;, L) = e N/VL (- 0)

in the context of pulse propagation (highly

dynamic, non-steady state behavior. Substitute solutions for €, and « to get

(%) The pulse area theorem suggests a light pulse vy £-2V

Wi e proper envelope will act as a 27 pulse. 2 C

ith th | ill act as a 27 pul (a L9 )sech(*37) =
Thus, if the pulse is shorter than the excited i-&
state lifetime it may propagate without loss. e (vr C_t)[ S’Cch( T—g)'&ahfn( T—%)]
Correct shaping may also allow propagation
without changes in pulse shape. ’M m[,l(t"%‘l )ém,pl(ﬁ'%")

&o T T

(%) See Lecture Notes, Slusher & Gibbs 1972.
Solve for C/V to get

)
Envelope: £€(%t)= 2& Seda£§/r f=t-2/v, 4=0 = —1 2—;/%&:EL = 1+ —a{ic:'c‘L
® X(20- {_sedqtg/r), o= X(g/uie = where Ef’g_@ = N7 ( absorption coef.
Self-consistent (% 4) = 23: sech (€/7) Consider Na vapor, »=58%nm,N = 0% 2, T~ 0K,
solution with the and 2=1x4+9MHz (completely opaque on res.)
the properties /T =0
of a Soliton M(§/z)

A ~ & Py, 1 1 =9
o 8/T) = 1 Sech(§/T ) tanh( §/T) ssuming V~iC® Sw1=1+6cT ) fapcTt vl

w (§/7) = -1+ 1 Sech(§/T) we must have 'U~|a276: ~ 26pS & long 1!
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