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Opti 403A/503A Midterm Solutions Spring 2023 

Problem 3) sin(𝑥𝑥) = 2 sin(𝑥𝑥 2⁄ ) cos(𝑥𝑥 2⁄ ) 

 = 22 sin(𝑥𝑥 4⁄ ) cos(𝑥𝑥 4⁄ ) cos(𝑥𝑥 2⁄ ) 

 = 23 sin(𝑥𝑥 8⁄ ) cos(𝑥𝑥 8⁄ ) cos(𝑥𝑥 4⁄ ) cos(𝑥𝑥 2⁄ ) 
 ⋮ 
 = 2𝑛𝑛 sin(𝑥𝑥 2𝑛𝑛⁄ ) cos(𝑥𝑥 2𝑛𝑛⁄ )⋯ cos(𝑥𝑥 23⁄ ) cos(𝑥𝑥 22⁄ ) cos(𝑥𝑥 21⁄ ). 

As 𝑛𝑛 increases, sin(𝑥𝑥 2𝑛𝑛⁄ ) → 𝑥𝑥 2𝑛𝑛⁄ , which means that 2𝑛𝑛sin(𝑥𝑥 2𝑛𝑛⁄ ) → 𝑥𝑥. Considering that 
cos(𝑥𝑥 2𝑛𝑛⁄ ) → 1 as 𝑛𝑛 → ∞, the above process can continue indefinitely, so that the approximation 
2𝑛𝑛sin(𝑥𝑥 2𝑛𝑛⁄ ) ≅ 𝑥𝑥 becomes exact in the limit of 𝑛𝑛 → ∞, yielding sin(𝑥𝑥) = 𝑥𝑥∏ cos(𝑥𝑥 2𝑛𝑛⁄ )∞

𝑛𝑛=1 . 
 


