Quantum Electrodynamics — Intro to Field Theory

(%) Challenge: 1st semester Grad level QM
(OPTI 570) does not tell how to do this

(*) Warm-up: Quantum field theory for
vibrations (sound) in elastic rod

(%) This is in part a review of the classical
Lagrange/Hamilton-Jacobi description
of continuous systems

(%) Here we present the formalism as a
Cookbook Recipe for how we get from
Classical to Quantum Physics

See, e. g., Cohen-Tannoudji Vol. 2,
Appendix lll, Sections 1-3.
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Classical Simple Harmonic Oscillator (SHO)
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Quantum Harmonic Oscillator
Conjugate 0%
momentum = 3 W‘q; Formal Quantization Procedure:

>4, p>1, 1[4, 4]=ik

Hamiltonian
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Rewrite:
Q= q/qo’ P=1/1 /\
Q = Rel«] > (R [:['-'-* ,&N(&t+§z3=ﬁw(a+a+ ’{7_)
A=Q+/P P= Im[ﬁ? \ \/ A LA
N=R" QR (number operator)

x-= E,,O(.*v( ~ X(+)
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Expectation values for c'a: and /fl in number states
{nlginy = (nlqilnd =0
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Lagrange formulation of 1D Scalar Field

KWmMXmKwmK

—— (L, == (\,—H—

Xici X Xy

“vibronium”

Configuration space = { x;z (set of N osc. positions)

Lagrangian, equations of motion

Continuum limit ® Elastic rod

N = O m/a - ¢ linear mass
/ M density
0~ olx Y& = Y < Youngs modulus

displacement field

gxi} > X} e (sound)

Rewrite
v 0"
— L
T"bﬂg%( = Jaa )
Ve L.mza a(Ze ) (1)’
N-e0 i=
Lagrangian:

%=T—-\/=J&xi/,\(._5 :

o _y M =0
Otr o Oxt

— Not yet ready for Quantization —
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Rewrite
N
T e e
s = %o { ay] !
V=0 3 K01 =(0l><—>’~.
in Sl 3
Lagrangian:

%=T~V=dez’/‘(i :

-_— e — - e

— Not yet ready for Quantization —

Normal Mode Decomposition

Field in cavity: § E
0 L

Solutions to wave eq.

Let 7(xt) = GEMM) =%02;MM(><) g

Solutions in cavity:

These standing waves are a set of Normal Modes
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These modes are orthonormal and complete

ot

(x3) =L %%H\ g (X)

Normal mode expansion of '(](X‘ﬂ in basis M&CK\

Lagrangian for the acoustic field:

T (B 3, i [

=2 T MYy M Sun

End Lecture 03-26-2021
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Jump-off Point for Todays Lecture

%=T"V=%(’ZLMQ_ZF—)EMNEQ;> ‘:%g&

-

Canonical _ 2% M
Momentum g = ";,:; = N

Hamiltonian

X(§10,90) = TrV= (Lo fmea} )

M\’-

( collection of SHO'’s, one for each normal mode )

Following the standard recipe...

qo'&‘: Uﬂﬁ/Mw‘,_; mo.(‘::\} M&W&
OC&_ = &g‘f ¥ %.

Eo,& = hwk’

Q&: Q-h /QO'Q ’ P&:@ﬁ[@q&’

... we get solutions

Relb) = Qp[£) 11 P (E) = &, (D) e” (Wt
This finally gives us
X- };— B (16 =%%‘“’&o‘f"(2

AR 29, (¢ ug(x)
= é%\hg;& (o(hHAM&(Y)‘(-O(:('E)M;[’(\)

allows real or complex u,(x)
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... we get solutions

Rglb) = Qg (4)+: By () = &, (D) g~ Wet

This finally gives us

Formal Quantization Procedure:

Q0>% » NePe, Ag>0

Ié&;'f;ﬁ‘]: ‘ﬁégy ’ [ﬁ"’,&f?hé&g- ’ [a&la,‘-]::o

¥- };_ A, (O, +6) =%9rw&o(;fo(g
x4\ = VL 29, (¢ ug(x)
= 33197, (dute) 0 ¢ g 4 (6))

Note: Jfe 4 § operators commute

( normal modes = independent degs. of freedom )

Hamiltonian & Quantized fields

allows real or complex u,(x)

- %— froy, (0585 +4)
%(x) < \l-[-_ Zé_‘ M&(:c\ :g\{go;;; (ath(K\'faz ME[X\‘)

A i L ~ . A A+

field ;j(x) and canonical momentum field T (x)

» [6[@]7'1\‘()(')]: (% B(x-x")
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Formal Quantization Procedure:

