Opti 403A/503A Final Exam Solutions Spring 2024

L/2 — (eir[sL _ e—irrsL)/(izn_S) — sin(an).

Problem 1) a) | Lz —

e el2TsX 4y = (izns)—leiZTEsx'

x=-L/2

The standard sinc function is defined as sinc(s) = sin(ms)/(ms), which is an even function
of s, whose area equals 1, and whose value at s = 0 also equals 1. The above integral may thus
be written as L sinc(Ls), which, in the limit when L — oo, becomes a tall, narrow, even function

of s, whose area f_ozo L sinc(Ls)ds, being the same as the area under sinc(s), equals 1. (The last
assertion is readily proven by changing the integration variable to s’ = Ls.) Consequently,

© I2FSX {4 — i L/2
J_ e dx = lim; o, [

S e?™*dx = lim;_,o{L sinc(Ls)} = &(s).

b) H(s) =F{f(x)gx)} = f_°:° F0)g(x)e12ms%dx
= fj:o[f_o:o F(S’)eian,de’][f_ozo G(S//)eizn.snxdsn]e_izn-sxdx
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¢) H(s)= j J‘_ozo F(s")G(s") [f_ozo ei2n(s"+s'—s)xdx] ds'ds” <—| substitute the result of part (a) |

= [7 2 F(s)G(s)8(s" + 5" — 5)ds"ds”.

d) H(s)= f_oo F(S'){f_ozo G(s")o[s" — (s —s")]ds "}ds' <] invoke the sifting property of §-function

= [T F(s")G(s —s")ds' = F(s) * G(s).
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