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02202023 EMission and Absorption — Population Rate Equations

So far we have derived a set of Egs. of Motion
for the elements of the Density Matrix:
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(*) These eqs. are difficult to solve in the general
case. See, e. g., Allen & Eberly for discussion
of some special cases and a reference to
original work by Torrey et al.

() For 2 3 levels the Density Matrix Equations
get very cumbersome and it is desirable to
simplify the description when possible.

(%) One such simplification takes the form of
Rate Equations for the populations only.

Steady State Solutions: (requires [} <17 =0)
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Plug into eqs for populations to get
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From these eqs. we can find steady state values

for the populations and coherences in terms of
X A4, when (and only when) @, =g, =0
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Steady State Solutions: (requires [} <17 =0)
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Plug into eqs for populations to get
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From these eqs. we can find steady state values

for the populations and coherences in terms of
X,A Ay, £ when (and only when) €, =g, =0

Note: The terms remaining after elimination of
Qs , @y, are commonly identified with induced or
stimulated processes. They are proportional to
'X1%, |E, | and thus the intensity of the light field.

Stimulated Emission Rate

Def: Absorption Rate
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Schematic:
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Note: The terms remaining after elimination of
Qs , ., are commonly identified with induced or
stimulated processes. They are proportional to
X [Eolland thus the intensity of the light field.

Stimulated Emission Rate

(i S6,/1" @)1
(L0, —CI)2 + p‘L

Def: Absorption Rate
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Schematic:
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Elastic Collision Broadening

In hot and dense gases the dominant source of
relaxation is often elastic collisions between atoms

reaches steady state
>N, 0, A s
let B20.0, 4 & much faster than G, ©,,

We can solve the eq. for Quassuming itisin
steady state for given values of G, €y,

This yields Rate Equations for the populations
only, valid in the collision broadened regime

Qu=- q@m T Au@u"" 'Qw_ (95_\)_’91,,3 *0

én = 'r;- 841 ~Ay Qo — Ry L@zz’g’“ E XY

(*) This is another example of adiabatic elimination
of a fast variable (the coherence), leaving us with
simpler equations for the slower variables.

(*k) From these we can find the transient behavior
of the coherences © @,
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Elastic Collision Broadening

In hot and dense gases the dominant source of
relaxation is often elastic collisions between atoms

reaches steady state
SOG4, B SO
let B0, 0, A » much faster than G,, ©,,

We can solve the eq. for Quassuming itisin
steady state for given values of §, ©y,

This yields Rate Equations for the populations
only, valid in the collision broadened regime

Qu=-[8Qu+ A4 8y + Ry (94 -],)*0

én = "{;- S ~Ay QR (G- S E XV

(*) This is another example of adiabatic elimination
of a fast variable (the coherence), leaving us with
simpler equations for the slower variables.

(%) From these we can find the transient behavior
of the coherences Q @,

Population Rate Equations

Note: When collisions are very frequent the dipole
</XI) is oriented at random relative to the
driving field. In that case
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Photon Flux and Cross Section

Let Rnaq‘m)d) where J%,o\;‘qu;:cao[E,,l"
%/_J

“photon flux” intensity

This allows us to recast the Rate Eqs

an —1Q,+8,8 + Wfb\d)(@u -9, )

éu: - 0%y~ Ay, Qu ~ G(A)d) (Qy & >
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Note: When collisions are very frequent the dipole

(@) is oriented at random relative to the
driving field. In that case

<|/K‘11' ¢ Eo[L>aw3£e,s - '.7_‘7,. ’6‘3‘- 'E,| ®

o - Iy B/ Dagles B 1 1X12R/2
1= Ah(&’ —EA"—l-ﬂ"

Photon Flux and Cross Section

Let Rna@[mqb where ﬁo\;‘@:-'icao[l&,,l"

“photon flux” intensity

This allows us to recast the Rate Eqs

Qn = -0, +8,8, + Wfb\fﬁ(@u -9, )
éu: - 0%y~ Ay, Qu ~ G(A)d} (Qy ~&u >

We see that per atom, per unit time

# of absorption events

c>dQ,
o (8)0

# of stim. emission events

Note: Given N atoms, the total # of events are

Ngy,, NG, - This is useful when we care
about the total power in the light field,
e. g., in the context of laser theory

Solution of the Rate Equations

let [[ =, =0 andplugin & =1-@,
g

éu = A‘u‘?n"wmms (29 - 1)

=~ \(% + mump} Qg+ T(AVD
X

This solution is a damped approach to Steady State!
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We see that per atom, per unit time

-5t
Qg (£) = IQnCO’) ~Cun C°°3]@ e Qyy ()
# of absorption events = O'FDMbQU
where
# of stim. emission events = O'(A3¢ Sy g—[m(ﬁ
= (Au'\"lGZ‘ABCb) ’ Q‘HCOQX = AN.{.IQ—(A')@

Note: Given N atoms, the total # of events are
N@y, NG, - This is useful when we care

about the total power in the light field, Gy, (&)
e. 8., in the context of laser theory T

steady state anoé\

Solution of the Rate Equations

LN

let [/ =l =0 andplugin € =1-&,, time constant 1/y

gmcw -
— -

> ¢

gu == Au‘gn"‘@[ﬂ\qs (191_\ - 1) (%) This transient behavior is valid in the collision

broadened regime.
=~ (Ay, +25(AVD) @+ TCAVD

(*) Without collisions the transient regime
X Is one of damped Rabi oscillations.

