Opti 403A/503A Midterm Solutions Spring 2026

Problem 1) a) Using the method of integration by parts, f;lz f'(x)g(x)dx can be evaluated by

setting f'(x) =1 and g(x) = In(x) in the first integral and, similarly, f'(x) = 1 and g(x) =
In?(x) in the second. Other choices of f'(x) and g(x) are also possible.

f;zolln(x) dx = xIn(x)[7° — f;zolx(l/x)dx = x,In(x,) —1 —O(x0 -1)
= x,In(x,) —x, + 1.
f;zollnz(x) dx = xIn?(x)|7° — f;zoljc(Z/x) In(x) dx = x,In?(x,) — In3¢1) 2 fxo In(x) dx
= x, In%(x,) — 2x, In(x,) + 2x, — 2.
Alternatively, m m m m m m
f ° In?(x) dx = fxo lil(x) In(x) dx = x[ln(x) —1] ln(x)l —f [ln(x) - 1](1/x)dx
= x,[In(x,) — 1] In(x,) — [In(1) — 1] M S22 () dx + [ dx
= x,In?(x,) — x, In(x,) + 0 — [x, In(x,) — x, + 1] + (x, — 1).
= x,In?(x,) — 2x, In(x,) + 2x, — 2.
b) d(Inx)/dx|y=1 = x o1 = 1,
d?(Inx)/dx?|=q1 = =X 2|4=q = —1,
d3(Inx)/dx3|=1 = 2x 73|42 = 2,

d"(IHX)/dx"|x=1 =(n—-D! (D" oy = (D H - DL

Consequently, 0

In(x) =/ru€rﬂ Yoz [dM(nx) /dx|eoq 6™ /ml = 302, (=D H(n — D (x — D"/n!
=Yoo (DM = D/

When x - 0, we have (x — 1)" - (—1)" and In(x) = Yo, (-1)?" 1 /n==%>_ (1/n).
Considering that )7 ;(1/n) diverges to infinity, the value of In(x) approaches —oo when x — 0.

. X0 _ . _ — .
C) )g(::r%) fleln(x) dx = xlol_r)no[xo In(x,) —x,+1] =1+ xlollno[xo In(x,)].

f_ooo e¥dy =e¥|)-_1—-0=1.
Both of the above integrals represent the green-shaded area in the figure. Therefore,

1+ lim[x,In(x,)] =1 - lim [x,In(x,)] = 0.
x0—>0 x0—>0

d) The blue-shaded area in the figure is [ ° *o In(x) dx = x, In(x,) — x, + 1. Similarly, the red-

shaded area is f o) gy dy = e” Iln(x‘)) = eln(xO) e® = x, — 1. Adding these two areas yields

x, In(x,), Wthh is the area covered by the rectangle whose width and height are x, and In(x,).

1/1



