Wigner-Weisskopf Theory of Spontaneous Decay

Today: Decay of atomic excited state
due to interaction with the
quantum electromagnetic field
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Hamiltonian: (Schrodinger Picture)
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Expand
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- Time Dep. Perturbation Theory:
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Formal Solution:

No good for this problem!
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Convert sum to integral over modes:
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Thus, in the Continuum Limit
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We define the “polarization average”
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Thus, in the Continuum Limit

) t
(g, 008 = ( '“"u ~op)(t- t),« ) !

Convert sum to integral over modes:

S - (485 DB = [#tal(B)dbe Dis
¢
= [ol (i&doo;—zif’a@[z) = JDL(@A olwz l)f ooa,)

Ao N
where f = £/% is a unit vector along % and

P!
z

“2 . 4 dw >

c J Diw,) = &, 2%

\\ g oeme

2, T

Ve w.”/c, mode density in shell of
oWy % - space of radius ")f/c

0
> > 1, |1 dew@%) Z Sdm 19,1
BA o A '
We define the “polarization average”
100glt =2 (dihy g, 1%
> .
38100;; —’:
.c\“( ¢ V)S MZI v’

_ ‘-H”O\)g |
Y TRV,

f(\ %

" - ur 1
Id(mZ!iﬁ,;sm %= S dp I A(Cos )gint l/'g\“,,l1
A

0 D



Wigner-Weisskopf Theory of Spontaneous Decay

Thus, in the Continuum Limit
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We define the “polarization average”
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Thus, in the Continuum Limit
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Putting it together:
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Regular Perturbation Theory

Validity is limited to short times, such that

the probability amplitude of the initial
state does not change much. That allows

us to approximate ¢, , )~ G, 4(0). That does
not work here.

Wigner-Weisskopf approximation:

The integral over time reduces to
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Thus, the integral that gives us éz o) is

only sensitive to the value of ¢, ) at
times €' infinitesimally close to f This
allows us to replace ¢, ) with Cz o)
for any value of +.

Cohen-Tannoudji, Vol, 2, Ch. Xlll, Compl D, - 4
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Thus, in the Continuum Limit
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Regular Perturbation Theory

Validity is limited to short times, such that
the probability amplitude of the initial
state does not change much. That allows
us to approximate ¢, ;) (, 4(0). That does
not work here.

Wigner-Weisskopf approximation:

The integral over time reduces to

+
J'd_élel(wu’w;g\(-& ~t') o S 47
0

on time scales £-t' % [wy,-wp/ 1 [>

[ ] t : [§
Gyt - ‘,zz'wig ¢ Curent-e, e
A o)

0 t ,
- ”J v [0l Do) ( o@ P, e
() (0]

Rest of Lecture: Work with this Equation

First: This eq. is of the form C.w(ﬁ) = (3Cs,0(£)
solutions oscillate at freq. Im[{z]
and grow or decay at rate  Re[f]

Next: Atoms couple weakly to the vacuum

Cy p(t) changes slowly on timescale w{ti,
evolving at a rate I to be determined.

That means we can let + - -0 on timescale «w,;*
while still keeping 1« P

0
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Rest of Lecture: Work with this Equation

First: This eq. is of the form C‘w(ﬁ) = (3Cs,0(£)
solutions oscillate at fregq. Iw.[(z]
and grow or decay at rate Re[f3]

Next: Atoms couple weakly to the vacuum

Cy p(t) changes slowly on timescale w{,i,
evolving at a rate I’ to be determined.

That means we can let + - « on timescale «,; *
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o0 B ” |
Defining "’\S(‘*’rz’%) i fdi.e.(wz,~wa\(t~ﬁ)
0
We can then rewrite

Cy o 8): ~ S deag gD eagd [ $lwg=t0)] €, o0
A .

Math Details: Consider the function
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Math Details: Consider the function
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Thus,
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This is the value used earlier!

Frequency shift:
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Integral is not well behaved!

Further development by Willis Lamb
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Hydrogen 2P lifetime:
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Integral is not well behaved!

Further development by Willis Lamb
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