2%, Ne>fe, A0

A

Ié‘;’f;@']: ‘ﬁém,r ’ [_ﬁb,aZ']zég,a. ’ [a&,%]w

Quantum States:

Note: f < &' ¥ operators commute

( normal modes = independent degs. of freedom )

Hamiltonian & Quantized fields

The quantum field is a collection of QSHO’s

-

State space = tensor product of SHO spaces

H - %— fro, (8345 +4)
6(,() - \[[__ Zé} M&(ac\ :%\{L;}; (abM(‘(K‘“\'az ME(X\‘)

A | a . a A
)= \Tf%—’(‘u“&b‘) == %‘ _‘r[lj_fg (a&u,”(x\—az,u;(xj)

field ;j(x) and canonical momentum field T (x)

£ [6&),1'1\‘0(')}: (H S(x-x")

SHO space
Fock
Space i: £&1® £22 @%3@ "°J£&j/
SHO state
Fock V
State , {"'Lp n&,,‘ . -} >= l"g,'\ @]V)},,p Q... Wlah?

A A
Q.&_ , Q,:‘ destroy/create excitations in mode k;

Vacuum

State [0> €— zero quanta in every mode

Favorite Question: What is a Phonon?
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Quantum States:

The quantum field is a collection of QSHO’s

e

State space = tensor product of SHO spaces

SHO space
_5,32'; 228,08 05 &. .., ;_&jt/
SHO state
Fock ¥
State | {nlv,» Ny« - } >< 1"3,'3 @lv‘y,p &... ]Vlgj)

~ A
O«.Q_ , Q,;[_ destroy/create excitations in mode k;

Vacuum

State [0> €— zeroquanta in every mode

Favorite Question: What is a Phonon?

Vacuum Fluctuations:

Expectation value of the Field
(ol Atx\[D) =
Sl A Af %
3 Vg, (<otiylo> a0 +<0ld; 09 agix) =0

Zero Point Fluctuations
{01 j1t10>
4‘1 ~4 -
= %IEL%,G%.&“{“&%* 1107 mg (x)aty (x)

= %11 L,y 44 1> 40

Zkk'<0| (&kuk + &Zu}i )(&k'uk' + &;cr'u/t' )| 0> =
Zk <O| (&F&kukuk + &k&iﬁukuz + &;&%”;”k + &%@uzui
0)=2,(0|(ala, +1)|0)u,u;

zk <O| &k&kukuz

) '—‘%\,L.qé—k (abu,‘(xhaz M’{( x\)
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Quantum States:

The quantum field is a collection of QSHO’s

e

State space = tensor product of SHO spaces

SHO space
§3§'§e 228,08 05 &. .., ;_&jt/
SHO state
Fock v
State | {nlv,» Ny« - } >< IW&'S @lv‘y,p &... ]Vlgj)

~ A
Q.Q_ , Q,:_ destroy/create excitations in mode k;

Vacuum

State [0> €— zeroquanta in every mode

Favorite Question: What is a Phonon?

Vacuum Fluctuations:

Expectation value of the Field
(ol Atx\[D) =
Sl A Af %
3 Vg, (<otiylo> a0 +<0ld; 09 agix) =0

Zero Point Fluctuations
{01 jt10>
= % 319 4%, 1 <0Gy, g + 110 mg, 1) 4l ()

= %11 L,y 44 1> 40

Thus A%(x) %0 with zero phonons in field

Note the famous divergence:

E\,at=<0[f-':l[0> = % 7@% > o0 Ffor oo
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Vacuum Fluctuations:

Expectation value of the Field

(ol %(x\ [0 =

Y » A+ x
%i\!LQ;"& (<om,,\o>u,,b<3+<olq], [D>Mg[><))=o

Zero Point Fluctuations
{01 jtatIoY =
! a4 A *
= % 31954%, 1 <00y, G + 110 mg [x)dhy (x)

= %Lz L8y 444 (I $0

Thus A%(X) % 0 with zero phonons in field

Note the famous divergence:

Evo\c=<0[f:\[[0> = % @% > o0 for oo

Are our Phonons waves or particles?

Extended

Particle-like Phonons

Classical Wavepacket

() =% L, M)t C.C.

Localized

M\ﬂ\l

Xo

Define A*- %gka; ’ %i&(’“l

g
D ATI10> =gy Mg, 0py oD% Ji 108, 2, D oo

Localized excitation in the field.

These Particle-like Phonons are Bosons

A*A*(0Y = A*A*10d

?

1 particle @ x
2"d particle @ x’

‘\

1 particle @ x’
2"d particle @ x



