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X̂ 1 ϕ +π/2( )

ΔM 2 ϕ = 0,π, 2π
! = " /2, 3" /2

öai+ öa j



!"#$%&'(* !
!
!"#! D$#!)5=1+!*+%+#!+,!+$#!P#%.*=;)++#(!)*! 9!'$#(#! !)*!+$#!+',-.,/# !

&%011.2!"#!1*#! !%5/!)+*!72!82!+,!:)5/!+$#!*+%+#!%:+#(!+$#!H!"!P3C!
!

!

!
! P#:,(#!+$#!J#$!P3!'#!$%&#!!
!

! ! !

!

! @#A+9!:,(!+$#!J#$!P3!'#!1*#! 9! !+,!6#+!+$#!,1+=1+!*+%+#9!!
!

! ! ! !

!
! 3#++)56! 9! !'#!:)5/ !
!

! ! ! !

!

! ! ! !

!
!$#! %"#!$%&#%
%

!

!
! ! ! ! !

! in = e! öa1
+" ! * öa1 0 0

öa1
+ = töa3

+ + r öa4
+

! out
' = e(t! )öa3

+" (t! )* öa3+(r! )öa4
+" (r! )* öa4 0

! in
' = e(t! ei! 1)öa3

+" (t! ei! 1)* öa3+(r! ei! 2)öa4
+" (r! ei! 2)* öa4 0

öa3
+ = töa5

+ + r öa6
+ öa4

+ = r öa5
+ + töa6

+

! out = exp[(t! ei! 1)(t öa5
+ + r öa6

+) " (t! ei! 1)*(t* öa5 + r * öa6)

+ (r! ei! 2)(r öa5
+ + töa6

+) " (r! ei! 2)*(r * öa5 + t* öa6)] 0

= exp[(t2! ei! 1 + r 2! ei! 2)öa5
+ " (t2! ei! 1 + r 2! ei! 2)* öa5

+ (rt! ei! 1 + rt! ei! 2)öa6
+ " (rt! ei! 1 + rt! ei! 2)* öa6] 0

= ! 5 ! 6

t =1/ 2 r = i / 2

! 5 = ! (t2ei" 1 + r 2ei" 2) =
!
2

(ei" 1 ! ei" 2) =
!
2

ei(" 1+" 2)/2(ei(" 1! " 2)/2 ! e! i(" 1! " 2)/2)

= i! ei" 0sin(#"  /2! $ /4) =
i!
2

ei" 0 sin(#"  /2) ! cos(#"  /2)[ ]

α6 = i
α
2 (eiϕ1− eiϕ2) = iα2 e

i(ϕ1+ϕ2)/2(ei(ϕ1−ϕ2)/2 + e−i(ϕ1−ϕ2)/2)

= iαeiϕ0cos(δϕ /2−π /4) = iα2 e
iϕ0 sin(δϕ /2)+ cos(δϕ /2)[ ]

öS = ! 5 ! 6 öa6
+öa6 ! öa5

+öa5 ! 6 ! 5

=
|! |2

2
[{ sin("# /2) +cos("# /2)}2−{ sin("# /2)− cos("# /2)}2]

=
|! |2

2
[4sin("# /2)cos("# /2)] =|! |2 sin("#) ! |! |2 "#



!&#! B)(*+!'#!0,.=1+#!
!

! ! G1*#! I!

!! !

!

! D$#59!1*)56! 9!'#!:)5/ !
!

! ! !

!
!

!'# ! "#!*#+!!! !!!!!!!'$#(#! !)*!+$#!.#%5!=$,+,5!!

!
51.4#(!)5!%!0,$#(#5+!*+%+#!')+$!%.=;)+1/#!2!

