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3OPTI 544          Final Exam, May 6, 2022       Jessen 
 

Problem I (10%) 
  
           (1)               (2)     (3) 
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The above figure shows a number of "density matrices" for a 4-level system.  The dark grey 
elements along the diagonal are populations; the light gray off-diagonal elements are coherences.  
The height of the columns indicate the absolute values of the relevant populations and coherences. 
 
(a) Some of the density matrices correspond to pure states, some to mixed states, and some are 

unphysical.  Indicate which are which.  No explanation needed. (10%) 
 
Hint: These density matrices can be sorted into categories by little more that visual inspection. 
 

Problem II (30%) 
 
The figure on the left shows the output power  of a laser versus the pumping rate .  
 
(a) Explain (in words) the major features of the plot.  (10%) 
 
(b) What does the plot tell us about the laser pumping scheme (3 

vs 4 level)?  Explain (in words).  (10%) 
 
(c) Assuming there are no other losses in the cavity, redraw the 

plot to show what would happen if we reduced the 
transmittivity T of the output mirror by a factor of 2.  (10%) 

 
Hint: Focus on the general behavior above and below the kink and 

don't fret about its precise shape. No math required. 
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Problem III (25%) 
 
(a) Consider a 4-port beam splitter as depicted, with transmission and 

reflection coefficients t and r.  The input state is  (one 
photons in port 1 and zero photons in port 2). Find the output state 

 in terms of t, r, and number states in ports 3 and 4.  (10%) 
 
This simple example tells us that photon number states are very sensitive 
to loss. Even in the simplest possible case, after passing through a lossy 
medium  (here modeled by a beam splitter) we no longer have a photon 
number state, but rather a statistical mixture of different number states.  And the generalization to 
large number states, , results in hugely complicates output states with massive 
photon-number - mode entanglement. 

 
(b) Show that a coherent state is robust in the presence of loss.  That is, after passing through a 

lossy medium it remains a coherent state, though with reduced amplitude.  (15%) 
 

Problem IV (35%) 
 

Consider an optical cavity as shown in the figure.  A 2-level atom, on-resonance with the cavity 
mode and moving along the z axis with velocity , crosses the cavity with a transit time much 
shorter than the time scales for atom decay and cavity photon loss.  The atom-light coupling is 
characterized by a vacuum Rabi frequency , where g is the vacuum 
Rabi frequency and n is the number of excitations in the system. 
 
(a) First describe conceptually (in words) how you might use a stream 

of n two-level atoms as a way to deposit exactly n photons in the 
initially empty cavity. (25%) 

 
(b) Find the velocity with which an atom initially in the excited state 

must cross the empty cavity to leave its excitation behind in the form 
of a photon. (10%) 

 
Hint: Think about the time dependent atom-cavity interaction along the path  and how it 

fits with the pulse area theorem. 
  

Useful math:   

  

Ψin = 1  1 0  2

Ψout

Ψin = n  1 0  2

v

2g (z ) = 2g exp(−z 2 / 2σ 2)

g ( z = t v )

− ∞

 ∞
∫ exp( − a 2 / 2b 2 ) da = 2πb 2

 

OPTI 544 2nd Midterm Exam, April 14, 2021 
 

I  
Consider a laser with a 3-level pumping scheme as indicated by 
the figure on the right, with lasing occurring on the transition 
between levels  and .  To simplify things a bit we assume 
the pumping mechanism is irreversible, i. e., it transfers atoms 
from  to  but not the other way. 
 
(a) Write down a set of rate equations for the number densities 

, , and  in terms of the pumping rate, the spon-
taneous decay rates, and the rates of absorption and stimulated emission. (10%) 

 
(b) What is the steady state value of the intra-cavity photon flux  below threshold?  (5%) 

 
(c) Use your answers in (a) and (b) to determine the conditions needed on the various rates in 

order to achieve a steady state population inversion on the lasing transition. (7%) 
 
(d) Write down (do not derive) expressions for the small-signal gain, the saturated gain, and 

the saturation flux. (8%) 
 
Hint: This pumping scheme maps onto a more familiar one, making it possible to complete the 
problem without lengthy derivations. 
 

II  
In the following, consider a quantum beamsplitter as shown on the 
right, with input fields  and output fields . The 
transmission/reflection coefficients are  and .   
 
(a) Write out expressions for the output fields in terms of the input 

fields.  Then write out the expressions for the input creation 
operators in terms of the output creation operators (no 
derivation required.) 

 
(b) The input state is .  Find and write down an expression for the output state 

. 
 
Looking at the possible input and output states, it is clear that we are dealing with a two-level 
system, with “ground” and “excited” states  and  corresponding to having the photon in 
the horizontal and vertical modes respectively.   
 
(c) Find and write down an expression for the Bloch vectors corresponding to the input and 

output states.  Then make a sketch that shows clearly how they are oriented relative to the 
Bloch sphere.  Follow standard convention (  at the south pole and  at the north pole) 
and be sure to indicate the  vectors. 

 
 

1 2

0 2

N0 N1 N2

Φ
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III 
Consider the following scenario in which a two-level atom 
travels along the z-axis and crosses the cavity mode parallel to 
the wave fronts as shown in the figure.  For simplicity we 
assume the cavity field is resonant with the atomic transition, 
that the transit time is short enough to ignore decay of both the 
atomic excited state and the intracavity light field, and that 
light induced forces are small enough for the atomic velocity 
v   to remain constant. 
 
We begin with a classical description of the intracavity field, in which case the atom-light 
coupling is characterized by a real-valued Rabi frequency χ(z) = χ exp(−z2 / 2σ 2 ) . 
 
(a) Write down an expression for the angle θ  between the Bloch vectors before and after the 

atom has crossed the cavity, as a function of χ , σ  and v .  For an atom initially in the 
ground state, sketch the corresponding trajectory on the Bloch sphere. (10%) 

 
(b)   Based on your answer in (a), find the velocities vg  at which the atom will exit the cavity in 

the ground state.  Similarly, find the velocities ve  at which the atom will exit in the excited 
state.  Make a plot that shows the probability Pe  for the atom to exit in the excited state as 
function of v , without worrying too much about the detailed behavior as v→ 0 . (10%) 

 
Next, we switch to a quantum description of the intracavity field, in which case the atom-light 
coupling is characterized by a vacuum Rabi frequency g(z) = g exp(−z2 / 2σ 2 ) . 
 
(c) For an atom initially in the ground state and the cavity field initially in a number state n , 

find the velocities vg  and ve  as function of n. (10%) 
 
(d)  Assume the cavity field is known to be in either the n = 0  or n = 1  state. Based on your 

results in (c), describe how you might determine with complete certainty which of these 
states is actually present in the experiment, by shooting a single atom though the cavity and 
measure whether it exits in the ground or excited state. (10%) 

 
Helpful Math:  Exp(−a2b2 )da
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