Quantum Electrodynamics — QED

Starting point: Maxwells Equations

Free Fields - Switch to Fourier Domain

(1) V- E(F4) = zl-oe(?,t)
(2) v.B(F4) =0
(3) vxE(ft)=-2 Sddy

@) V< B(FL) =2 '5 2 Bl 7 R

e
@) (E<BEe =L2ERHt = R4
! SR VA Y B

Implicit: Charges & Fields in Vacuum
No “medium response”

Same issue as with our introductory example:

Maxwells eqgs are non-local

-

We need to put the classical description
in proper form -> Normal Mode expansion
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Free Fields - Switch to Fourier Domain
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r—-0 - _ rB - ey A - )
(4) Tk xBlet) = 55{;5@"5’* &’C&%dz,a

Separate into Transverse & Longitudinal Fields

21)=E G+ & LY

Bl = Bl +B (B4 MEq(2)

Entirely Transverse

.. T
g_“: ::"';""‘ g(a'éj
&
Coulomb field from the charges

-

Only ZL and @:_ are new degrees of freedom

beyond the particles -> Free Fields
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Separate into Transverse & Longitudinal Fields
E@1)-&, Bn+& LY
BBty = Rl D +@ﬂ,¢& MEq (2)

Entirely Transverse

—-\

0= =—lgzt§£a‘é

(o}

Coulomb field from the charges

-

Only ZL and @1 are new degrees of freedom

beyond the particles -> Free Fields
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Separate into Transverse & Longitudinal Fields
g CE.-&'\ = 2” ['E‘.e} <& L[!Z t)
Bl = BB+ B t) MEq(2)

Entirely Transverse

-—-\

0= =—lgzt§£a‘é

(o}

Coulomb field from the charges

-

Eqs for Transverse Fields, from MEqs (3) & (4)

a O =5 _ '-.ﬂ — I~
(5a) & Bllt) = hex & (&,¢)

(6a) £ 8, (K0 =t ilxBllen- £ 3, (o

: inverse FT

pa )

(5b) 2 BFEy) -~V E

60) 2 B (P)= cloxBlRe)-L )

Only ZL and @1 are new degrees of freedom

beyond the particles -> Free Fields

combine (5b) & (6b)

Wave Equation for the Free Fields
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Eqs for Transverse Fields, from MEqs (3) & (4)

a & = _ .-4 -— P~
(58) S Blkd) = ~idex &, (&4

(6a) % EL[E,JA =ct ;ztxf’azz,a-g-o; (& 4)

(

: inverse FT

(sb) 2 B4 -~Vx E,#n)

(6b) 2 E (Tt\= cloxBIR4)-1T 7 4)

combine (5b) & (6b)

Wave Equation for the Free Fields
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Eqs for Transverse Fields, from MEqs (3) & (4)

a & = _ .-4 -— P~
(58) S Blkd) = ~idex &, (&4

(6a) % EL[E,JA =ct :Kx;ﬁ[z,é)—«;—}i (2',4;)

: inverse FT

pa )

(5b) éa—E B*t) =~ Vx E (7 4)

\

(Gb) 5—'& E [V-'H" C"VX B(r-}_-).._J “-_&’)

Normal Modes in a 1D Cavity

standing wave
%ﬂ /\\/% s
A

Normal Modes are Standing Waves

Length [
Cross section A
Volume V=4

fiducial

Let E—E'[%(-L) = E: E_(21) and expand mISS

(7) E.(24)- EA q,(H)sin(4;2) , A;- ‘/ie,v

combine (5b) & (6b)

Wave Equation for the Free Fields
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Normal Modes in a 1D Cavity

Length [ standing wave
Cross section A /\\/%
Volume V=LA M

Normal Modes are Standing Waves

fiducial

Let E( 2t)= a E_(21) and expand mISS

(7) E(24)- ZA q,(b)sin(4;2) , A;- ‘/ze,v
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Normal Modes in a 1D Cavity

