Quantum Electrodynamics — QED

Starting point: Maxwells Equations

Free Fields - Switch to Fourier Domain

(1) V- E(F4) = zl-oe(?,t)
(2) V.B(F4) = 0
B) vxEf)= -2 B

@ V< BEF =52 Bt ;5 o

Implicit: Charges & Fields in Vacuum
No “medium response”

Same issue as with our introductory example:

Maxwells eqgs are non-local

-

We need to put the classical description
in proper form -> Normal Mode expansion
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Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different
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Free Fields - Switch to Fourier Domain
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Note: This is a Normal Mode decomposition

No charges -> No coupling between modes
with different

Separate into Transverse & Longitudinal Fields
) - N
Elet)= &, (k) + & (L1

—5

Blow = BRE + B Ret) MEa(2)

Entirely Transverse

- 3
-t - £ is the projection of £ onto %
Note o .
&, is '%: the projection of € onto %
~ L~ MEq(1)

-—-\

e ke b
Ernt gtk g) -—.-— . o2 4
Coulomb field from the charges

-

Only ZL and @:_ are new degrees of freedom

beyond the particles -> Free Fields
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Separate into Transverse & Longitudinal Fields

L B

Eht)= &, (Rp)+ & (L)
Bl = BT +@ﬂ,ﬁ MEq (2)

L Entirely Transverse

~L E ?f is the projection of f_ onto K
Note VA
&, is %: X the projection of £ onto Jz
L MEq (1)
A 2
- _ gz _ .' . -~ .
tcte=E(-d .&-g) g oLl ¢)
Coulomb field from the charges
g

Eqs for Transverse Fields, from MEqs (3) & (4)

a O =5 _ '—.ﬂ — I~
(5a) & Bllt) = hex & (&,¢)

(

(6a) % (R = ctikxBlE) - ,2_ 3, (B4

Only ZL and @1 are new degrees of freedom

beyond the particles -> Free Fields
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Separate into Transverse & Longitudinal Fields

1)=& (bpn+& (LY

Bl = BB+ B (t) MEq(2)
/L Entirely Transverse

-
i—f - £ is the projection of £ onto %
Note: fo B
&, is %: the projection of 3 onto Jz
<L MEq (1)
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Coulomb field from the charges
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Eqs for Transverse Fields, from MEqs (3) & (4)

a O =5 _ '-.ﬂ — I~
(5a) & Bllt) = hex & (&,¢)

(6a) £ 8, (K0 =t ilxBllen- £ 3, (o

: inverse FT

pa )

(5b) 2 BFEy) -~V E

60) 2 B (P)= cloxBlRe)-L )

Only ZL and @1 are new degrees of freedom

beyond the particles -> Free Fields

combine (5b) & (6b)

Wave Equation for the Free Fields
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Eqs for Transverse Fields, from MEqs (3) & (4)

a & = _ .-4 -— P~
(58) S Blkd) = ~idex &, (&4

(6a) % EL[E,JA =ct :Kx;ﬁ[z,é)—«;:;i (2',4;)

: inverse FT

pa )

(5b) 2B -V« E 7

(6b) 2 E [T\ cloxBI)-LT )

Normal Modes in a 1D Cavity

standing wave
A

Normal Modes are Standing Waves

Length [
Cross section A
Volume V=4

fiducial

Let E—E'[%(-l—,) = E: E_(21) and expand mass

!

