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Opti 403A/503A Midterm Solutions Spring 2025 

Problem 4) a) ∫ ln(cos 𝑥𝑥) d𝑥𝑥½𝜋𝜋
0 = −∫ ln[cos(½𝜋𝜋 − 𝑦𝑦)] d𝑦𝑦0

½𝜋𝜋 = ∫ ln(sin𝑦𝑦) d𝑦𝑦½𝜋𝜋
0 . 

b) ∫ ln(sin𝑥𝑥) d𝑥𝑥½𝜋𝜋
0 = ∫ ln[2 sin(½𝑥𝑥) cos(½𝑥𝑥)] d𝑥𝑥½𝜋𝜋

0  

 = ∫ ln(2) d𝑥𝑥½𝜋𝜋
0 + ∫ ln[sin(½𝑥𝑥)] d𝑥𝑥½𝜋𝜋

0 + ∫ ln[cos(½𝑥𝑥)] d𝑥𝑥½𝜋𝜋
0  

 = ½𝜋𝜋 ln 2 + ∫ ln[sin(½𝑥𝑥)] d𝑥𝑥½𝜋𝜋
0 − ∫ ln[cos ½(𝜋𝜋 − 𝑦𝑦)] d𝑦𝑦𝜋𝜋−½𝜋𝜋

𝜋𝜋  

 = ½𝜋𝜋 ln 2 + ∫ ln[sin(½𝑥𝑥)] d𝑥𝑥½𝜋𝜋
0 + ∫ ln[sin(½𝑦𝑦)] d𝑦𝑦𝜋𝜋

½𝜋𝜋  

 = ½𝜋𝜋 ln 2 + ∫ ln[sin(½𝑦𝑦)] d𝑦𝑦𝜋𝜋
0  

 = ½𝜋𝜋 ln 2 + 2∫ ln(sin 𝑥𝑥) d𝑥𝑥½𝜋𝜋
0 . 

Consequently, 
 ∫ ln(sin 𝑥𝑥) d𝑥𝑥½𝜋𝜋

0 = −½𝜋𝜋 ln 2. 

c) ∫ 𝑥𝑥 ln(sin 𝑥𝑥) d𝑥𝑥𝜋𝜋
0 = ∫ 𝑥𝑥 ln(sin 𝑥𝑥) d𝑥𝑥½𝜋𝜋

0 + ∫ 𝑥𝑥 ln(sin 𝑥𝑥) d𝑥𝑥𝜋𝜋
½𝜋𝜋  

 = ∫ 𝑥𝑥 ln(sin 𝑥𝑥) d𝑥𝑥½𝜋𝜋
0 − ∫ (𝜋𝜋 − 𝑦𝑦) ln[sin(𝜋𝜋 − 𝑦𝑦)] d𝑦𝑦0

𝜋𝜋−½𝜋𝜋  

 = ∫ 𝑥𝑥 ln(sin 𝑥𝑥) d𝑥𝑥½𝜋𝜋
0 + ∫ (𝜋𝜋 − 𝑦𝑦) ln(sin𝑦𝑦) d𝑦𝑦½𝜋𝜋

0  

 = 𝜋𝜋 ∫ ln(sin𝑦𝑦) d𝑦𝑦½𝜋𝜋
0 = −½𝜋𝜋2 ln 2. 

 

change of variable: 𝑥𝑥 = ½𝑦𝑦 

substitution from part (b) 

change of variable: 𝑥𝑥 = 𝜋𝜋 − 𝑦𝑦 

change of variable: 𝑥𝑥 = 𝜋𝜋 − 𝑦𝑦 

change of variable: 𝑥𝑥 = ½𝜋𝜋 − 𝑦𝑦 