Length [ standing wave
Cross section A /\\/%
Volume V=LA M

Normal Modes are Standing Waves

fiducial

Let El Z2t)= a E_(21) and expand mass

l

(7) E(24)- ZA q,(b)sin(4;2) , A;- ‘/zz,,v

(8) By2t) =y fec +)Cos ;2
3

Hamiltonian (Energy) for the Classical Field

A= 8 (da (1€« )?)=
lL (1B +c2@1®)

?ond%Z[A W st (fya)+ 2e q (612 cos™( ;2]

(]
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(8) B%f‘aﬁﬂ = —e- g,au Cos (%;)

Hamiltonian (Energy) for the Classical Field

K- &8 (a3 (1B +cYB)
9~L (€ +c2@?)=

& Id}ZIA %W Gint (Rja)t 26 9 (1> cos (%2}

(]

x- Z[ j +egm; :]

Lagrangian for the Classical Field

L 7
g - %éj dy (c*(@I*- IEIL)
0
’% 2 m;a) - g wiat]

e I

(Vg‘-"i\g(?fho D Q-+wrq. -0
ct ot d aﬂi’
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_ 13 25% L Lo QY
%'Z[lma“ﬂs*z”a J
d

Lagrangian for the Classical Field

L - o7
g- %‘lj dy (c*@I*- IEY)

o)
=D e m.ar-1m.wigt
Z [‘.)_Maq'd' Q_W\dwa 4&7
¢

Check

o o8 ¥

And Finally:

As before, a collection
of Harmonic Oscillators,

ready for quantization!
End 03-31-2021



Begin 04-05-2021

Todays Jump-off Point

E,(2:)= }: A; 9, OSn(4;2)

By 2= Z ,-,;"c} 0, (¢)CosCl;2)
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Classical Fields

Dimensionless Field Variables:

Qj = Qfd‘/qto.j , qo.é = V.‘Z%/mdwd
Py = 5 oy r o= vVARML,;
g

01 =@ )+ D) = (01 it

&
E(t)=2 A;0.10Sm(k2), &.=A;9,5 /&u\;;,
3
* .
field
“per photon”

Byl26)= Z ;‘é 0, () Cos(he;2)

= "E Z g’d [0(3[1‘.) - 0(3‘({\](:03 {&é'l:)
-
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Classical Fields

Dimensionless Field Variables:

O' = q'j/qto,j , qof\/.‘z%/mw-
Py =4y Moy A= Vatmw,

-
X3 =@y [0 i) = a0 it

e~

B (2t)= 2 A;9.005m(k2), &A9,: \/&u\';,.
d

-I-OCEFH:)] Sin(ﬂji r

field

“per photon”

Byl24)= Z g‘;} 0, () Cos(;2)

=~ é—Z [ -at i) cos(Agt)

4

Standard Quantization Procedure

A
qj = q‘s " »
A, 195 py] = ko
/Yla—>1ld J d
oy (8 > .
: AJ.,_ ’ [Qd\a'j'] = 5«\
“4“\"’ Q;

A

E,[2)= 253 (&;+a;)Sin (k2]

A

~—-—§£ (a a *) cos(&;2)

Total Field
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Standard Quantization Procedure Note:

R These are the Field Operators in the
qj - q; [A X ] s Schrodinger Picture (t-dependence in states)
A .2 ) ) = J )
e il ! Often advantageous to use Heisenberg Picture
(t-dependence in operators)
o (4) = Q; ..
3 J A a.",]zé--, - -
% at’ 1Y J9d
“({\—’) Q. ~ - —telet
d J o, (L) = ;) = a;lo)e ™"

A A np. L Field Quantization in Free Space:
Ex[i)?- Zia (Rj*Q;)SM[&s-Z.) Q P
B Normal . ’“Ex(?

_ 7 it - P
=5 e''"™
Modes )= 2

+ C.C.

ég(%) = —Z‘,:EEJ (dd —-53‘) COS(R;?.)

