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Opti 403A/503A Midterm Solutions Spring 2026 

Problem 1) a) Using the method of integration by parts, ∫ 𝑓𝑓′(𝑥𝑥)𝑔𝑔(𝑥𝑥)d𝑥𝑥𝑥𝑥2
𝑥𝑥1

 can be evaluated by 
setting 𝑓𝑓′(𝑥𝑥) = 1 and 𝑔𝑔(𝑥𝑥) = ln(𝑥𝑥) in the first integral and, similarly, 𝑓𝑓′(𝑥𝑥) = 1 and 𝑔𝑔(𝑥𝑥) =
ln2(𝑥𝑥) in the second. Other choices of 𝑓𝑓′(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) are also possible. 

 ∫ ln(𝑥𝑥) d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 = 𝑥𝑥 ln(𝑥𝑥)|1

𝑥𝑥0 − ∫ 𝑥𝑥(1 𝑥𝑥⁄ )d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 = 𝑥𝑥0 ln(𝑥𝑥0) − ln(1) − (𝑥𝑥0 − 1) 

 = 𝑥𝑥0 ln(𝑥𝑥0) − 𝑥𝑥0 + 1. 

 ∫ ln2(𝑥𝑥) d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 = 𝑥𝑥 ln2(𝑥𝑥)|1

𝑥𝑥0 − ∫ 𝑥𝑥(2 𝑥𝑥⁄ ) ln(𝑥𝑥) d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 = 𝑥𝑥0 ln2(𝑥𝑥0) − ln2(1) − 2∫ ln(𝑥𝑥) d𝑥𝑥𝑥𝑥0

𝑥𝑥=1  

 = 𝑥𝑥0 ln2(𝑥𝑥0) − 2𝑥𝑥0 ln(𝑥𝑥0) + 2𝑥𝑥0 − 2. 
Alternatively, 

 ∫ ln2(𝑥𝑥) d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 = ∫ ln(𝑥𝑥) ln(𝑥𝑥) d𝑥𝑥𝑥𝑥0

𝑥𝑥=1 = 𝑥𝑥[ln(𝑥𝑥) − 1] ln(𝑥𝑥)|1
𝑥𝑥0 − ∫ 𝑥𝑥[ln(𝑥𝑥) − 1](1 𝑥𝑥⁄ )d𝑥𝑥𝑥𝑥0

𝑥𝑥=1  

 = 𝑥𝑥0[ln(𝑥𝑥0) − 1] ln(𝑥𝑥0) − [ln(1) − 1] ln(1) − ∫ ln(𝑥𝑥) d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 + ∫ d𝑥𝑥𝑥𝑥0

𝑥𝑥=1  

 = 𝑥𝑥0 ln2(𝑥𝑥0) − 𝑥𝑥0 ln(𝑥𝑥0) + 0 − [𝑥𝑥0 ln(𝑥𝑥0) − 𝑥𝑥0 + 1] + (𝑥𝑥0 − 1). 

 = 𝑥𝑥0 ln2(𝑥𝑥0) − 2𝑥𝑥0 ln(𝑥𝑥0) + 2𝑥𝑥0 − 2. 

b) d(ln 𝑥𝑥) d𝑥𝑥⁄ |𝑥𝑥=1 = 𝑥𝑥−1|𝑥𝑥=1 = 1, 

 d2(ln 𝑥𝑥) d𝑥𝑥2⁄ |𝑥𝑥=1 = −𝑥𝑥−2|𝑥𝑥=1 = −1, 

 d3(ln 𝑥𝑥) d𝑥𝑥3⁄ |𝑥𝑥=1 = 2𝑥𝑥−3|𝑥𝑥=1 = 2, 

 ⋮ 
 d𝑛𝑛(ln 𝑥𝑥) d𝑥𝑥𝑛𝑛⁄ |𝑥𝑥=1 = (𝑛𝑛 − 1)! (−1)𝑛𝑛−1𝑥𝑥−𝑛𝑛|𝑥𝑥=1 = (−1)𝑛𝑛−1(𝑛𝑛 − 1)!. 
Consequently, 

 ln(𝑥𝑥) = ln(1) + ∑ [d𝑛𝑛(ln 𝑥𝑥) d𝑥𝑥𝑛𝑛⁄ |𝑥𝑥=1]𝑥𝑥𝑛𝑛 𝑛𝑛!⁄∞
𝑛𝑛=1 = ∑ (−1)𝑛𝑛−1(𝑛𝑛 − 1)! (𝑥𝑥 − 1)𝑛𝑛 𝑛𝑛!⁄∞

𝑛𝑛=1  

 = ∑ (−1)𝑛𝑛−1(𝑥𝑥 − 1)𝑛𝑛 𝑛𝑛⁄∞
𝑛𝑛=1 . 

When 𝑥𝑥 → 0, we have (𝑥𝑥 − 1)𝑛𝑛 → (−1)𝑛𝑛 and ln(𝑥𝑥) → ∑ (−1)2𝑛𝑛−1 𝑛𝑛⁄∞
𝑛𝑛=1 = −∑ (1 𝑛𝑛⁄ )∞

𝑛𝑛=1 . 
Considering that ∑ (1 𝑛𝑛⁄ )∞

𝑛𝑛=1  diverges to infinity, the value of ln(𝑥𝑥) approaches −∞ when 𝑥𝑥 → 0. 

c) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥0→0

∫ ln(𝑥𝑥) d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 = 𝑙𝑙𝑙𝑙𝑙𝑙

𝑥𝑥0→ 0
[𝑥𝑥0 ln(𝑥𝑥0) − 𝑥𝑥0 + 1] = 1 + 𝑙𝑙𝑙𝑙𝑙𝑙

𝑥𝑥0→ 0
[𝑥𝑥0 ln(𝑥𝑥0)]. 

 ∫ 𝑒𝑒𝑦𝑦d𝑦𝑦0
−∞ = 𝑒𝑒𝑦𝑦|𝑦𝑦=−∞0 1− 0 = 1. 

Both of the above integrals represent the green-shaded area in the figure. Therefore,  

 1 + 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥0→ 0

[𝑥𝑥0 ln(𝑥𝑥0)] = 1    →         𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥0→ 0

[𝑥𝑥0 ln(𝑥𝑥0)] = 0. 

d) The blue-shaded area in the figure is ∫ ln(𝑥𝑥) d𝑥𝑥𝑥𝑥0
𝑥𝑥=1 = 𝑥𝑥0 ln(𝑥𝑥0) − 𝑥𝑥0 + 1. Similarly, the red-

shaded area is ∫ 𝑒𝑒𝑦𝑦d𝑦𝑦ln(𝑥𝑥0)
𝑦𝑦=0 = 𝑒𝑒𝑦𝑦|𝑦𝑦=0

ln(𝑥𝑥0) = 𝑒𝑒ln(𝑥𝑥0) − 𝑒𝑒0 = 𝑥𝑥0 − 1. Adding these two areas yields 
𝑥𝑥0 ln(𝑥𝑥0), which is the area covered by the rectangle whose width and height are 𝑥𝑥0 and ln(𝑥𝑥0). 
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