!
D$)*!)*!+$#!!"#$%&#'!()*'+'$(, )*#5*)+)&)+<!,:!%!Q%0$-R#5/#(!)5+#(:#(,.#+#(!')+$!%!0,$#(#5+!
*+%+#!)5=1+2!!>5!?1%5+1.!.#+(,;,6<9!+$)*!)*!%;*,!(#:#((#/!+,!%*!+$#!!$-&,-.,)/0-&$0+)*'+'$1!!
>.=(,&#/!*#5*)+)&)+<!0%5!4#!%0$)#&#/!')+$!*?1##L#/!*+%+#*!,(!,+$#(!5,5-0;%**)0%;!*+%+#*!,:!
;)6$+2!
!

()*+, !!D$)*!'%*!%!&#(<!;,56!%5/!:)//;<!0%;01;%+),5!')+$!.%5<!,==,(+15)+)#*!+,!.#**!1=!+$#!.%+$9!
#*=#0)%;;<!):!5,+!E5,')56!%$#%/!,:!+).#!$,'!)+!'%*!*1==,*#/!+,!0,.#!,1+2!!7,'#&#(9!+$#!
:)5%;!(#*1;+!)*!%!&#(<!).=,(+%5+!#A%.=;#!,:!%==;)#/!?1%5+1.!,=+)0*2

öS2 = α5 α6 (öa6
+öa6 − öa5

+öa5)
2 ! 6 ! 5

= öa6
+öa6 öa6

+öa6 + öa5
+öa5 öa5

+öa5 ! 2öa6
+öa6 öa5

+öa5

öaöa+ = öa+öa+1

= öa6
+öa6

+öa6 öa6 + öa5
+öa5

+öa5 öa5 + öa6
+öa6 + öa5

+öa5 ! 2öa6
+öa6 öa5

+öa5

=|! 6 |4 + |! 5 |4 + |! 6 |2 + |! 5 |2 ! 2 |! 6 |2|! 5 |2

öS
2

= (|! 6 |2 ! |! 5 |2)2 =|! 6 |4 + |! 5 |4 ! 2 |! 6 |2|! 5 |2

! S2 = öS2 " öS
2

=|! 6 |2 + |! 5 |2

=|! |2 [cos2(! "  /2" # /4) +sin2(! "  /2" # /4)] =|$ |2

|! |2 ! " min =|! | ! ! " min =
1

|! |
=

1
n

n =|! |2

|! |



!"#$%&'(+(
(
G%I! "#!$%&#!! 2!!!
!

!! ! !
"#!5##/!+$#!0,..1+%+,(*!
! ! ! ! ! ! ! ! ! ! ! !

!
! ! !
! ! ! ! ! ! ! ! ! ! ! !

B(,.!+$#*#!)+!:,;;,'*!+$%+!!
! ! ! ! ! ! ! ! ! ! ! !
!
!$#! S#+! 2!!D$#5!G8,$#5-D%55,1/T)!=2!JUVI%
!

!

!
! ! !

D$)*!#?1%+),5!0%5!4#!)5+#6(%+#/!+,!6)&#!
!

! ! ! ! !!!:,(! !! !

!

! ! ! ! ! ! ! ! ! ! ! :,(! !! !
!

!

B,(!+$#!?1%/(%+1(#!,=#(%+,(*!'#!$%&#!! ! !

! ! ! ! ! ! ! ! ! ! ! ! !

!
P#0%1*#!'#!0%55,+!/,!+$#!)5+#6(%;!)5!+$#!#A=(#**),5!:,(!!15+);!+$#!*=#0):)0!:,(.!,:!

!)*!E5,'59!+$)*!)*!+$#!4#*+!'#!0%5!/,2!
!

!&#! S#+!!! 2!!!D$#5%
%

%

öH(t) = ! !  (öa+öa+1/2) + ! ! (t) (öa+ öa+)

[ öa, öa+] =1 [ öa, öa+öa] = öa

[ öa+, öa] = ! 1 [ öa+, öa+öa] = !  öa+

[ öa, öH(t)] = ! ! öa+ ! ! (t)

[ öa+, öH(t)] = ! ! ! öa+ ! ! ! (t)

! (t) = " (t) öa " (t)

d
dt

! (t) =
1
i!