The solution is a damped approach to Steady State! (%) The steady state value gﬁw is good regardless
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Gy () = { Q33 (0) ~ &y, C°°)] S Qy ()

where

agla)d

¥=(Ay+1678YH) , Gay(ed) = Ag + LT(0)P

Qyy )
T steady state Qntoé\

\

Quw) ] time constant 4/5/

> ¢

(*) This transient behavior is valid in the collision
broadened regime.

(*) Without collisions the transient regime
Is one of damped Rabi oscillations.

(%) The steady state value gntoo') is good regardless

Numerical simulation of Density Matrix Eqs
(Optical Bloch Picture).

Figure from Milloni & Eberly
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Figure 6.6 Numerical solutions of the v, w equations (6.5.21) for a range of collisional
damping rates. Note scale changes.
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Limiting cases:

~gt
99_1 ('Q = {Qn(o') - Q\u Cob)] e T Qg CS) 0 (a) (ﬁ =0 B Qs () =0

where T()¢
Tle)$ TOG<H, B Gulwo)=

¥=(Ay+1678YH) , Gay(ed) = Ag + LT(0)P

SG>0,, B Qubs) = !/9 < Saturation!
|

Qyy )

. . \X1*3/9
T steady state Q,, (os\ Rewrite Qu(oo) using IQI&:G-[A§¢ = E%
/‘ » QW= X268,
0,00} - time constant 1/y = A’--t—[&z--& IXI’-(.Z/Am
10
>t Plot ©, (=8) vs A: HWHM line width:
(" Ay - Fr e IYIR/A,
(%) This transient behavior is valid in the collision A
broadened regime. 2T (o)
=PVt

(*) Without collisions the transient regime

Is one of damped Rabi oscillations. 5 2A‘1i

2
(used S0V = -g%—)

(%) The steady state value gntoo') is good regardless > A
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Limiting cases:

TBYD <Ay,

glayp=0 B 8, =0

D Qulw)=

5(0)G
Ay,

SO >0,, B Qubs) = !/g < Saturation!

Q.E
Rewrite ©,, () using ‘Qu:G‘[A}qS = ch_ld_ﬂ/f
ol [X1*B/24,,
» g?.‘l B A1+[&L+ [X[!.(_;/Am

Plot ©y, (%) vs A:

Q,, ()
A

&— 2A[19.

> A

HWHM line width:

Ay, =y BHetINR/A,,

270\
==/$ \/‘H‘-

Aq,

(used GV = -g%)

Power Broadening: Rewrite

By, = By1+6/Gsar = 1+ T/Tgur
where

A‘L( — - 'ﬁ'CJA‘Ll
100y | TSATT outo)

Cf’sm' =

3 : natural linewidth

Power Broadening in molecular beam spectroscopy:

N\
collimated
atomic beam
\
N y LIF vs A
oven
laser @ \:)— / | \
detuning A

Keep T « T, for best spectroscopic resolution
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Emission and Absorption — Population Rate Equations , ,,.,0,3

Power Broadening: Rewrite

By, = By1+6/Gsar = 1+ T/Tgur
where

fﬁ‘&)Au
2970)

¢ - A PX| —
SAT ~ 2.9C0) ‘LSAT

A3 : natural linewidth

Power Broadening in molecular beam spectroscopy:

VAN .
collimated
atomic beam
N
—\ » LIFvs A
oven

laser @ \:)— / | \
detuning A —

Keep T & T, for best spectroscopic resolution

End
02-20-2023

More about the Photon Scattering Cross Section

By Definition
["l@ IQCCSo[Ea[L
R —— = 0(8)
L= Al ¢=c YA
5 0 B
- nl (B,
where (Y|t I;FerEo/mQ“{ WTD
Collision I > > l/ I Collision
and free T> 1 /@ 713 <|_ broadened
This gives us
ooy =f L 2 - Gloy—2
fice,p A+ A+ 3

Let @:Hml,‘z , =N =0 (collision free) »

§ T né ¥
%ea) AD.I

g(o) = «¥ﬁ¢cg [':u

The connection between Aq; and /ﬁf', is intuitive,
derived rigorously during the QED part of OPTI 544
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Emission and Absorption — Population Rate Equations , 5,053

More about the Photon Scattering Cross Section

By Definition
IR LAY
Ry=z —— = G(4)
l’. A)"[' P ¢ ,&N
L) B
- |E,l
where ({|'= lfﬁrrSE‘,/m%&{ WTD
and e 4212422 ¢- oadenca
This gives us
gy=f &t Lo g2
fice,B A+ Av+ @Y

et B=A, /2, T} =[,=0 (collision free) =
2
UTT N

aglo
)e ¥ﬁC2 A,_, 7&807\ Ay

The connection between Ay and {13‘, is intuitive,
derived rigorously during the QED part of OPTI 544
End
02-20-2023

1.3
Here we simply . I TR
L] 1[ -—
note the result 3172,,'&63

Substituting in % we get

20 3T, &> p 32
&ce, w3 VU oamw

s

p)

| !

o) =4

Collision free, Collision broadened
polarized light or un-polarized light

— Remarkably simple result -
easy to remember

Why ?
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.3
Here we simply . I TR

note the result

17 qre el

Substituting in % we get

_p w 3ME L3 532
G[o)—@erceo =3 -@—mr_

— -

3 A2 A
p)
i > 0) 2 =

t !

