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Problem 1 
 
(a) We have    where   is the two-mode vacuum. 
 

Substituting  and its H. C., and using the fact that ,  commute with 
, , we immediately get 

  

   

  
(b)   We use  ,  to rewrite 
 

 

     
(c) We measure    on the output.  In the Heisenberg picture this is 

equivalent to measuring an operator  on the input, where    

 

  
Note that in the last step we used ,  as appropriate for balanced 
homodyne detection.  We now have  
  

 

  
Next,  

  

 
 

Ψ in = 0 1 α 2 = e
α â2+−α *â2 0 0

â2→ r *â3+ t *â4 â3 â3+
â4 â4+

Ψ out = eα râ3
++tâ4+( )−α * r *â3+t *â4( ) 0 = e rα( )â3+− rα( )*â3e tα( )â4+− tα( )*â4 0

          = rα 3 tα 4

â = X̂ + iŶ â + = X̂ − iŶ

1
2 âe

−iϕ + â +eiϕ( ) = 12 X̂ + iŶ( )e−iϕ + X̂ − iŶ( )[ ]eiϕ

= X̂ 12 e
iϕ + e−iϕ( )+ Ŷ 12i e

iϕ − e−iϕ( ) = X̂ cos ϕ( )+ Ŷ sin ϕ( )≡ X̂ ϕ( )

M̂ = â3+â3− â4+â4
ˆ ′M

ˆ ′M = t *â1+ + r *â2+( ) tâ1 + râ2( )− r *â1+ + t *â2+( ) râ1 + tâ2( )
= | t |2 − | r |2( ) â1+â1 − â2+â2( )+ t *r â1+â2 − â1 â2+( )+ r *t â1 â2+ − â1+â2( )
= i â1+â2 − â1 â2+( )

t = 1 / 2 r = i / 2

M̂ = 1 ψ 2 α ˆ ′M α 2 ψ 1 = 1 ψ 2 α i â1
+â2 − â1 â2+( ) α 2 ψ 1

= 1 ψ iα â1+ + (iα)*â1 ψ 1 = |α | 1 ψ â1e−i(ϕ+π/2) + â1+ei(ϕ+π/2)ψ 1

= 2 |α | 1 ψ X̂ 1 ϕ +π/2( )ψ 1 = 2 |α | X̂ 1 ϕ +π/2( )

M̂ 2 = 1 ψ 2 α i(â1
+â2 − â1 â2+) 2 α 2 ψ 1

= − 1 ψ 2 α (â1
+â1+â2â2 − â1+â1 â2â2+ − â1 â1+â2+â2 + â1 â1 â2+â2+) α 2 ψ 1

= − 1 ψ 2 α (â1
+â1+αα − â1+â1(α *α +1)− â1 â1+α *α + â1 â1α *α *) α 2 ψ 1

= 1 ψ 2 α [iâ1
+α *− â1+α]2 + N̂1 α 2 ψ 1 = 4 |α |

2 X̂ 1 ϕ +π/2( )2 + N̂1



From this we find 
 

 

 
Note:  This result makes sense – it gives us reasonable limits when  and 

 (coherent state only, vacuum in port 1), and when  and  
(something other than vacuum in port 1, and vacuum in port 2). 
 

 
(d) Our quadrature squeezed state has   and 

. As an example, let’s pick a   state that has  
. When we change   we  measure not  , 

but the combination of   and   that corresponds to 
.  Sketching this in the phase plane, we have 

 
Thus  takes on its maximum value for , 
and its minimum value for . 
 
Sketch: 
 
 
 
 
 
 
Note: For all this to hold, it is essential for the two fields to have the same frequency 
(homodyning), so that both the operators  and the states are time independent in the 
Schrödinger picture.  