[ öa, öH(t)] =
1
i!

(! ! öa + ! ! (t)) = ! i"  #(t) ! i! (t)

! (t) = e! i" t ei" !t  
t0

t

! [" i#( !t )] d !t  +! (t0)e
! i" (t! t0) ! ! 0

! (t) = ! (t0)e
! i" (t! t0) ! = 0

öX (t) =
1
2

(! +! *) = Re[! ]

öY (t) =
1
2i

(! ! ! *) = Im[! ]

! (t)
! (t)

! (t) = [ öa ! " (t)] #(t)

i!
d
dt

! (t) = i!
d
dt

öa ! (t) ! i!
d
dt

[! (t) " (t) ]

= i! öa
d
dt

! (t) ! i! [! i! " (t) #(t) ! i! " (t) ] ! i! ! (t)
d
dt

" (t)

= i! [ öa ! ! (t)]
d
dt

" (t) +[! ! ! " (t) ! ! ! (t)] " (t)



! ! @,' !
!

! !

!
! D$#!0,..1+%+,(!! 9!!*,!! 2!
!
! W1++)56!+$)*!+,6#+$#(!6)&#*!1*!
!
!

! ! !

!
! !

!

@,' ! !!!!!

!!!!!!!!!!!!!!! !
!

! 8,50;1*),5C!! !!!)*!=(#*#(&#/!,&#(!+).#2!
!
!'# ! "#!$%&#!!!! %
%

3)50#!!! !!)*!=(#*#(&#/9!)+!:,;;,'*!+$%+!!! !!%5/!+$#(#:,(#!
!
!
! !
!
!
@,+#!'#!%;(#%/<!$%&#!%5!#A=(#**),5!:,(!!)5!+#(.*!,:!%5!)5+#6(%;!+$%+!)5&,;&#*!2!
!

!+#! M+!! !!'#!$%&#!!! 9!!')+$!! 2%
%

"#!*+%(+!)5!+$#!0,$#(#5+!*+%+#!9!+$#5!$%&#!! !!:,(! 2!!X1()56!+$)*!
)5+#(&%;!'#!*+);;!$%&#!%!0,$#(#5+!*+%+#9!41+! !)*!0$%56)562!!M+!+).#!2!'#!$%&#!
!

! !

!!
M+!! !'#!%;*,!$%&#!%!0,$#(#5+!*+%+#9!')+$!! ! ! !

i!
d
dt

! (t) = öH(t) ! (t) !

i!
d
dt

! (t) = i! [ öa ! ! (t)]
1
i!

öH(t) ! (t) ! ! [! " (t) + ! (t)] " (t)

[ öa, öH(t)] = ! ! öa+ ! ! (t) öa öH(t) = öH(t)öa+ ! ! öa+ ! ! (t)

i!
d
dt

! (t) = [ öH(t)öa+ ! ! öa ! öH! (t) + ! ! (t)] " (t) ! [! ! " (t) + ! ! (t)] " (t)

= öH[ öa ! ! (t)] " (t) + ! ! [ öa ! ! (t)] " (t) = ( öH + ! ! ) " (t)

d
dt

! (t) ! (t) = [
d
dt

! (t) ] ! (t) + ! (t)
d
dt

! (t)

= ! (t)
öH + ! !

i!
! (t) + ! (t)

öH + ! !
! i!

! (t) " 0

! (t)

öa ! (0) = ! (0) " (t) ! ! (0) ! 0

! (t) ! (t) = 0

öa ! (t) = ! (t) " (t)

! (t) ! (t)

t = 0 ! (t) = " (0) = #(0) ! (0) ! 0

! (0) ! (t) ! 0 t ! [0,T]
! (t)

! (T) = ! ie! i" T ei" !t #(
0

T

! "t )d !t

t > T ! (t) = ! (T)e! i" (t! T)


