Opti 403A/503A Final Exam Solutions Spring 2023

Problem 3) Invoking the convolution theorem of the Fourier transform theory, we write
Fistep(x)f(x)} = [%26(s) —1/(2ms)] * F(s) = %26(s) * F(s) — (i/2ms) = F(s)
= WF(s) — (i/2ms) * [Fr(s) + iF;(s)]
= %F(s) — (i/2ns) * Fr(s) + (1/2ms) = F,(s).

Considering that, in the present problem, step(x)f(x) = f(x), the left-hand side of the
above equation must equal F (s). Therefore,

BF(s) = YaFz(s) + %iF,(s) = (1/2ns) * F,(s) — (i/2ms) * Fz(s)
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Also, F,(s) = —(1/ms) * Fz(s) = —%f %ds’.
Digression: The function f(x) may be written as a superposition of g(x) = ¥%f(x) + %f*(—x) and
h(x) = %f(x) — Yf*(—x); that is, f(x) = g(x) + h(x). Next, we prove the following useful identity:

T{f*(—x)} — f_ooof*(_x)e—iZnsxdx — fooof*(x)eiZnsxdx — [fooof(x)e—iZnsxdx]* = F*(s).

Consequently, G(s) = %F(s) + %F*(s) = Fr(s) and H(s) = %F(s) — %F*(s) = iF,(s). Now,
since f(x) = 0 at x < 0, we have g(x) = sign(x)h(x) and h(x) = sign(x)g(x). The Fourier transform
of sign(x) is —i/(ms). Therefore, G(s) = —i/(ms) = H(s) or, equivalently, F(s) = (1/ms) * F,(s).
Similarly, H(s) = —i/(ms) * G(s) or, equivalently, F,(s) = —(1/ms) * Fx(s).




