Opti 403A/503A Midterm Solutions Spring 2026

Problem 2) a) The characteristic equation of the Fibonacci sequence is obtained by substituting
the trial solution f(n) = {™ into the recurrence relation, yielding

(M= 5 2=140 > 2-0-1=0 - {o=%(1£5).

The resulting general solution is f (n) = A{} + B{™. Upon enforcing the initial conditions we
obtain

f(0O)=A+B=0 -  B=-A
fF)=AL+Bl_=1 - %A(1+V5)-%A(1-V5)=1 - A=1/45.

Consequently,

fn) = Mmm]nv_ﬁ[%(l_m]n'
b) Summing the recurrence relation from n = 0 to N, we arrive at
neo f(n+2) =X f(n) + X, f(n+ 1)

= Xmt f(m) =F(N) + X35 f(m)

> ENY+ f(NATD + f(N +2) = £0)— (1) = ENT+ [F(N) + fF(+T) — £(0)]

- F(N)=f(N+2)-1.
Alternatively, invoking the geometric series formula, we will have

F(N) = ZXo f(n) = =Z0_[%(1 + VE)I" = = ZN,[%(1 - VE)]"
_ 1 {[1/2(1+\/§)]N+1 -1 [Nt - 1}

= E 1/2(1+\/§) -1 1/2(1_\/5) _1

- i{[%m@w” ~1 [BA-VEIN - 1}
IRCEEZCD) ~15(1+5)

= i{‘[l/z(lh/g)]’v“ + 1%(14V5) + [(1—vB)]N*2 — 1/2(1_\/3)}
IRE %(1-5)

= %{[1/2(1 +V/5)V*2 — [14(1 —V/5)]V*2 — \/g}
=f(N+2)-1.




