
1/1 

Opti 403A/503A Final Exam Solutions Spring 2024 
 
Problem 1) a) ∫ 𝑒𝑒i2𝜋𝜋𝜋𝜋𝜋𝜋d𝑥𝑥𝐿𝐿 2⁄

−𝐿𝐿 2⁄
= (i2𝜋𝜋𝜋𝜋)−1𝑒𝑒i2𝜋𝜋𝜋𝜋𝜋𝜋�

𝑥𝑥=−𝐿𝐿 2⁄

𝐿𝐿 2⁄
= (𝑒𝑒i𝜋𝜋𝜋𝜋𝜋𝜋 − 𝑒𝑒−i𝜋𝜋𝜋𝜋𝜋𝜋) (i2𝜋𝜋𝜋𝜋)⁄ = sin(𝜋𝜋𝜋𝜋𝜋𝜋)

𝜋𝜋𝜋𝜋
 
. 

The standard sinc function is defined as sinc(𝜋𝜋) = sin(𝜋𝜋𝜋𝜋) (𝜋𝜋𝜋𝜋)⁄ , which is an even function 
of 𝜋𝜋, whose area equals 1, and whose value at 𝜋𝜋 = 0 also equals 1. The above integral may thus 
be written as 𝐿𝐿 sinc(𝐿𝐿𝜋𝜋), which, in the limit when 𝐿𝐿 → ∞, becomes a tall, narrow, even function 
of 𝜋𝜋, whose area ∫ 𝐿𝐿 sinc(𝐿𝐿𝜋𝜋)d𝜋𝜋∞

−∞
, being the same as the area under sinc(𝜋𝜋), equals 1. (The last 

assertion is readily proven by changing the integration variable to 𝜋𝜋′ = 𝐿𝐿𝜋𝜋.) Consequently, 

 ∫ 𝑒𝑒i2𝜋𝜋𝜋𝜋𝜋𝜋d𝑥𝑥∞

−∞
= 𝑙𝑙𝑙𝑙𝑙𝑙𝜋𝜋→∞ ∫ 𝑒𝑒i2𝜋𝜋𝜋𝜋𝜋𝜋d𝑥𝑥𝐿𝐿 2⁄

−𝐿𝐿 2⁄
= 𝑙𝑙𝑙𝑙𝑙𝑙𝜋𝜋→∞{𝐿𝐿 sinc(𝐿𝐿𝜋𝜋)} = 𝛿𝛿(𝜋𝜋). 

b) 𝐻𝐻(𝜋𝜋) = ℱ{𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑥𝑥)} = ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑥𝑥)𝑒𝑒−i2𝜋𝜋𝜋𝜋𝜋𝜋d𝑥𝑥∞

−∞
 

 = � �∫ 𝐹𝐹(𝜋𝜋′)𝑒𝑒i2𝜋𝜋𝜋𝜋′𝜋𝜋d𝜋𝜋′∞

−∞
��∫ 𝐺𝐺(𝜋𝜋″)𝑒𝑒i2𝜋𝜋𝜋𝜋″𝜋𝜋d𝜋𝜋″∞

−∞
�𝑒𝑒−i2𝜋𝜋𝜋𝜋𝜋𝜋d𝑥𝑥

∞

−∞
 

 = � 𝐹𝐹(𝜋𝜋′)𝐺𝐺(𝜋𝜋″)𝑒𝑒i2𝜋𝜋(𝜋𝜋′+𝜋𝜋″−𝜋𝜋)𝜋𝜋 d𝜋𝜋′d𝜋𝜋″d𝑥𝑥
∞

−∞
. 

c) 𝐻𝐻(𝜋𝜋) = � � 𝐹𝐹(𝜋𝜋′)𝐺𝐺(𝜋𝜋″)�∫ 𝑒𝑒i2𝜋𝜋(𝜋𝜋″+𝜋𝜋′−𝜋𝜋)𝜋𝜋d𝑥𝑥∞

−∞
�d𝜋𝜋′d𝜋𝜋″

∞

−∞

∞

−∞
 

 = � ∫ 𝐹𝐹(𝜋𝜋′)𝐺𝐺(𝜋𝜋″)𝛿𝛿(𝜋𝜋″ + 𝜋𝜋′ − 𝜋𝜋)d𝜋𝜋′d𝜋𝜋″∞

−∞

∞

−∞
. 

d) 𝐻𝐻(𝜋𝜋) = � 𝐹𝐹(𝜋𝜋′)�∫ 𝐺𝐺(𝜋𝜋″)𝛿𝛿[𝜋𝜋″ − (𝜋𝜋 − 𝜋𝜋′)]d𝜋𝜋″∞

−∞
�d𝜋𝜋′

∞

−∞
 

 = ∫ 𝐹𝐹(𝜋𝜋′)𝐺𝐺(𝜋𝜋 − 𝜋𝜋′)d𝜋𝜋′∞

−∞
= 𝐹𝐹(𝜋𝜋) ∗ 𝐺𝐺(𝜋𝜋). 

 

invoke the sifting property of 𝛿𝛿-function 

substitute the result of part (a) 


