Opti 403A/503A Final Exam Solutions Spring 2023

Problem 4) Since the integrand is even, one can extend the integral to the entire x-axis, from
—oo to 0. Invoking the identity cos({) = %(e'¢ + e¥) and rearranging the integral, we arrive at

cos(ax)—cos(bx) _1 ® exp(iax)—exp(ibx) 1 ® exp(—iax)—exp(—ibx)
J;) x2(x2+52) dx Af_oo x2(x2+52) dx + % f_oo x2(x2+42) dx. (1)

For the first and second integrals appearing on the right-hand side of Eq.(1), the complex-
plane integration contours are shown in figures (a) and (b), respectively. This is because, in
accordance with Jordan’s lemma in each case, the integrals on the large semi-circles vanish.
Below, we evaluate the residues at the 2"%-order pole z, = 0 and the 1*-order poles z,, = ip.

i[exp(iiaz)—exp(iibz)] [+ia exp(+iaz)Fib exp(+ibz)](z%+B2)—-2z[exp(+iaz)—exp(+ibz)]
dz z2+2 2=0 (z2+p2)? z=0

=ti(a—b)/B*. )

. _ip. exp(iaz) — exp(ibz) __exp(-af) - exp(—bﬂ)_

Residue at z, = if: 2 G B = e 3)
. . exp(—iaz) — exp(-ibz) exp(—ap) — exp(—bpB)

Residue at z, = —if: 22 iB) = T . (4)

z=z,=—if

The first integral on the right-hand side of Eq.(1) is now given by ir times the corresponding
residue at z, = 0, plus i2m times the residue at z, = if; that is,

® exp(lax) exp(ibx) . [i(a-b) exp(-ap) — exp(=bp)
[ = R e
_ mlb-a)B - exp;aﬁ) +exp(-bp)] (5)

Note that, in compliance with figure (a), the small semi-circle around z = z, as well as the
small circle around z = z, are traversed clockwise in connection with Eq.(5). As for the second
integral on the right-hand side of Eq.(1), complying with figure (b) requires that both the small
semi-circle around z = z, and the small circle around z = z, be traversed counterclockwise. The
second integral is thus given by —im times the corresponding residue at z, = 0, plus —i2m times
the residue at z, = —if; that is,

® exp(—iax)—exp(—ibx) . i(a—b) exp(-aB) — exp(-bB)
f_ x2(x2+B2) dx 1 [ ] i2n [ 2iB3 ]
n[(b—a)B — exp(—ap) + exp(-bp)]
a expﬁ3a exp ) ©6)
Finally, substitution from Eqgs.(5) and (6) into Eq.(1) yields
cos(ax)—cos(bx) [(b—a)B + exp(—bp) — exp(—ap)]
j;) x2(x2+p2) dx 253 : (G&R 3.784-8)  (7)