Finite quantization volume: €.= V&w; 26,V
Total Field 4

conditions

L large -> nature of O LxLxL
5 5 = A boundary conditions
E(2) = & x["&H g*a E“,)({'-J not important -
A aa o - e [> [f] = naw/L
B(2)= £,<8x[2) + E,a Byl2) Periodic boundary
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Note:

These are the Field Operators in the
Schrodinger Picture (t-dependence in states)

Often advantageous to use Heisenberg Picture

(t-dependence in operators)

-

. (8 = a.lo\e LWt
oty = Q;b) = a;loye™ s

Field Quantization in Free Space:

Normal = _ o
Modes @ “#ia(7)® %0
Finite quantization volume: €.= V& /ae,v
4
LxLxL

L large -> nature of )
boundary conditions
not important

~-

Periodic boundary
conditions )

Classical Fields (Fourier Sum):

. 510t %)
X
(m) Z 8_.)& LA #
\ A: polarization index
"l(‘l\)x:'t

L

e

e L N S I

> [> ]'B:l =namw/L

BxEz
3,74 - Z X “ e,
Quantization:
oy > Oz, ,  [0g,05,] = 0: 00

0(:: A =l Q'; 7 Ia:xl)"azrl(\r] = [&;“(x' aér{x] = O

S - A W =B

El( (H = Z Sﬁ.)« S,-A aj;'/\ c + H.C.
B\

25 oo _ ;';x—éﬁ‘)\ A ’t{w,a';f"& V)

BC,JA—KX v &, 2 + H.C.

— Heisenberg Picture -
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Classical Fields (Fourier Sum):

oW t-%F)
%
E(H) ZE_, m“ $

\ A: polarization index

o . -.(w t-BF r)
- A
) (V1) Z e E,EA ine te.c,
P
Quantization:
A e [o‘zu u] 5“,8,“

“zr’%w [ By = (30,81 0

e

I TR 2 R D

S0 -
E.L( .'” = L Sﬁl)‘gf"x j;',\e, ' + HC.
Y
L BxE= P (AT D
B(rg) =y 2xZid g G, o "RMTRTI L0
7 kc NP

— Heisenberg Picture -

Positive & Negative Frequency Components:

Lad

[Fey = EW@ L+ ED(F4)

~ f.(w,, RRD)
(£, [\ =

E +C"H?\ &Z g’ﬁx Jb,\

E(')(Fﬁr) ,:Z & S,_. a e—.(wmf-g,.ﬁ)
7 R P!

!

Wrap Up:
Read page 13 in handwritten Note Set for brief

discussion of different, equivalent ways to put
the QED formalism together, e. g.

A ~ A~ A "~ h_,_
Ecclas+a;) & B, [(a-07)

VS

"

A IS AL A ~L
Egee (6-05) & By (4 +07)
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Positive & Negative Frequency Components:

E (F) = EWE 0+ EX (7

et - A iwg syt =B )
Bty = Z> &8s, 00, €

!

(-)p2 - * "+ r.(waf-E.F)
r = '
B0 =7 58,0,

Wrap Up:

Read page 13 in handwritten Note Set for brief
discussion of different, equivalent ways to put
the QED formalism together, e. g.

A ~ ~ A "~ ~L
Ec (G+07) & By [A-0; )
VS

A "~ ~g A "~ AL
Ex* [“3’ a; ) & B.aoc [a3+aa- )

Other Normal Modes Sets

Atom in Cavity: /\Tﬁ/

paraxial modes
free space modes

. (Milloni & Eberly,\ (QED lecture
WavepaCkets' ( Sec.12.8,p 381) ( notes, p 16)

Classical field pulse envelope

= - 1 (&,2 =000t
E(vitl= L&, m(2-ct)e (2 -0 )-PC‘ c

Mode volume  \/= dSTIM(x.Y,%'-C-E\lz

N
Quantization &_—> O(a—’gg,ag, etc.
o £

Wave-Particle Duality similar for
Photons and Phonons