 
 

ΔM 2 = M̂ 2 − M̂
2
= 4 |α |2 X̂ 1 ϕ +π/2( )2 − X̂ 1 ϕ +π/2( ) 2( )+ N̂1

= 4 |α |2 ΔX 1 ϕ +π/2( )2 + N̂1

|α |2 ≥ 0
N̂1 = 0 N̂1 > 0 |α |2 = 0

ΔX 1 <1/2
ΔY1 >1/2
Ŷ1(0) = 0 ϕ X̂ 1

X̂ 1 Ŷ1
X̂ 1 ϕ +π/2( )

ΔM 2 ϕ = 0,π, 2π
ϕ = π/2, 3π/2

âi+â j



Problem 2  
(a) The input state to the Beamsplitter is , where  is the two-mode 

vacuum. We use  and its H. C. to find the state after the 1st BS: 
 

 
 

 Before the 2nd BS we have  
 

   
 
 Next, for the 2nd BS we use ,  to get the output state,  
 

    

 
 Setting ,  we find 
 

    

 

    

 
(b)  We have 
 

 

 
     

Ψin = eα â1
+−α *â1 0 0

â1+ = tâ3+ + râ4+

Ψout' = e(tα)â3
+−(tα)*â3+(rα)â4+−(rα)*â4 0

Ψin' = e(tαe
iϕ1)â3+−(tαeiϕ1)*â3+(rαeiϕ2)â4+−(rαeiϕ2)*â4 0

â3+ = tâ5+ + râ6+ â4+ = râ5+ + tâ6+

Ψout = exp[(tαeiϕ1)(tâ5+ + râ6+)− (tαeiϕ1)*(t*â5 + r*â6)

+ (rαeiϕ2)(râ5+ + tâ6+)− (rαeiϕ2)*(r*â5 + t*â6)] 0

= exp[(t2αeiϕ1+ r2αeiϕ2)â5+ − (t2αeiϕ1+ r2αeiϕ2)*â5
+ (rtαeiϕ1+ rtαeiϕ2)â6+ − (rtαeiϕ1+ rtαeiϕ2)*â6] 0

= α5 α6

t = 1/ 2 r = i / 2

α5 =α(t2eiϕ1+ r2eiϕ2) = α
2 (eiϕ1− eiϕ2) = α

2 e
i(ϕ1+ϕ2)/2(ei(ϕ1−ϕ2)/2 − e−i(ϕ1−ϕ2)/2)

= iαeiϕ0sin(δϕ /2−π /4) = iα2 e
iϕ0 sin(δϕ /2)− cos(δϕ /2)[ ]

α6 = i
α
2 (eiϕ1− eiϕ2) = iα2 e

i(ϕ1+ϕ2)/2(ei(ϕ1−ϕ2)/2 + e−i(ϕ1−ϕ2)/2)

= iαeiϕ0cos(δϕ /2−π /4) = iα2 e
iϕ0 sin(δϕ /2)+ cos(δϕ /2)[ ]

Ŝ = α5 α6 â6+â6 − â5+â5 α6 α5

= |α |2

2 [{sin(δϕ /2)+ cos(δϕ /2)}2 −{sin(δϕ /2)− cos(δϕ /2)}2]

= |α |2

2 [4 sin(δϕ /2)cos(δϕ /2)]=|α |2 sin(δϕ) ≈|α |2 δϕ



(c) First we compute 
 

  (use ) 

   

 
 Then, using , we find 
 

   

 
 

(d) We set          where  is the mean photon  

 
number in a coherent state with amplitude . 

 
This is the shot-noise limited sensitivity of a Mach-Zender interferometer with a coherent 
state input.  In quantum metrology, this is also referred to as the standard quantum limit.  
Improved sensitivity can be achieved with squeezed states or other non-classical states of 
light. 
 

Note:  This was a very long and fiddly calculation with many opportunities to mess up the math, 
especially if not knowing ahead of time how it was supposed to come out.  However, the 
final result is a very important example of applied quantum optics.

Ŝ 2 = α5 α6 (â6+â6 − â5+â5)2 α6 α5
= â6+â6â6+â6 + â5+â5â5+â5 − 2â6+â6â5+â5

ââ+ = â+â +1

= â6+â6+â6â6 + â5+â5+â5â5 + â6+â6 + â5+â5 − 2â6+â6â5+â5

=|α6 |4 + |α5 |4 + |α6 |2 + |α5 |2 −2 |α6 |2|α5 |2

Ŝ
2
= (|α6 |2 − |α5 |2)2 =|α6 |4 + |α5 |4 −2 |α6 |2|α5 |2

ΔS 2 = Ŝ 2 − Ŝ
2
=|α6 |2 + |α5 |2

=|α |2 [cos2(δϕ /2−π /4)+ sin2(δϕ /2−π /4)]=|α |2

|α |2 δϕmin =|α | ⇒ δϕmin =
1
|α | =

1
n n =|α |2

|α |



Problem 3  
(a) We have  .   
 

