Density Matrix Description of 2-Level Atoms

More about the Density Matrix

Populations: g, =% q, W et =§ T 101

(real-valued)

Coherences: = (0 My
(complex-valued) gnf' " %
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Example: 2-level atom w/random perturbations

Eq oy D Perturbing events cause
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— — random phase shifts ¢'©

between states.
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For an ensemble of pure states w/different O,
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Oscillating dipole w/phase that varies between
atoms with different perturbation history
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Time Evolution of the Density Matrix

Schrodinger Evolution: In general, we have

g = -+ [Hg] =~ (Hg-gH)

. : Rabi Egs. for
8= "z(X@n.—X*?nB pure and
mixed states
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Next: Non-Hamiltonian evolution

Types of events

(i)  Elastic collisions: No change in energy

(ii) Inelastic collisions: Atom loss

(iii) Spontaneous decay: Transition [27 > [1)

. ; Rabi Egs. for
Q= ‘,{(X?ll—x’*?z\} pure and

mixed states

éw = i(xgu"xicgu)
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Simple Model of Elastic Collisions

Two atoms near energy levels shift,
each other v free evol. of @, changed
EAa —
N
Wy Wytd oy
T A
> &

Paradigm for perturbations that do
not lead to net change in energy
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Next: Non-Hamiltonian evolution

Types of events

(i)  Elastic collisions: No change in energy

(ii) Inelastic collisions: Atom loss

(iii) Spontaneous decay: Transition [27 > 1)

Simple Model of Elastic Collisions

Two atoms near energy levels shift,
each other v free evol. of @, changed
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Paradigm for perturbations that do
not lead to net change in energy

Evolution of coherence (fast variables)

collisional
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iyt —t
It follows that: Q,(¢) = @, () ™ o™/

Add this decay to the equation of motion to get

ém = L‘ém)s.e, + Céu)s.c,: B (r‘w.u - 1/7:)§1<L

Simple Model of Inelastic Collisions

As modeled by, e. g., Milloni & Eberly,
this is a steady loss of atoms

A
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Qy = (Qu)s.e. “liey, \‘G.

This is strange because Tre(t) is not preserved
Convenient when working with quantities

N<RE> o N ({150, Fai€) 22

Effect on probability amplitudes

Populations are ensemble averages of the type

?n['a = QQ,&\P} :([01(0)[z>6"f-k

0y 1) = 18,015 = L[y (01 e F

When the populations decay, the averages of the
probability amplitudes must decay accordingly,

la,py)=<la,el>e” it
£+

Lty = aane

Thus, for the coherences

L4t

elastic inelastic

v—

. o 7 +h
G = [gn\g.g\" J/’C Cp ~ '__3\-9: S,

This gives us
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Effect on probability amplitudes

Populations are ensemble averages of the type

S (£) = <[a,&)> :([aq(o)[).)e:f.'l;
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When the populations decay, the averages of the
probability amplitudes must decay accordingly,
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Thus, for the coherences
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This gives us

Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field

125
o @OF

. 117 atom-field
1nteraction

Warm-up: A Bayesian recipe for Mixed States

Alice has two 2-level atoms in the ground state.

Step (1) She applies a Hamiltonian that drives
the evolution

19,1475 = @, 113,117, + 4, 115,125,
Step (2) She gives atom B to Bob and asks him to

measure if itisin (1) or |2> and keep
3
the result secret forever.

Result: Alice now has a 2-level atom in the state

9= [0, (2 113,4<4 ]+ [0y H1255 42
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Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field
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Warm-up: A Bayesian recipe for Mixed States

Alice has two 2-level atoms in the ground state.

Step (1) She applies a Hamiltonian that drives
the evolution

19,1475 = @, 113,117, + 4, 115,125,

Step (2) She gives atom B to Bob and asks him to
measure if it is in (1)8 or l2>¢3 and keep

the result secret forever.

Alice now has a 2-level atom in the state

9= (6,12 113, <41+ 10, M 132l

Result:

Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field
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interaction drives

Final OPTI 544 Lectures: the evolution

_ Evoluti
[ (0)> = (2% @ Woe e, B Filiimer

[4[6)>=C, 1) l;?ﬂ Voe Yget D C, (g1, 1%1 aer
Ko

photon “in the atom” photon in field mode k

Cannot recover info in continuum of field modes

— -

Probability |C, o (£)|* of having no decay
Probability > Ic, 1, (+)I* of having decay
%

No Coherence established between states |17, [27
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Spontaneous Decay

This process occurs due to interaction between the
Atom and the Quantized Electromagnetic Field
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; . interaction drives
Final OPTI 544 Lectures: the evolution

_ Evoluti
[(0)> = (2% @ Woe e, B filiimer

(gl >=C, 1) |#>a Voe Yggt DO Cy (gl 1D, |vh$1>agp
Ko

photon “in the atom” photon in field mode k

Cannot recover info in continuum of field modes

g

Probability |C, o (£)|* of having no decay
Probability > Ic, 1, (4)I* of having decay
%

No Coherence established between states |17, [27

Conclusion: Decay moves population [27 <> [1)
at rate A, damps coherence at rate A,,/2

-
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Putting it all together:

én = "rf & *Am?n"';‘(x@rz")(*gw)
éu: ~T9Qyy~ Ay, S0y +L91 (:X‘Q,g '_X*QLJ
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where S = g a2
T X * 2

Density Matrix

These are our desired Equations of Motion







Emission and Absorption —

So far we have derived a set of Equations of Motion
for the elements of the Density Matrix:

én =-f/ &, "‘Amgn"';jfx@rz’)(*gw)

% "Q_Qu"Au @9_2 + "Ig‘_ (X?,g —X*gu )

Qrz "C'A"ﬂ’) gn."‘ (gn Qu)= Q"
where - 'r: i“ _*_FZ-

(%) These equations are difficult to solve in the
general case. See, e. g., Allen & Eberly for a
discussion of some special cases and a reference
to original work by Torrey et al.

(%) For 2 3 levels the Density Matrix Equations
get very cumbersome and it is desirable to
simplify the description when possible.

(%) One such simplification takes the form of
Rate Equations for the populations only.

Population Rate Equations

Steady State Solutions: (requires [} =17 =0)

1 X*/s
. 9[&.‘ -,A( ‘1‘). gu)

Let Q,=0 ® /e
Qui= b (Cy -8,
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Plug into egs for Populations to get

’ IXI ﬂ/:;_
Q= z[@u{' AL+ /A (91‘1 ():
, XA/
gss“’AﬂQza— Az+[3 2 (Bye-%y) =0

These egs. let us find steady state values for the
populations and coherences in terms of X AAy,B
when (and only when) Qn Q=0