Collision free, Collision broadened
polarized light or un-polarized light

— Remarkably simple result -
easy to remember

Why ?

Rate Eq. Model of Absorption

Remember our 12%
Physical Picture :

of absorption/ RiuSu |l RaQell Ay

stim. emission 1>

The loss over distance clt is d(f)= GCA\@M(Qn —Quﬁd%

If d>«¢ga¢- then @ = and Q=0 and we get
A =-Ng(a)Ddz # %(@ =-NTW®) =-ad

Absorption:

/10 ~.0\(.2.-.;_0
777 //{//.Cb ///{/////{ > Cb&') =e ) ¢['203

UL 1/l [0/
1 | Tt e,
= 2
-
-9y A3t
i =500 him =N=10 Cm
Typical A=5 , O A"*ﬁ"

Solid: N~ [OU/CWIB ®» totally opaque @ resonance
Gas: l\\'*[Og/CtMg ®» transparent @ resonance
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Rate Eq. Model of Absorption

Remember our 127
Physical Picture /
of absorption/ RiuSufl RuQe| A

stim. emission 1>

The loss over distance d¥ is d§= G(AYDN(€y - ©, )dlx
If d) <<q5§0¢_ then Q@ =71 and Qy,,=0O and we get
df =-Ng(a)bd2 B %d} =-NTW®) =-ad

Absorption:
/7)) -0 %—.')_o
777 /f{//‘ ///{/////{ B Cbi‘H =e ( ) Cw%o)
wWiewrw/r e/ 7 _a(2-2,)
{ N T(3)=e *TR)
2, 2

e
-9 3 A}
i =500 him =N=10 Cwm
Typical A=5 , A"*F”'

Solid: l\’)wlO“"/CtM25 ® totally opaque @ resonance

Gas: N"-[Dg/ng ® transparent @ resonance

Population Rate Equations

Note: Thisis a low saturation result !
High flux ® photon scattering per atom saturates
If P> th () =1) = N A
¢ Qgsaé en Qyy . ® o N=Molz
R
dt2) = §lty) - Mg, )

At very high flux the loss is relatively insignificant

P, Ble,)» v p-2 )

2

— This is referred to as bleaching or hole burning
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Blackbody Radiation

This is a standard problem in Optical Physics, which
we review only briefly in OPTI 544. See almost any
textbook for details, including Milloni & Eberly.

Step (1): We define a Lineshape Function:

iy OV _
G(A) . 1£°&C C\)u".v)z't av:" » é\)Ql -F/:L'"-
S(v)

S(¥) is sharply peaked compared to the energy
density 9(‘\)\ of Blackbody Radiation.

®» we can approximate S(¥) = o, -v)

Step (2): Sub in the expression for transition rates

and integrate over all frequencies

A L o
- _ {Tuw 5828
Ry = fo ) G)dv - jﬁ [osm - dv

L
» R‘l: gm‘l Q[\)\.J "-'.Bg[\)m\

¢ ¢
d <€— Einstein B coefficient

Step (3): 2-level atom in thermal equilibrium
with Blackbody Radiation field

Qn - e:- 6.\9!.!/‘@61—

[(TH »
(Au* 'Q:_[\9n= R,y &,

(Detailed Balance)

Ay /B

vz
Q( 21 ) eg‘\);‘ /’QBT_ 1

Step (4): Use prior result for A,, to find Ay, /R
which is independent of 1(\3;

— -

to) sthv3/c’
? V)= Qe\'\)/“eT—;L

Energy Density
of the Blackbody
Radiation field

Step (5): We can extend this to find the

% Total electromagnetic energy density

% Total radiated intensity from a black body
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Step (3): 2-level atom in thermal equilibrium
with Blackbody Radiation field

gl - Q__ eLﬂ.l/'QGT
e » |em)
(A>|+ 'Qu\gi‘l: R\, &

Ay /R
) PV egT— g

(Detailed Balance)

Step (4): Use prior result for A, to find A, /3,
which is independent of 1

—

Energy Density
of the Blackbody
Radiation field

stthv3/c3

Q(v) =

Step (5): We can extend this to find the

% Total electromagnetic energy density

% Total radiated intensity from a black body

Step (6): Relative importance of spontaneous
and stimulated emission

A
Aw VY| B.\)//%;I:J- }) 1

We have - =
¢ TR, TRem T ¢ L

for T« geveral x 1000/

Take the surface of the Sun, T =S80 K

— -

,Aﬂ V140 @ Rpmax = SO0 UM
'Qﬂ)_

End 02-22-2023
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