    
We need the commutators 
            

 
   
            

From these it follows that  
            
 
(b) Let .  Then (Cohen-Tannoudji p. 240) 
 

 

 
   

This equation can be integrated to give 
 

       for    

 
           for    
 

 

For the quadrature operators we have    

             

 
Because we cannot do the integral in the expression for  until the specific form of 

 is known, this is the best we can do. 
 

(c) Let   .   Then 
 

 

Ĥ(t) = !ω (â+â +1/2)+ !λ(t) (â + â+)

[â, â+]= 1 [â, â+â]= â

[â+, â]= −1 [â+, â+â]= − â+

[â, Ĥ(t)]= !ω â + !λ(t)

[â+, Ĥ(t)]= −!ω â+ − !λ(t)

α(t) = ψ(t) âψ(t)

d
dtα(t) = 1i! [â, Ĥ(t)] = 1i! (!ω â + !λ(t)) = −iω α(t)− iλ(t)

α(t) = e−iωt eiω ′t  
t0

t
∫ [−iλ( ′t )] d ′t  +α(t0)e−iω(t−t0) λ ≠ 0

α(t) =α(t0)e−iω(t−t0) λ = 0

X̂ (t) = 12 (α +α *) = Re[α]

Ŷ (t) = 12i (α −α *) = Im[α]

α(t)
λ(t)

ϕ(t) = [â −α(t)]ψ(t)

i! ddt ϕ(t) = i! ddt âψ(t) − i! ddt [α(t)ψ(t) ]

= i!â ddt ψ(t) − i![−iωα(t)ψ(t) − iλ ψ(t) ]− i!α(t) ddt ψ(t)

= i![â −α(t)] ddt ψ(t) + [−!ωα(t)− !λ(t)]ψ(t)



  Now 
 

  

 
 The commutator  ,  so  . 
 
 Putting this together gives us 
 
 

   

 
  

 

Now      

                
 

 Conclusion:     is preserved over time. 
 
(d) We have     
 

Since     is preserved, it follows that     and therefore 
 
 
  
 
 
Note we already have an expression for  in terms of an integral that involves . 
 

(e) At    we have   ,  with  . 
 

We start in the coherent state , then have    for .  During this 
interval we still have a coherent state, but  is changing.  At time T we have 
 

  

  
At   we also have a coherent state, with     

i! ddt ψ(t) = Ĥ(t)ψ(t) ⇒

i! ddt ψ(t) = i![â −α(t)] 1i! Ĥ(t)ψ(t) − ![ωα(t)+ λ(t)]ψ(t)

[â, Ĥ(t)]= !ω â + !λ(t) âĤ(t) = Ĥ(t)â + !ω â + !λ(t)

i! ddt ϕ(t) = [Ĥ(t)â + !ω â − Ĥα(t)+ !λ(t)]ψ(t) − [!ωα(t)+ !λ(t)]ψ(t)

= Ĥ[â −α(t)]ψ(t) + !ω[â −α(t)]ψ(t) = (Ĥ + !ω)ψ(t)

d
dt ϕ(t) ϕ(t) = [ ddt ϕ(t) ]ϕ(t) + ϕ(t) ddt ϕ(t)

= ϕ(t) Ĥ + !ω
i! ϕ(t) + ϕ(t) Ĥ + !ω

−i! ϕ(t) ≡ 0

ϕ(t)

âψ(0) =α(0)ψ(t) ⇒ ϕ(0) ≡ 0

ϕ(t) ϕ(t) = 0

âψ(t) =α(t)ψ(t)

α(t) λ(t)

t = 0 ψ(t) = ϕ(0) = α(0) α(0) ≡ 0

α(0) λ(t) ≠ 0 t ∈[0,T]
α(t)

α(T) = −ie−iωT eiω ′tλ(
0

T
∫ ′t )d ′t

t > T α(t) =α(T)e−iω(t−T)