(7) E.(24)- EA q,(H)sin(4;2) , A;- ‘/ie,v

combine (5b) & (6b)

Wave Equation for the Free Fields

MEq (4) w/no charges

v<B-L2 E

a5t E L (Pt 'QKE'LZA Gr(ﬂsmfu)

@) V< B(Fe)= 2 2 Elf) - ec‘,‘,cf-‘,ﬂ
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Eqs for Transverse Fields, from MEqs (3) & (4)

a & = _ .-4 -— P~
(58) S Blkd) = ~idex &, (&4

(6a) % EL[E,JA =ct :Kx;ﬁ[z,é)—«;—}i (2',4;)

: inverse FT

pa )

(5b) éa—E B*t) =~ Vx E (7 4)

(Gb) 5—'& E [V-'H" C"VX B(r-}_-).._J “-_&’)

Normal Modes in a 1D Cavity

standing wave
A

Normal Modes are Standing Waves

Length [
Cross section A
Volume V=4

fiducial

Let E—E'[%(-k) = E: E_(21) and expand mass

l

(7) E.(24)- EA q,(H)sin(4;2) , A;- ‘/ie,v

combine (5b) & (6b)

Wave Equation for the Free Fields

MEq (4) w/no charges

vxB-4 2 B (P4 = xchA G.(6) i )

= AR oR = 98
=¢ - 29.)==8£. 729
"(?‘é az-) * %

8 transverse » 2, =0
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Normal Modes in a 1D Cavity

Length [ standing wave
Cross section A /\\/%
Volume V=LA M

Normal Modes are Standing Waves

fiducial

Let El 2t)= a E_(21) and expand mass

l

(7) E.(24)- ZA q,(b)sin(B2) , A;- ‘/ié,,v

MEq (4) w/no charges
vxB-52 B 7y —:C‘LZA Q.16) sin (45t

:é”x(%_%%_):-gx Sg__*o

8 transverse ) 2,=0

From Eq. (5a) we see that

ELEE » Bai)-§, 8,2

(5a) S Bely) =~ hxE (ke)
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Normal Modes in a 1D Cavity

standing wave
A

Normal Modes are Standing Waves

Length L

Cross section A
Volume V=LA

fiducial

Let El 2t)= a E_(21) and expand mass

(7) E.(24)- ZA q,(b)sin(B2) , A;- ‘/ié,,v

MEq (4) w/no charges

Vx B-B% E,(P4) —";C,LZA Q) sin (gt

:é”x(%_%%_):-gx Sg__*o

8 transverse ® 2,=0

From Eq. (5a) we see that

=

b s ) - -
BLEE o Bai)-§, 8,2

Putting this together we get

By <A .
- Z-i%[ﬂs'"‘%*)

(a %)
R

(8) By(24) = p £q. Weostly?)
3‘ d

Hamiltonian (Energy) for the Classical Field

K- 28 (aa(1E2+cB)
°~L (IE" +cB1?)=

?oTIol%ZlA W st (fya)+ 2e q (612 cos™( ;2]

(]
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From Eg. (5a) we see that

ELEE o Bai)-§, 6,2
Putting this together we get

By <A .
R EHORIIEEY

Hamiltonian (Energy) for the Classical Field

K- &8 (a3 (1B +cYB)
9~L (€ +c2@?)=

& Id}ZIA %W Gint (Rja)t 26 9 (1> cos (%2}

(]

Integrating over the Cavity volume

L L
A jo drsint(8:3) = A f“% cos*(R:2) = V4

!
S W:; m
and substituting ﬁ:f —;_:’E" we finally get

%Z[ m 9t + gm; Q> |

Lagrangian for the Classical Field

L 7
g - %éj dy (c*(@I*- IEIL)
0
’% 2 m;a) - g wiat]

Check o 0¢ of _ S - -
dt 2g; a9, v Greg=0

(V9‘~ E‘E‘\ EJ_(;F!H =0 » Q‘-frw?'q‘i =0
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_ 13 25% L Lo QY
%'Z[lma“ﬂs*z”a J
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Lagrangian for the Classical Field

L - o7
g- %‘lj dy (c*@I*- IEY)

o)
=D e m.ar-1m.wigt
Z [‘.)_Maq'd' Q_W\dwa 4&7
¢

Check

o o8 ¥

And Finally:

As before, a collection
of Harmonic Oscillators,

ready for quantization!
End 03-31-2021



