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Opti 403A/503A Midterm Solutions Spring 2024 

Problem 3) a) ∑ (1 𝑛𝑛4⁄ )∞
𝑛𝑛=1 = ∑ 1 (2𝑛𝑛)4⁄∞
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Digression: To prove that 𝑙𝑙𝑙𝑙𝑙𝑙(𝑥𝑥→0+) 𝑥𝑥(ln 𝑥𝑥)𝛼𝛼 = 0, let 𝑥𝑥 = 𝑒𝑒−𝑘𝑘, where 𝑘𝑘 is a large positive integer. You 
will have 𝑥𝑥(ln 𝑥𝑥)𝛼𝛼 = 𝑒𝑒−𝑘𝑘(−𝑘𝑘)𝛼𝛼 = 𝑒𝑒i𝜋𝜋𝛼𝛼𝑘𝑘𝛼𝛼 𝑒𝑒𝑘𝑘⁄ . Given that, with an increasing 𝑘𝑘, the value of 𝑒𝑒𝑘𝑘 grows 
faster than that of 𝑘𝑘𝛼𝛼, you will find that 𝑘𝑘𝛼𝛼 𝑒𝑒𝑘𝑘⁄ → 0 in the limit when 𝑘𝑘 → ∞. 
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d(ln 𝑥𝑥)3 d𝑥𝑥⁄ = (3 𝑥𝑥⁄ )(ln 𝑥𝑥)2  

d(ln 𝑥𝑥)2 d𝑥𝑥⁄ = (2 𝑥𝑥⁄ ) ln 𝑥𝑥  
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