Opti 403A/503A Final Exam Solutions Spring 2026
Problem 1) Recalling that

0z/dx = d(x +1iy)/dx =1, (1)
0z*/0x = d(x —iy)/ox =1, 2)
0z/dy = d(x +1iy)/dy =i, 3)
0z*/dy = d(x —iy)/dy = —i, 4)
we write

of /ox = (0f /02)(0z/0x) + (0f /0z*)(0z" /0x) = Of /oz + Of /Dz", (5)
df /0y = (9f /0z)(9z/dy) + (0f /0z")(dz" /dy) = i(0f /0z — Of /0z"). (0)

i) f(2) =|z|?> = x? + y?. Equations (5) and (6) yield
0f /0x = 0(zz")/0x = z* + z = 2x, (7)
of /oy = d(zz*)/dy = i(z" — z) = 2y. (®)

These agree with the results of direct calculation, d(x? + y?2)/dx = 2x and d(x? + y?)/dy = 2y.
ii) f(z) = |z|* = x* + y* + 2x2y?. Equations (5) and (6) yield
of /0x = 0(2%2*?)/0x = 2zz*% + 2z°z* = 2z2z*(z* + z) = 4|z|*Re(2) = 4x(x? + y?), (9)
of /0y = 0(z?z*%)/dy = i(2zz*? — 2z%z*) = i2zz*(z* — z) = 4|z|*’Im(2) = 4y(x? + y?).

(10)
Direct calculations agree, namely, df /0x = 4x3 + 4xy? and df /0y = 4y3 + 4x?%y.

i) f(z) = el?I°+z = gx*+y*+atly — oX*+¥*+x(co5y + isiny). Equations (5) and (6) yield

a(ezz*+2)/ax =(z" + 1)ezz*+z + ze?Z'+7 — (z+z"+ 1)ezz*+z = (2x + 1)ex2+y2+x+iy.
(11)
a(ezz*+z)/ay — i[(Z* + l)ezz*+z _ Zezz*+z] =i(z" —z+ 1)ezz*+z — (Zy + i)ex2+y2+x+iy

= [2y(cosy +isiny) + (icosy —sin y)]ex2+y2+x

= [(2y cosy — siny) + i(2y siny + cos y)]e*X +¥*+x. (12)

Direct calculations agree, namely,
df /ox = (2x + 1)e* *Y**¥(cosy + isin y). (13)
of /0y = 2ye* ¥’ +X(cosy + isiny) — eX *V***(siny — i cos y). (14)
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