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Opti 403A/503A Midterm Solutions Spring 2024 

Problem 1) a) In the diagrams below, the red arrows mark the quantities of interest in each case. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

cos 

sin tan 

cot 

x 
𝜋𝜋 − 𝑥𝑥  

sin(𝜋𝜋 − 𝑥𝑥) = sin 𝑥𝑥 
cos(𝜋𝜋 − 𝑥𝑥) = − cos 𝑥𝑥 

cos 

sin tan 

cot 

x 

𝑥𝑥 − ½𝜋𝜋  

sin(𝑥𝑥 − ½𝜋𝜋) = − cos 𝑥𝑥 

cos 

sin tan 

cot 

x 
½𝜋𝜋 + 𝑥𝑥  

cos(½𝜋𝜋 + 𝑥𝑥) = − sin 𝑥𝑥 

cos 

sin tan 

cot 

x 
𝜋𝜋 + 𝑥𝑥  

cos(𝜋𝜋 + 𝑥𝑥) = − cos 𝑥𝑥  

cos 

sin tan 

cot 

x 
𝜋𝜋 − 𝑥𝑥  

tan(𝜋𝜋 − 𝑥𝑥) = − tan 𝑥𝑥  
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b) 𝑒𝑒i(𝑥𝑥±𝑦𝑦) = 𝑒𝑒i𝑥𝑥𝑒𝑒±i𝑦𝑦     →     cos(𝑥𝑥 ± 𝑦𝑦) + i sin(𝑥𝑥 ± 𝑦𝑦) = (cos 𝑥𝑥 + i sin 𝑥𝑥)(cos 𝑦𝑦 ± i sin𝑦𝑦) 

 →   cos(𝑥𝑥 ± 𝑦𝑦) + i sin(𝑥𝑥 ± 𝑦𝑦) = (cos 𝑥𝑥 cos 𝑦𝑦 ∓ sin 𝑥𝑥 sin𝑦𝑦) + i(sin 𝑥𝑥 cos 𝑦𝑦 ± cos 𝑥𝑥 sin𝑦𝑦) 

 →   cos(𝑥𝑥 ± 𝑦𝑦) = cos 𝑥𝑥 cos𝑦𝑦 ∓ sin 𝑥𝑥 sin𝑦𝑦; sin(𝑥𝑥 ± 𝑦𝑦) = sin 𝑥𝑥 cos 𝑦𝑦 ± cos 𝑥𝑥 sin𝑦𝑦. 

 sin(2𝑥𝑥) = sin(𝑥𝑥 + 𝑥𝑥) = sin 𝑥𝑥 cos 𝑥𝑥 + cos 𝑥𝑥 sin 𝑥𝑥 = 2 sin 𝑥𝑥 cos 𝑥𝑥. 

 cos(2𝑥𝑥) = cos(𝑥𝑥 + 𝑥𝑥) = cos 𝑥𝑥 cos 𝑥𝑥 − sin 𝑥𝑥 sin 𝑥𝑥 = cos2 𝑥𝑥 − sin2 𝑥𝑥 

 = �
(1 − sin2 𝑥𝑥) − sin2 𝑥𝑥 = 1 − 2 sin2 𝑥𝑥 ;

cos2 𝑥𝑥 − (1 − cos2 𝑥𝑥) = 2 cos2 𝑥𝑥 − 1.
 

 tan(𝑥𝑥 ± 𝑦𝑦) = sin(𝑥𝑥±𝑦𝑦)
cos(𝑥𝑥±𝑦𝑦)

= sin 𝑥𝑥 cos𝑦𝑦 ± cos𝑥𝑥 sin𝑦𝑦
cos𝑥𝑥 cos𝑦𝑦 ∓ sin 𝑥𝑥 sin𝑦𝑦

 

 = �sin𝑥𝑥 cos𝑦𝑦
cos𝑥𝑥 cos𝑦𝑦

± cos𝑥𝑥 sin𝑦𝑦
cos𝑥𝑥 cos𝑦𝑦

� �cos𝑥𝑥 cos𝑦𝑦
cos𝑥𝑥 cos𝑦𝑦

∓ sin𝑥𝑥 sin𝑦𝑦
cos𝑥𝑥 cos𝑦𝑦

�� = tan𝑥𝑥 ± tan𝑦𝑦
1 ∓ tan𝑥𝑥 tan𝑦𝑦

 
. 

 

divide numerator and denominator by cos 𝑥𝑥 cos𝑦𝑦 


